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THE THEORY OF THE ANOMALOUS SKIN 
EFFECT IN METALS FOR OBLIQUELY 
INCIDENT RADIATION 


by J. G. COLLINS *) 


Department of Physics, University of Western Australia, Nedlands, Western Australia 


Summary 

The problem of the anomalous skin effect in metals is studied theoretically 
for the case of obliquely incident radiation. It is shown that at upper visible 
and ultra-violet frequencies, the effective surface impedance of a metal 
varies with the direction of polarization of the incident radiation. Differences 
are of the same order of magnitude as terms arising from the displacement 
current. As a result, formulae for refractive indices, reflectivities and the 
principal angles at oblique incidence must be rederived in terms of two surface 
impedances. By a generalization of Dingle’s method 1), expressions are 
obtained for the optical constants which are valid for all angles of incidence 
and for frequencies not lying within internal photoelectric absorption bands. 
Experimental results for the principal azimuth for silver are shown to be in 
closer agreement with the present theory than with either the Drude-Kronig 
theory or the theory of the anomalous skin effect assuming a single impe- 
dance. Suggestions are made to guide future experimental work in metal 


optics. 


§ 1. Introduction. 

1.1 The first satisfactory theory of the anomalous skin effect in 
metals for normally incident radiation was put forward by Reuter 
and Sondheimer 2), using the general methods of the theory of 
metals together with the impedance concept of Schelkunoff 8) 4) 
and Kroniget al.5). In recent years their basic treatment has been 
subject to extensive addition and improvement (Dingle1)§)?)8)9) ; 
Holstein 1°); Wolfe); Azbeland Kaganov?}*) 18); Az- 
bel 14); Azbel and Kaner 5); Ginzburg and Motulevich 16) 
(review)), and has also been extended to the case of semi-conductors 
(Dingle 1”) 18)), The result has been a considerably greater con- 
cordance between theory and experiment in metal optics. 


*) Present addres: St. John’s College, Cambridge, England. 
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1.2 Anomalous skin effect for oblique incidence. In 
previous literature the theory of the anomalous skin effect in metals 
has not been.investigated as thoroughly for oblique incidence as it 
has for normal incidence. Reuter and Sondheimer only ex- 
amined the problem very briefly and (without detailing the proof) 
stated a value for the corresponding surface impedance in the form 
of an integral involving angular terms. After showing that these 
angular terms were comparable in magnitude with displacement 
terms and therefore negligible in the microwave and infra-red 
regions, they took over, unchanged, their normal incidence results 
for the surface impedance and applied them in oblique incidence 
formulae, e.g. those for the principal angles (§ 2). Although it is 
not made clear in their paper, it would appear that Reuter and 
Sondheimer only treated the particular case in which the electric 
vector E vibrates perpendicularly to the plane of incidence. 

Since in general E has components both perpendicular and paral- 
lel to the plane of incidence, ¢wo possible polarizations of the wave 
must be considered for oblique incidence. Dingle”) noted that 
there would be a slightly different surface impedance for each po- 
larization, but did not examine the matter in any detail. The pre- 
sent work has been undertaken to investigate these angular effects 
more thoroughly. 

In taking account of the influence of the anomalous skin effect 
on optical constants, previous practice has been equivalent to trans- 
lating known equations, expressed in terms of a refractive index, 
into surface impedance notation, and then using values of the 
surface impedance calculated for normal incidence. The resulting 
formulae make no distinction between refractive indices (or surface 
impedances) for the two different polarizations. It has therefore 
been found necessary to rederive expressions for the principal angle 
of incidence @, the principal azimuth Y, and the reflectivities #, 
and #&y, taking such distinctions explicitly into account. 

1.3 The subsequent work is set out as follows: In § 2 general 
formulae in terms of two refractive indices are derived for re- 
flection and absorption coefficients, and the principal angles. In 
§ 3 the basic integro-differential equations for the electric field in 
the metal are set up, and in § 4 they are solved, using an extension 
of the method adopted by Dingle 1). In §§ 5, 6 and 7, the solutions 
for the fields found in § 4 are applied to the formulae derived in 
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§ 2 to give final expressions for the surface impedances, refractive 
indices and reflectivities (§ 5), the principal angle of incidence (§ 6) 
and the principal azimuth (§7). Finally, in § 8, theoretical pre- 
dictions are compared with some experimental results for silver, 
and suggestions are made to guide future experimental work. 


§ 2. General formulae for reflection and absorption coefficients, and 
the principal angles at oblique incidence. 

2.1 Electric vector perpendicular to the plane of 
incidence. Consider the electromagnetic wave (0,0) 0,H,,, 12) 
incident at an angle 6 on a metal, whose surface is in the x-y plane. 
The z-axis is directed normally into the metal and the x-axis nor- 


m 
Planez=0 bade 


Fig. 1. Coordinate system and notation for incident and reflected field. 


mally into the page (see fig. 1). At the surface the wave is subject to 
the following boundary conditions: 
a) Ez continuous at z = 0 for all y, 
6) Hy continuous at z = 0 for all y. 
c) Bz continuous at z = 0 for all y. 
It will be assumed throughout that the time-variation of all fields 
is of the form e##, where w is the circular frequency of the incident 
radiation. Further, since the boundary conditions must be satisfied 
for all values of y, all fields must have the same y-dependence on 
both sides of the boundary. In vacuo 
E, H « exp io[¢ — (y sin 8 + z cos 6)/c], (2.1) 
so that at z = 0 
E, H « exp ia[t — (y/c) sin 6] (2.2) 
on both sides of the bounding surface. For convenience the factor 
exp iw[t — (y/c) sin 6] in E, H, J etc. will be understood throughout 
the remainder of this investigation. From Maxwell’s equations, 


B, = (c/iw)@Ez/éy = — Ez, sin 8 (2.3) 
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in both vacuo and metal. Hence boundary condition c) reduces to 
boundary condition a). 
The incident and reflected electric fields are of the form 


Bi(2) = exp[— iw(z/c) cos 6], (2.4) 
EX(2) = rs exp[to(z/c) cos 8], . 


where 7; is the amplitude reflection coefficient. The bagel BOE 
magnetic fields in the y-direction are 


H(z) = cos 0.exp[— tm(z/c) cos 6], | 


2.9 
H(z) = — rs cos 0.exp[t(z/c) cos 6}. | 9) 
Boundary conditions a) and }) can now be written *) 
l 4. Vs = (aa (1 en 1s) cos f= SS (Hy)F~ 0: (2.6) 
so that 
gs cos 6 — Gua" s (2.7) 
cos 6 + (4z/c) Ys 
where 


(4s /c) V5 = (Hy/Ex)z-9 = — (clio) (Ez/Ex)2~0, (2.8) 


primes denoting differentiation with respect to the depth z. 

By analogy with the case of a dielectric medium, it is useful to 
express the reflection coefficient (2.7) in terms of a refractive 
index. In order to make a suitable choice consider first the form of 
(2.7) in the limit of the point relation j(r) oc E(r), i.e. according to 
the Drude-Kronig theory. In this case the fields in the metal vary 
precisely exponentially with depth, and 


Ef? (2) «_exp[— twn(z/c) cos], ~ (2.9) 


where n, the single complex refractive index, ~, the complex angle 
of refraction, and 0, the angle of incidence, are linked by Snell’s 
Law **) 


sin # = nsin ». (2.10) 


*) The superscript m denotes fields within the metal (see fig. 1). 
**) Snell’s Law follows from the equality of the y-dependences of the incident and 
refracted waves, so that 
exp[—i(y/c)sin 8] = exp[— iwn(y/c) sin ¢p], 
ee 
sin # = nsin @, 
where n is independent of 9 and the depth. - 
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Eliminating «~ from (2.9) by Snell’s Law, 
(4s/c) Ys = —(cliw) (E,/Ez)™ 9 = (n2 — sin? 6)8. ag) 
Thus an appropriate generalization is 
Ns(9) = {[(4z/c) Ys]? + sin2 oi. Ne) 
The reflection coefficient 7; can then be expressed in the form 
cos § — (n? — sin? 6)? 
cos @ + (n? — sin2 6)?’ 


(2.13) 


which is a well known result apart from the subscript to n. 

2.2 Electric vector parallel to the plane of incidence. 
Consider now the electromagnetic wave (0, Ey, E,), (Hx, 0, 0) 
incident on a metallic surface at an angle 6. The wave is subject to 
the following boundary conditions: 

a) Hz continuous at z = 0 for all y, 

b) Ey continuous at z = 0 for all y, 

c) Jz continuous at z = 0 for all y, 
where J is the fotal current density. From Maxwell’s equations 


ecurl FE = —i@H, ccurlH = 10D + 4nj =4aJ, (2.14) 


where D is the electric displacement and j the free-electron current 
density; it follows by elimination of H that 


ViE = AniwJ/c?, (2:15) 


so that boundary condition c) can be replaced by the equivalent 
condition 

c’) V2E, continuous at z = 0 for all y. 

Again taking the factor exp iw[t — (y/c) sin 6] as understood, the 
incident and reflected electric and magnetic fields are of the form 


Ei(z z) = cos 0.exp[— iw(z/c) cos 6], 


E* (2) = — rp cos 6.exp[to(z/c) cos 6], 

Ei(z) = — sin 6.exp[— t@/(z/c) cos 9], (2.16) 
Et(z) = — rp sin 6.exp[tm(z/c) cos 6], 

Hi(z) = — exp[— 1@/(z/c) cos 0], 

H*(z) = — rp.exp[tm(z/c) cos 6], 


where 7» is the amplitude reflection coefficient for the fields. 
Substituting in the boundary conditions a), 6) and c’), 
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l+%=— (Hz)re0, | 
(1 — rp) cos 0 = (Ey), (calz) 
(1 + 7p)w? sin 0 = c2(V2Ez)™ o. 


These three equations, together with Maxwell’s equation 
Hy, = —(cliw) (@E,/éy — aEy/é) = (c/iw)E, + Ezsin@, (2.18) 


can be solved to yield 
= 6 — 1 
ie (4s/c) Yp cos (2.19) 
(4st/c) Y» cos 6 + 1 


where 
(A/c) Y¥p = —(cliw) (E,/Ey)e_ol1 + (@?/c?)sin? 6. (Ez/V?E 2)” 9) + 
= —(c/iw) (E,/Ey)™ [1 — (w2/c?)sin? 0. (Ez/Ez)2~ 0]. (2.20) 


As in § 2.1, in order to define a suitable refractive index ny in 
terms of which to express the reflection coefficient 7», it is instruc- 
tive to evaluate Y, in the point-relation limit 7(r) oc E(r). Under 
these conditions 


Ey (2) oc exp[—twn(z/c) cos p]=exp[— t@(2/c) (n?—sin? 6)*]. (2.21) 
Substituting for (E, Ey) 30 and (Hi E- yes, in (2720); 


2z=0 
(4/c) ¥ » = n2(n2 — sin? 6)-1. (2.22) 


A generalized refractive index n,(6) could be defined by replacing 
n by ny in (2.22). However, as this leads to an awkward expression 
for ny in terms of Y >», it is more convenient to take the product of 
(2.22) and (2.11) 


: (4z/c)?¥sYp = n?, (2.23) 
and replace n by the generalized index n,(6). Thus 
(4ac/c) (YsY p)* = n,z(6), (2.24) 
so that 
(4sc/c) ¥ » = n2(n?2 — sin? 6)-+. (2.25) 


The reflection coefficient 7» can now be expressed in refractive 
index notation as 


nz cos 0 + (n? — sin? 6)+ ’ 


se (2.26) 
which is once again a well known result apart from the subscripts to 
the n’s. 


ANOMALOUS SKIN EFFECT IN METALS Z. 


2.3 The reflectivity and absorptivity of a metal. The 
reflectivity Z of a metallic surface is defined as 
R = |r/2, (2:27) 
and represents the fraction of the energy incident on the surface 
which is reflected. The corresponding absorptivity «/ is defined as 
BL =1— &, (2.28) 
By (2.13) and (2.26), 


pm _.| 0089 — (nF — sin? 6)* [2 rps 
| cos + (n? — sin? 6)# | ’ ee) 
nz cos 6 — (n? — sin? 6)! |2 
Rp =| > bei (2.30) 
n,, cos @ 4+--(n; — sin? 6)! 


2.4 The principal angle of incidence @. Define 
Pe‘4 ae Y/Ts, (2.31) 
so that J is the difference in phase shifts between the two polari- 


zations after reflection from the metal. By combining (2.31) with 
(2.13) and (2.26), it follows that 


1+ Pe'4 1, + Ty n2 cos? 6 — (n? — sin? 6) 
1— Pe4 rs — 7p ~—scos'6.(1 — n2) (n? — sin? 6)+ © 


(2.32) 


The principal angle of incidence @ is defined as that value of the 
angle of incidence 6 for which A = 4m, so that e'4 — j. The reflected 
light is then elliptically polarized with the axes of the bounding 
ellipse at right angles. By setting 4 = $a, and multiplying both 
sides of (2.32) by the conjugate complex quantities (denoted by an 
asterisk), 

cos? O[(n? — sin? @) (n? — sin? @)*]* = 

= [sin? @+ (n?2—n?)/(1—n})] [sin? 0+ (nj—n})/(1—nj)|*. (2.33) 


In the limit of the point-relation, ns = ny = n, and (2.33) reduces 
to 

cos? @.[(n2 — sin? @) (n2 — sin? @)*}# = sin*@, — (2.34) 
which is the generally accepted equation for the principal angle 


(cf> Born 4%), -p. 263): 
2.5 The principal azimuth ¥. The azimuth angle y is defined 


_ by the equation 


tan y = P = |rp/rs|. (2.35) 
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Writing (2.32) as 
|. Pet mie Pew cos 6.(1 — n5) (nj, — sin? 6)! (2.36) 
To PTT 4 Ped ~ Tacos (at = sink ey 


multiplying out the left hand side of (2.36), and using (2.35), it is 
found that 


cos 2y —isin2ysindA cos 6.(1 — n%) (nj — sin? 6)? 


1+ sin2ycos4 —n2. cos? 9 — (n? — sin? 6) 


(2.37) 


The principal azimuth ¥Y is defined as that value of the azimuth 
y for 6 = O, A = 3a. For this value of 4, (2.37) reduces to 

“cos @.(n2 — sin? 6)? 
sin? @ + (n? — n?)/(1 — nj) 
1,€. tan 2¥ = — Im(&)/Re(&), (2.39) 
where Im denotes the imaginary part and Re the real part of 2, and 


2 __ gin2 @)t 
i eee ae =e 2) =: (2.40) 
sin? @ + (n? — n?) /(1 — nj) 


cos 24° = 7 sin ZY — 


, (2.38) 


In the limit of the point-relation, np = ns = n. Then 
& = cos @.cosec? @.(n? —sin? 6), (2.41) 


and (2.39) reduces to the standard formula for the principal azimuth 
(see, for example, Dingle ”), p. 348). 


§ 3. Derivation of the basic integro-differential equations. 

3.1 In this section, the basic integro-differential equations are 
derived for the electric field produced in the surface of a metal when 
the surface is irradiated with obliquely incident electromagnetic 
waves. In effect the problem reduces to that of finding a funda- 
mental relation between the free-electron current density j and the 
electric field E. Substitution of this relation in (3.4) then gives 
the integro-differential equation to be solved for the electric field. 
There are two approaches to this problem: 

a) Solution of the Boltzmann transport equation, 

6) The pictorial kinetic method (e.g. Dingle 29)), 

Here (a) alone is used; (b) yields identical results. 

3.11 The following assumptions are made: 

a) The thickness of the metal is very much greater than the 
penetration depth of the radiation. 
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6) The conduction electrons are regarded as quasi-free, i.e. their 
energy is taken as proportional to the square of their wave vector. 

c) Contributions to the current density due to transitions be- 
tween different energy bands in the metal, i.e. internal photo- 
electric effects, are not considered. 

a) Following previous literature (Pippard 21) 22), Reuter and 
Sondheimer ?), Dingle!) 7-9)), it is assumed that electron re- 
flection at the inside surface of the metal can be expressed in terms 
of a parameter #, the fraction of electrons incident at the surface 
which undergoes specular reflection. 

e) Collision phenomena in the metal can be described in terms of 
a mean free path / (or the equivalent time of relaxation 7). Strictly 
this assumption is only tenable in the limiting cases of very low and 
very high temperatures. At low temperatures electron scattering is 
due primarily to residual impurity atoms in the metal, and this can 
always be described in terms of a free path. Similarly a free path 
can always be defined for scattering by thermal lattice vibrations, 
if the temperature is above the Debye temperature. However for 
this investigation it may reasonably be assumed that a free path 
can be defined at all temperatures. It is interesting to note that ina 
recent paper Azbel and Kaner1) show that, for the case of 
normal incidence for = 0 and f= 1, the use of an arbitrary 
collision integral to replace the relaxation time 7 leads to the same 
values for the surface impedance of a metal as were obtained by 
Reuter and Sondheimer. 

f) The magnetic permeability « of ferro-magnetic materials is 
unity at optical frequencies (Rado et al. ?)). 

3.2 Consider a semi-infinite metal with its surface in the x-y 
plane and the positive z-axis directed normally into the metal. The 
incident radiation (E, H) strikes the surface at an angle of incidence 
6 (see fig. 1). 

In vacuo the propagation equation V?E + (w?/c?)E = 0 has so- 
lutions 

E‘ oc exp[— ia(y sin 8 + 2 cos 9)/c], (3.1) 
Er o exp[— iw(y sin 0 — z cos 6)/c], : 


for the incident and reflected fields respectively. Within the metal 
_ the propagation equation is 
V2E + (w2e/c2)E = 4ziaj/c?, (3,2) 
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where 
C= + 4rP pn/E +. AP core/E, (3.3) 


(see Dingle 7), § 4). Here P is the electric polarization intensity and 
j is the free-electron contribution to the current density. Since the 
fields are independent of x, and the y-dependence is known (§ 2.1), 
the V2-operator can be simplified, and (3.2) reduces to 


(62/022 — W2n')E = 4Antaj/c?, (3.4) 
where 
W2n’ = —(w2/c?) (e — sin? 6). (3.5) 


3.21 The argument used here to obtain the j-E relation is 
identical with that employed by Reuter and Sondheimer for 
normal incidence, except for the addition of angular terms. The 
electron distribution function / in the presence of the electric field E 
can be written as 


f(v, r,t) = folv) + filv, ret", (3.6) 


where v is the electron velocity, r the electron position vector, fo(V) 
the equilibrium distribution function and /1i(v, r) an unknown func- 
tion of v and r representing a small variation in / from the equi- 
librium value. Under the present conditions the Boltzmann equa- 
tion (Wilson 24), p. 196) reduces to 


Cie me [ 1 + wr (1 — sin 0) | = Ee 


Oz TVUz Mvz 


This equation differs in two respects from that of Reuter and 
Sondheimer (ref. 2), eq. 5), in that 

a) since all three components of the electric field must be con- 
sidered, the term (@fo/évz) Ez(z) of Reuter and Sondheimer must 
be generalized to E.V fo, 

6) there is an additional term vy(0f1/@y) = —(f1/7vz)iw7(vy/c)sin 6 
in (3.7) due to the y-variation of /1. 

The solution of (3.7) can be written down immediately by 
analogy with the case of normal incidence. Defining /;' as the distri- 
bution function for electrons moving away from the surface, i.e. 
vz >0, and f; as the distribution function for electrons moving 
towards the surface, i.e. vz < 0, it follows from equations (11) and 
(12) of Reuter and Sondheimer that 


—“— =o 
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2] 


= : seeds 


MvUz itty 
0 
x(z + 2) 
he cof exp [| = |x. Veio, .(3:8) 
pees “faves =2="]p.0y 3.9 
: Mz P TVz wee co) 
where 

xX = 1 + t@7[1 — (vy/c) sin 6]. (3.10) 


3.22 The electron current density j can now be calculated from 
the usual formula 


1k = — 2emsh-3 f vzfd3v, (3.11) 
where k = x, y or z, and ¢ is taken with positive sign. This expression 


for j can be more easily handled in spherical polar coordinates 
(v, B, y) in v-space. Therefore set 


Vz =vsinPcosy, vy =vsinfsiny, vg = v cos Bf, (3.12) 
so that 
coo dr Qa 
Jk = — 2emh- [dv [dp fdy.v? sin B.vefy 
Dietecllig. 4 0 
=) 7 Qa 
— 2em3h-3 [dv [dp f dy.v? sin B.vzef;. (ors) 
0 a 0 


The evaluation of the dependence of each component of j on each 
of the field components Ez, Ey and E; is quite straightforward but 
involves rather cumbersome expressions. Therefore the dependence 
of jy on Ey only will be considered in detail (§ 3.221) to illustrate 
the method used; other results will be quoted. 

3.221 If the relevant form (k = y) of (3.13) is combined with the 
E,-contributions to the distribution functions /{ and /; from (3.8) 
and (3.9), it is found that 


jy(z, Ey) = aia =i fu v2(@f/év) fon “Joy sin? y 


ef 24) fan 22] 0) 
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fs | ofl J st fy sin? y 


«fa exp| - er, rm | E,(). (3.14) 


Tv cos fp 


This can be immediately simplified by grouping all the integrations 
over f into the range 0 to 4z, woe 


— 2 
A ee a dv. 02(@fo|20) 


«fale mil =a aa a + exp reascal - E,(@). (3.15) 


fea that the electrons form a highly degenerate system, the 
integration over v can be carried out by noting that 


f du .g(v)(8fo/ev) ~ —g(V), (3.16) 


where g(v) is any relatively slowly varying function of v, and V is 
the velocity of electrons at the surface of the Fermi distribution. 
Therefore 


2e2m2V2 sin3 Bp 
Iya Ly) = 13 fu : Map Jo sin? faces E,( 


{pol ejeolt) om 


where / = rV is the electronic mean free path at the surface of the 
Fermi distribution. 
At this stage it proves convenient to alter the scale of depth from 


Gaussian units, i.e. cms., to units of the mean free path 1. Therefore 
define 


= 27, == U/l, (3.18) 
so that both Z and T are dimensionless measures of depth. The 


integers HOw over y in (3.17) can be taken as being over the range 
eto 97 rather than from 0 to 2m. Since the function of y to be 
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integrated is symmetrical about y = 4, oF 17) can be written 
37 3 fore) 
Jy(Z, Ey)/4e2m?V2h-3 = [dp .sin3 B sec B dy. sin? yhidd: Ey(D) 
0 —tor 0 


x {p exp[— 4(Z + T)sec B] + exp[— 7|Z — Tlsec 6}. (3.19) 
At this juncture it is possible to integrate over » by introducing 
Bessel functions, using the relation (Jahnke and Emde, p. 149) 
2a 
Tn(S) = (t-"/2n) f dy.exp(in y).exp(iZ cos y). 
0 
However, as this makes later integration over T and f rather 
difficult, it is preferable instead to make the substitutions 
f= si ys = sec p, WV = 1+ 107; (3.20) 
which then give 
jy(Z, Ey) /4e2m2V2Ih-3= fds. (s-1—s-3 ) far. 72 (1 —r?) > far. E,(T) 
i 
x {p exp[— ys(Z + T)] + expi— xs|2 — Til} (3.21) 
where now 
x = W[1 — #sin 6.7s—1(s2 — 1)*], & = (tw7/W) (Vc). (3.22) 
Further simplification in writing can be effected by introducing 


the symbols 
§=s —#sin O.r(s? — 1)}, (3.23) 


K(Z, T) = p exp[— W8(Z + T)] + exp[— W3|Z — TI], (3.24) 


and the integral operators 


= ae AS.ASat 8-8). a as ; (3.29) 
= (2/77) far.(l — v2)... ; (3.26) 
= (2/z) far.(1 ares eS (S22) 


The current density contribution ;,(Z, Ey) can now be expressed 
finally as 


jy(Z, Ey)[2ne2m2V2h-3 = S.(R—R) [dT .E,(T)K(Z,T). (3.28) 
0 
3.222 Similarly, 
jx(Z, E)/2ne2m?V2h-3 = S.RfAT.E2(T).K(Z,T), (3.29) 
0 
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iy(Z, E)/2ne2m2V2h-8 = S.(R—R). {dT .E,(T).K(Z, T) 


Ea 7 far. EAT). K(Z, 1), §aa) 


j(Z, E)/2ne2m2V2h-3 = S.R. fat .EAT)K(Z, T) + 
0 


45.8. faT.E,(T).K(Z,T), (3.31) 


0 


where 
S = fds.s-3 ts aos (3.32) 
i 
S = f ds.s-(s2 al Fes (3.33) 
R= (2/2) far.r(1 — 7)... (3.34) 
-1 


K(Z, T) = p exp[— W8(Z + T)] @ exp[—Ws|Z — T|], (3.35) 
and the symbol 


(3.36) 


Van Si a 
Z—T = (ieee 


These expressions for the current density components show quite 
a significant departure from point-relation theory in that there is a 
‘cross’ dependence of 7, and 7z on E, and Ez. These ‘cross’ terms in 
(3.30) and (3.31) are identical in form and, as will be seen in § 4, 
are of order 0(V/c) <1 in comparison with the leading terms in 
each expression. 

3.3 Integro-differential equations for the electric field 
components. It is now possible to combine the results of § 3.22 
with the differential equation (3.4) to give the fundamental integro- 
differential equations for each of the field components E,, E, and 
H,. They are: 

a) Ex: 


(2/072 Wn) hp aa SiR fT B RZ Ty (3.37) 
b) Ey: ; 
(82/822 — W2n)Ey = ia.S.(R — R) far. BT) Riza 
Naan far. ET)K(Z,T), (3.38) 


ANOMALOUS SKIN EFFECT IN METALS LS 


c) Ez: 
(22/022 — Wm) Ez = ia.8.R fdT.E,(T).K(Z, T) + 
0 


, 


eee so fdl shy (1)<K(Z, 7), (3.39) 
0 
where 
a = 822e2m2V 20l/c2h3, (3.40) 
n = ln’ = 82(e — sin? 6). (3.41) 

§ 4. Solution of the integro-differential equations. 

4.1 In this section the method of solution adopted by Dingle 1) 
is extended to cover the more complicated case of oblique incidence. 
A detailed solution is obtained for E,, but results only are given for 
ie and J, 

4.2 It is first necessary to expand the functions K(Z, T) and 
K(Z, T) of § 3.3 as series in rising powers of 


0 sin 6 = (twt/W) (V/c) sin 6 <1. (4.1) 
From (3.24), 
KAZ, DT) =p exp[— Ws(Z. + T)] + exp[— Ws|Z — T|], (4.2) 


where 


§=s—Asinb, A=7(s2 — 1)8. (4.3) 
Expansion of the exponential terms in (4.2) gives 

76) seed ie $ 0” sin” 0.Kn(Z, T), (4.4) 
where oe 
Inge el) = 


= (— AW) (Z + T)"pe-WeZtT) + |Z — T|"e-WslZ-T"), (4.5) 
Alternatively K,(Z, T) can be written in the form 
n!Kn(Z, T) = (— Ad/és)"Ko(Z, T), (4.6) 


i.e. the complete function K(Z, T) can be derived from the leading 
term Ko(Z, T) by applying the operator exp(— 40 sin 6.0/és). Thus 


K(Z, T) = exp(— 48 sin 0./8s).Ko(Z, T). (4.7) 


This is a most useful relation since Ko(Z, T) is essentially the same 


function as the k(x, y) of the normal incidence case (Dingle })). In 
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fact k(x, y) = S.Ko(Z, T). Similarly the function K(Z, T) can be 
expanded either as 


K(Z, T)= 5 0" sin” 0.K,(Z, T), (4.8) 
where Gat! 
TY GAGE | 
= (—AW)™[(Z + T)"pe-Ws(Z+2) @ |Z — T|"e-WsiZ-T1}, (4.9) 
or K(Z, T) = exp(— 40 sin 6.4/8s) Ko(Z, T). (4.10) 


4.3 Detailed solution for E,(Z). The basic integro-differ- 
ential equation for E,(Z) is 


(22/aZ2 —W2n)E,(Z) = ia.S.(R — R). fat. E,(T).K(Z, T) 
+ 40.8 oR. far. EAT) KiZ Tl, (4.11) 


Substitution of the expansions re K(Z, T) and K(Z, T) gives 
(22/62? — Wn) Ey(Z) = 
= ia. 6" sin" 6.S.(R — R). fdT.E,y(T).Ka(Z, T) 
i 


+ io.d om sine 9.8.R. faT.EAT).Kn(Z, T). (4.12) 
0 


= ia.S.(R — R).[1 + 8 sin? 6. (s2 — 1)r2(02/8s2)/2!+-0(94)] 
[aT .E,(T).Ko(Z, T) 
0 
+ i«.8.R.[d sin 6.(s2 — alee é/as) + 0(88)] 
far. E,(T).Ko(Z, T). (4.13) 
Since (R — R) is an even aes of y, and R an odd function of 
yin the range — 1 < r < 1, terms in K(Z, T) which are odd functions 
of 7, i.e. Ky, K3, Ks ..., and terms in K(Z, T) which are even 
functions of 7, i.e. Ko, Ko, K4..., are all zero after integration over 7. 
Such terms have therefore been omitted in (4.13). 
Since Ko(Z, T) and Ko(Z, T) do not contain 7, the integration 
over this variable in (4.13) can be carried out to give 
(22/02? — Wn) Ey(Z) = 
ta.S.[1 + 38? sin? 6. (s2 — 1) (82/ds2)/8 + 0(84)] 
{aT .E,(T).Ko(Z, T) + ta.8.[0 sin 6. (s?—1)#(—8/@s) +-0(93)] 
0 co 
Jd. BAL) Roe ein (4.14) 
be 
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At this stage the value of E, given by (4.32) must be inserted 
n (4.14). Since the £; contribution to (4.14) is of order O(#), it 
suffices here to take only the first approximation 

E,(Z) oc exp(— u,WZ). 


(If terms of order 0(€28) or higher are required in Ey, the leading 
anomalous term in FE, es 33) 


must be taken tis account. However, since § ~ 0(92) and 
0? ~ 10-6, it is most unlikely that such a high order approximation 
would ever be required.) Therefore in (4.14) set 


E(Z) = ae-veWZ, (4.15) 


where @ is an amplitude factor independent of Z, and consider also 


the possible contribution 
| (Ey)1 oc ety WZ, (4.16) 


Substituting (4.15) and (4.16) into (4.14), 
(uy — n)W2e-tyWZm~ (ix/W)[M (uy)e“WZ + f'ds.G(s, uy)e2] 
i 


+ (ia/W)ad sin OLN (uz)e—U2¥Z 4 i ds.H(s, uz)e—8WZ], (4.17) 
where 
M (uy) J fds. (s-1 — 5-3) 
[1+302 sind 6. (s2—1) (62/As2) /8+-0(04) ][(s+-uy)—1-+ (s—uy) 4], (4.18) 
G(s, uy) <(s-} — s—3) 
[1+382sin26. (s2— 1) (22/As2) /8+-0(84)][p(s+uy)-!— (s—uy) 4], (4.19) 
N (uz) ~ fds. (s-1— $8) [1-+ 0(2)] {(s — uz)-2—(s + ue)-2], (4.20) 


H(s, uz) ~~ (s-1 — s-8) [1 + 0(82)] [p(s + u2)-? — (s — uz) 7]. (4.21) 
The closest agreement between the left and right hand sides of 

(4.17) is obtained when wy is chosen such that 
ue — 4 = E[M (uy) + a8 sin 0.N(uz)e% 497], (4.22) 


fi where 
£ = ia/W3, (4.23) 
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thus leaving a remainder of order (i«/W) on the right hand side of 
(4.17). This can be cancelled by the addition of a further contri- 
bution 


(Ey)2= é fds: (s2 — n)1[G(s, uy) + a8 sin 6.H(s, uz) le8"Z, (4.24) 
1 


which in turn leaves a remainder of order (i«)2/W4 on the right hand 
side of (4.17). This can be cancelled by the addition of a suitable 
contribution (E,)3 of order &2, leaving a further remainder of order 
(ia)3/W?, and so on (c.f. Dingle 1)). Thus, provided 
|E| = |ea/W2| <1, 
so that successive terms are of rapidly decreasing magnitude, 
E,(Z) o e~tyWZ +. & fds. (s2 — )-1. 
i 

[G(s, uy) + ad sin 6.H(s, uz)je*¥4Z + 0(€?). (4.25) 
By repeated application of this procedure — ensuring that higher 
order terms in £; are included in (4.14) when necessary — a so- 
lution for E,(Z) can be obtained to any desired power of &, while, 
by retaining higher powers of # in (4.13) et seq., a solution can also 
be obtained to any desired power of #. 


The value of w, can be found from (4.22). To a first approxima- 
tion uz & Uy, so that 


ue? — 4 ~ EM(uy) + ad sin 0.N(uy)] 


~ €[4/3 + 4u2/15 + (8/15)ad sin 6. uy). (4.26) 
To the present order of approximation (§ 5.2), 
Uy ~ (4E/3 + 7). (4.27) 


4.4 Solutions for Ey, and E,. When the method outlined in 
§ 4.3 is applied to (3.37) and (3.39); the following solutions are 
obtained: 


a) Ey: 
E,(Z) oc eweWZ + & fds. (s2 — y)-1F(s, uz)e-8W2 + O(E2), (4.28) 
i 


where 
Uy = EL (uz) +, (4.29) 


L(uz) = fds(o — s~8) [1 + # sin? 6(s2 — 1) (82/8s2)/8 + 0(94)] 
[(s + uz)-1 + (s — uz), (4.30) 
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F(s, ug) = (s-1 — s-3) 
[1+-0? sin? 0(s?—1) (62/@s?)/8+-0(04)][p(s+u,)-1—(s—uz)-1], (4.31) 
b) Ez: 
E,(Z) oc e~UeWZ 4 £ f ds(s2 — »)-1 
i 
[I(s, uz) + 68 sin 0.H(s, uy)]e-sVZ + O(E2), (4.32) 


where 0 is an amplitude factor such that, to a first approximation, 
E,(Z) = b exp(— uy,WZ), 


u2 = + €[P(uz) + b8 sin 0.N (uy) .e-%y-u2 WZ), (4.33) 
) — 


P(uz 
fa pale 82 sin? 6 : ses o(os) |( ] ] ) rev 
| SS ee ae mk ie 4 , (4.34) 


StuUz S—Uz 


LS, tz) = 
2 2 sin? 6 2 pb 1 
A ee 
L 4 (s ) 52 ee StUz S—Uz a) 
and N(wy) and H(s, #y) are defined by (4.20) and (4.21) respectively. 
It is interesting to compare the depth dependences of the three 
field components E,, Ey, and E;. Neglecting terms of order 
0(&2, £92, #4), (4.28), (4.25) and (4.32) simplify to: 
a) Eg: 
E,(Z) o e~¥eWZ — £(1 — p)[Eis(WZ) — Eig(WZ)] 
— Ug&(1 + p) [Eis(WZ) — Ei7(WZ)] + O(€?), (4.36) 


53 


where 
Ug = [4E/3 a O2(E at sin2 6) |* 
26 4&/3 + de i} 5/ 
aT O(é “?) . 4.37 
Utplarroenaglito. 4" 
bei y: 


E,(Z) o e-wZ — &(1 — p){Big(WZ) — Eig(WZ)} 
— E[uy(1+p) + a8 sin 0. (1—p)] [Bis(WZ) —Ei(WZ)]+0(€), (4.38) 


where 
ty & [46/3 + 82(e — sin? 6)}*. 


emcee Noon ey 
sad Meee cece 
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) iz. 
E,(Z) x e-uW2Z — 2&(1 — p)Eig(WZ) — 2éu-(1 + p)Ei7(WZ) 
— b(1 — pd sin 0.[Eis(WZ) — Ein(WZ)] + 0(&2), (4.40) 


where 
~ [4E/3 + 0(e — sin? — sin? 6)]*. 


‘i : 2& ale | 2bd sin 6 5 ]} +00". (4.41) 


3{4E/3 + 82(e — sin? 6 


The exponential integral Ei,(x) appearing in these expressions is 
defined by 


Ein(x = sre sx ds. (4.42) 


The terms underlined are those which do not appear in the theory 
of the anomalous skin effect at normal incidence. 

As will be seen in § 5.2, only terms up to 0(&) need be considered 
in the present investigation. To this order of approximation 


Ug & Uy & Uz =~ [46/3 + B2(e — sin? 6)]}, (4.43) 


and the only variation from normal incidence theory is in Ez, 
where the leading anomalous term differs from those in Ez and Ey. 


§5. Evaluation of optical constants I. Surface admittances, re- 
fractive indices and reflectivities. 

5.1 Notation. The final results for the optical constants are 
presented in the ‘dimensionless coordinates introduced by Dingle’). 
These are defined as follows: 


Si, Me Sam \t di : 
oy der Neu = dimensionless frequency, 


Samu \! ; P soe 
oc =o Aree = dimensionless d.c. conductivity, 


Vice oe = dimensionless Fermi velocity, 
and are supplemented by the parameters 


Q = 1 — (3/4)v?V2e = 1 — exmy?/Ne?2, 
® = 1 — (3/4)v?V2(e — sin? 6) = 1 — (e — sin? 6)xmv2/Ne?, 
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where 

y = frequency of the incident radiation, 

o = bulk d.c. conductivity of the metal, 

V = electron velocity at the surface of the Fermi distribution, 

m = effective electron mass, 

N = number of conduction electrons per unit volume, 

e = electronic charge, taken as positive, 

Sage 4xPecore | 4 | (nk) pp. v' dv’ 
E OT (v’)2 — v2 

0 


m 


(Dingle ”), § 4). 


In this notation, the most commonly occurring quantities are 
WT = oy, 

= 1+ tov, 

= to%y(1 + zov)-3, 

= tovV(1 + tov)-1, 

= (tov)? (1 + tov)—2V2(e — sin? 6). 


Ss Sn Ss 


5.2 Degree of approximation. It will be shown in §§ 5.3, 
5.4 that displacement and angular effects are only appreciable in 
the upper visible and ultra-violet regions, when the parameter 2 
differs appreciably from unity, i.e. when 


By2V2e ~ 1, 
For a typical monovalent metal, V~5 x 10-3, and e ~ 1 to 5. 


This requires that v ~ 102, i.e. the wavelength of the incident 
radiation < 0.5u. At optical frequencies, 


or =ov> 1, | ~v?#<K 1, 4~vi<l, vI~YV, 


so that the following approximations can be made: 

a) Terms in v?V2 may be retained in comparison with unity, 

b) Terms of order 0(o-2v-2, v-?, V2, v-1V) with respect to the 
leading terms of the same phase may be neglected, 

c) Qmay be considered to be in the range 0 < 2 <1. 

Particular emphasis must be placed on the qualification ‘with 
respect to the leading terms of the same phase’ in (0). Since real 
and imaginary terms play quite separate roles, the leading real and 
_ imaginary terms of all expressions must be retained irrespective of their 
absolute orders of magnitude. 

5.3 Evaluation of 42Y;/c and ns. In view of the transfor- 
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mation in § 3 of the depth scale from cm to units of the mean free 
path /, (2.8) must now be written 


4nY ,[o = —(clial) (EL{E eno = 0-1(— E[WEa)oo. (6+) 
From (4.28), 
E(Z).cc e-¥W 4, £ f'ds.s2F(s, uje—8WZ +. Q(E2), (5.2) 
so that 
(— E,/WEz)z-0 ~u + gf ds. Fs u) + O(€"?). (5.3) 
This is precisely the expression obtained in the normal incidence 
case (Dingle 1), § 3), and the result can therefore be quoted as 
(= EWE z)e-0 ~ (48/3 +n) — 46(1 — p) + (84), (5.4) 
so that 
AnY ./¢ ~ 8 -1[(45/3 +m)? — 26(1 — )]. (5.5) 


The surface admittance can be expressed in terms of the dimension- 
less units o, vy, V and the parameter ® by means of the substitutions 


given in § 5.1. Retaining the leading real and imaginary terms in 
(5.5), 

(vV)4Y s/c = (1/+/3) (ov) 1@* + (2)v (1 — p) — 4(2/4/3) 8 

+ O(v-2, ta-ly-2) (5.6) 

for ® #0. This expression for the surface admittance 47Y,/c is 
identical with that obtained by Dingle 1) for the case of normal 
incidence except that the parameter 2 is replaced here by the new 
parameter ®. The transition from normal to oblique incidence thus 
involves changes in the surface impedance 47Y°5/c of order O(v2 V2). 
These are only appreciable when v?V2 ~ 1, i.e. in the upper 
visible and ultra-violet (§ 5.2). 

The complex refractive index ns is given by 


n? = (4nY,/c)2 + sin? 0. (5.7) 


Separating this equation into its real and imaginary parts, and 
substituting from (5.6), 


n® — k2 — sin? § = (4z/c)® (G? — B2) ~ — F(vV)-20, 
nk = (4n|0)?GsBs ~ 3(vV)-2(ev)-1[1 +(4/3/4) (1 — oH, (5.8) 
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where 
Nns=n— tk, Ys =.G; — iB3. (5.9) 


5.4 Evaluation of 4%Y»/c and np». From (2.20), 
4nY p/c = 8-1(—E,,/WEy)z-o{1 + 8 sin? 6(W2E,/E"),— =}, (5.10) 


where the depth Z is measured in units of the mean free path 1. 
Further, from (4.25), 


Ey(Z) < eUWZ + E f'ds.s-2G(s, u)e-8WZ 41 0(E2), (5.11) 
i 
so that, to the present order of approximation 
(— E,/WEy)z-0 =u + s fas. s-1F(s, u) ~ (— E,/WEz)e-0. (5.12) 


From (4.32), 
E,(Z) oc e~uwz + Biideis-2ii5, u)e-sWZ 4 Q(E2), (5.13) 
so that 
(WE JED) 2-0 = [v2 + £fds.1(s, u) + 08) 
=~ [46/3 + P(e — sin? 6) — 2&(1 — p)/3 + O(€4)J-1. (5.14) 
It will be noted that the leading anomalous contribution to the 


second derivative E{ is of the same order of magnitude as that from 
the point relation. Thus 


Ore GE(h hep) 
0%(e — sin? 0) + 2&(1 + A) 
and, substituting in (5.10) from (5.5), (5.12) and (5.15), 
de + 35(1 + B) ] 
J S~ : 5.16 
aol) = n¥sl) | ae ame rea ea) 
This can be written in dimensionless coordinates as _ 
i(ov)-1 (1— 2 
said ory, 
ii — p) + i(ov)? (1 — ®) 
The complex ratio between the admittances is best expressed in 
_ terms of its separate real and imaginary parts as 
(4x Y pc) = (4Ys/c) (x + 28), (5.18) 


, (5.15) 


1 + 8 sin? 6.(W2E,/E,)2-0 = 


Q— 
(4x Y »/c) = 7 (4x Y s/c) »[3= 
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where 

_ [2 =H 1—A)] (6 — MP) + (ov)-2(1-9) (1) 
an [> — 4(1—p)P + (ev)2(1 — #)? sepa 
5 Hov)-(1 +6) (P—2) 

~ (f— HI — AP + 0 — 9) 


The refractive index ny can be evaluated using (2.24), i.e. 
n? = (4n/c)?YsY» = (nj — sin? 6) (« + 7). (5.20) 


5.5 The Drude-Kronig formulae for 47Y;/c and 47Y>p/c. 
In the Drude-Kronig (or point-relation) limit, it is found that the 
quantities corresponding to the admittances 47 Y/c and 47Y p/c are* 


(4 Y s/c)pK =~ 8-1(4é/3 + n)?, 
(40 Y »/c) pK ut! Q + 1(6v)-1(1 — 2) ] 
(4 Y s/c) px ‘i @ a i(ov)-1(1 = D) 


Comparison of these two expressions with (5.5) and (5.17) respective- 
ly indicates that the differences in results obtained from the Drude- 
Kronig and ‘angular anomalous’ theories originate from: 

a) the anomalous contribution —3&(1 — ) in 42Y;/c, 

b) the anomalous term — 4(1 — #) in both the numerator and 
denominator of the admittance ratio (« + 78). [These terms are a 
result of the anomalous contribution to EZ in (5.14) being of the 
same order of magnitude as the Drude-Kronig contribution, and 
give rise to the marked differences in the behaviour of the Drude- 
Kronig and ‘angular anomalous’ values of the optical constants 
around 2 = 4(1 — p) and ® = 3(1 — p) (see §§ 5.7, 6.2, 7.2).] 


(5.21) 


5.6 The reflectivity #@; for ‘perpendicular’ polariza- 
tion. From (2.29), 


s = |(cos 0 — 4ac!Y5)/(cos 6 + 4ac—1Y°5)|?2, (5.22) 


where 47Y,/c is given by (5.6). To the present order of approxi- 
mation 


1—& 3.0-+ + 3o(1 — 
(-=#+ | ~ (ov)-1 cos 0 ey SPE aol Sa (5.23) 
vV_ i/o ® + #v2V2 cos? 6 
*) It will be noted from (5.5) and (5.17) that in the present (optical frequency) approxi- 


mation, ‘point-relation’ expressions can be obtained from the corresponding ‘angular 
anomalous’ expressions by setting p = 1, 
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At normal incidence ®g-p = Q, and 
(*) oy egyen ta tired ol Rane 
vV/»=0 Q + 3y2V2 
ieadinede *),-eq. 10.5, 10.6; 1), § 5). 


(5.24) 


9./ The reflectivity &, for ‘parallel’ polarization. 
From (2.30) 


Ry = |\(4ac1Yy cos 0 — 1)/(4ac-1Y » cos 9 + 1)|?, (5.25) 
where 
4nY y/c = 42(Gp — 1Bp)/c = 4n(Gs — 1Bs) (x + 78)/c. (5.26) 
Owing to the singularities in « and 6 when 2 = 3(1 — #) and 
@® = 4(1 —#) (see (5.19)), three separate approximations are re- 
quired for #y. 
a) 2A~A4(1 — p), 6 AH(1 — P). In this case 
x ~ [2 — 41 — p)/(P — 1 — A), | ri 
B = (ov)“13(1 + P) (@ — Q/[S — 31 — A), 
so that, from (5.6), (5.25), (5.26) and (5.27), 


ow) = cos #(ov)-! . 
vV 6 


a 4(i= 2 (®—Q) (1+4)]| 
ls =" = | Lvs. ge ae ) |+ve. RDF gp 


2-il—2) : 
Abe eA postin Ayty 
At normal incidence, this expression reduces to the same value 
(5.24) as did Bs. 
b) Q= (1 — fp). At this particular frequency 
x = (av) *H(1 + A) (1 — ®)/[ — 41 — PIP me 
B = (ov)-44(1 + A)/[® — 3(1 — P)], 
so that, from (5.6) and (5.18) 
Ease Ho Mos 44) 84/210 — 401 — 2 | tO 
4B y/c = O(ev)-? 


1-2 ANE zi 5.31 
Gna cen ert eee 
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It should be noted that in the vicinity of the principal angle of 
incidence @ the approximations used here are invalid. It will be 
shown in § 6.2 that when 0 = O, sin? 6 ~ O(ev)—, so that 


& — (1 = p)i~ Ofov); 
and therefore in the expressions (5.19) for « and f# the terms in 
(cv)-2 in the denominators cannot be neglected as has been done in 


obtaining (5.29)-(5.31). At this angle of incidence the complete 
expressions for «, 6 and #»y must therefore be used. 


c) 6 = 4(1 — p). In this particular case 
a = (1 — Q)/3(1 + p); B= (ov) R(1 — 6) — 21/21 + A), (5.32) 
so that 


Besp tA) g(O) CAINE a Negi apteee eer 
4ntBy/c = 0(1), 
and 
1-2 6 \Fo 1+ 
( VV eee = (ov)! sec a( 7“ =) rye a ot (5.34) 
As in case (0), if the value of 6 should be such that 
Q — ¥(1 — p) ~ O(ev), 


this approximation breaks down so that the complete expressions 
for Gp, By and &y must be used. 


§ 6. Evaluation of optical constants II. The principal angle of 
incidence @. 

6.1 Combining (2.33) and (5.20), the general expression for the 
principal angle of incidence @ can be written 


cos? @.{1—2a(?—k®— sin?@) + («2+ B2)[(n2—k2—sin20)2+ 4n2h2] — 
= [(n2—k?— sin? @)?-+ 4n2h2]* [(« cos? OQ—1)2+62 cost Oj, (6.1) 

where 
ns = n — tk, (6.2) 


In order to solve (6.1) for @ it is convenient to express ®, n, k, « 
and # all in terms of the parameter Q. Writing sin? 0 = x: 


S=Q+ (1 — Q)x/e, . (6.3) 
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9 oe Bl A )ILO+ (1 — 2) x/e—4(1 —f)] + (ov) -2(1 —2)2(1 —-x/e) ] 


B 


[+ (1—2)x/e—3(1 —p)]?+ (ev)-2(1 —Q)2(1 —x/e)? 


Fy Hov)-\(1 + 9) (1 — 2)x/e se 
[+ (1—Q)x/e—4(1—p)]?+ (ev) -2(1 —Q)2(1 —x/e)2’ 
—n?+ k2+% ~ 2Q/(1—Q) + x, i} 6.5) 


2nk = (ov) Y[e/(1—2)]{1 + (4/3/4) (1 —p) o[.Q+ (1 —2)x/e}*}. i 
Since at optical frequencies ov > 1, it is permissible to take 
n= <k?+ x, nk <k2 + x, thus simplifying (6.1) to 
(1 — x){{1 + a(h® + x)]® + B2(R? + x)?} = 
= (B+ x)f[a(1 — x) — 112 + B21 — 3}. (6.6) 


When substitutions are made for «, 62 and k? from (6.4) and (6.5), 
the equation for x becomes 


(1—x)[(LO—4(1—p) + (1-2) x/e]{[Q—4(1—9)] . 
[eQ/(1—2) +1 +4] +(1—O)x]/e}+ 
+(ov)~2(1 —2)?[ (e—x)/e][1 +22/(1—2) + (e—1)x/e])?+ 
+ (ov)~9(Z) (1 -+-p)2(1 —2)?[e82/(1 —Q) +4 ]?x?/e2] 

~ x2[602/(1—2) + x]({[2—M1—p) + (1—2)x/e] . 
[2—4(1—p) + (12) /e] + (ov)-2(1—Q)2(e—a) (e— 1) e+ 
+ (av)~2(2) (1 +-p)?(1 —Q)?(1 —2)?/e?). (6.7) 
At frequencies such that 2 4 4(1 — ) and @ 4 3(1 — ), all 
terms in (6.7) of order O(sv)~? and higher can be neglected. Then 


[Q—3(1—p) + (1—Q)x/e]?((1 —*) {[Q2—3(1 —p)] [e2/(1-—2) +1 +x]+ 
+(1—2)«/e}?—x?[2Q/(1—Q) +x][Q—3(1—p) + (1—2)/e}?)=9, (6.8) 
and x is given by 
[2 — $(1 — p) + (1 — Q)x/e}? = 0, (6.9) 
or by 
(1—x){L{Q—4(1—f)] [e2/(1—Q) + 1+4]+ (1-2) x/6}?— 

—x2[22|(1—2) +4] [Q—4(1—p) + (1-Q)/e]® = 0. (6.10) 
Equation (6.9) gives the solution 
| a“ = [e/(1 — 2)] G01 — A) — 2). (6.11) 
Due to the fact that « and @ are restricted, i.c.0 < x < 1,0<Q<1, 
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this particular solution only exists when 
H1— p> 2 edell —p) — lem ee 
or 
4(1—f) > Q, c= 1. (6.12) 
The alternative equation (6.10) can be expressed in a more con- 
densed form by writing 
k2 = Qe/(1 — Q), (6.5) 
and defining 
b2 = [2 — (1 — p)le/(1 — 9). (6.13) 
Then, substituting in (6.10), 
(1 — x) [w(1 + 62) + b2(1 + R2)]2 — x2(k2 + x) (1 + 02)2 =0. (6.14) 
Eq. (6.14) gives a solution for x for all values of 2. However, owing 
to its complicated form, a general solution in terms of 2 and « has 
not been found, since in practice it is simpler to solve for particular 
values of 2 and « as required. 


6.2 General considerations on the solutions for @. 
Before proceeding to a complete solution for a specific case, the 
general nature of the solutions for the principal angle 9 in various 
Q (i.e. wavelength) ranges will be discussed. 


a) 1>2>4(1—). When 1>2> (1 — 9), (6.14) alone 
yields a solution for x. At long wavelengths (Q +1, A> lu) an 
approximate solution is 
 «=sin?O@~ 1 — (1 — Q)/e = 1 — 3v?V2 + O(vtV4), (6.15) 
which agrees with the corresponding point-relation approximation 
(6.24). As 2 > 4(1 — p), the values of x drop rapidly to almost 
zero, i.e. the principal angle decreases rapidly to near zero, corre- 
sponding to almost normal incidence. 


b) 2 = ¥(1 — p). At this frequency x reaches its minimum value 
of almost zero, and the approximation used in (6.8) becomes in- 
sufficient. This is due to the fact that the leading terms in « and p 
(see (6.4)) are either zero or so close to zero that the hitherto ne- 
glected terms in (sv)? become important. If a second approxima- 
tion retaining terms in (ev)~2 is made in (6.7), it can be shown that 
the minimum value of x is not zero, but 


Xmin & e[(e® + € + 2)/(e — 1)}(ov), © #1, p=0, (6.16) 
or ; Xmin = */2.(ov)78, e= 1, p= 0. 
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Thus, at this particular wavelength, the principal angle of incidence 
is approximately given by 

OQ-41—p) = Xin & [62(e?+-e+2)/(e—1)](ev), (6.17) 
corresponding to almost normal incidence. 

c) $(1 — p) > Q> [#e(1 — ) — 1]/(e — 1). Within this region 
both equations (6.9) and (6.14) yield solutions for «. When ¢ = 1, 
which would correspond physically to the light wave striking the 
surface of a sea of completely free electrons, both solutions are 
identical, and there is only one principal angle of incidence at any 
one frequency. However for « > 1 the two equations yield different 
solutions, the values of x obtained from (6.14) being in general 
greater than those obtained from (6.9) Both solutions are acceptable 
physically, and there are therefore two principal angles of incidence 
at any one frequency. 

For solution (6.9) it is found that throughout this particular 
Q-range ® has the constant value 4(1 — #), and therefore the 
values of the parameters « and f are determined by second order 
terms in (ov)-?. On the other hand, for solution (6.14) ® is always 
greater than 4(1 — #), except at the point Q=[4e(1—p)—1]/(e—1), 
when it becomes equal to 4(1 — p). Consequently, except at this 
latter point, « and f are determined by the factors of order unity in 
(6.4), with the result that « is negative throughout the greater part 
of the range. Although « can be negative, the surface conductance 
for ‘parallel’ polarization, 41Gp/c = 42(Gs« + Bsf)/c is always 
positive since |Bsf| > |Gsc|. 

The general pattern of the behaviour of both solutions for x in 
this region consists of a sharp rise from near zero at Q = 3(1 — #) 
to almost unity at 2 = [de(1 — p) — 1]/(e — 1). The principal 
angle thus varies very rapidly from near normal incidence to.almost 
grazing incidence over quite a short wavelength range. 

d) Q = [4e(1 — p) — 1]/(e — 1). At this point the approximate 
equations (6.9) and (6.14) are again insufficient, each giving a 
value x = 1. By returning to the complete equation (6.7) and re- 
taining terms of order O(ov)~2, it is found that 

Xmax 1 — (e — 1) (ev)-?, (6.18) 
so that the principal angle corresponds to almost grazing incidence. 
For the case ¢ = 1 the question of a singularity at this point does 
not arise (see (6.12)). 
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e) [ke(1 — p) — 1]/(e — 1) >2=0. In this region there is 
again only one solution for x, namely that obtained from the cubic 
(6.14). The value of x drops from a maximum of almost unity to a 
final value dependent on the value of ¢«. When2 = 0 and p = O the 
equation for x is the cubic 


2(2 — «)2x3 — (4 — e%)x2 + e(4—e)x —e2 =0. (6.19) 


Approximate solutions for a representative series of e-values are 


E 10s a0) 25.502) eee pei pee le ee 
xo-9 0.50 0.65 0.86 1.00 0.95 0.92 0.90 0.89 


These solutions are in marked contrast to the Drude-Kronig so- 
lution (§ 6.3) of xe-9 = 4 for all «. That is, whereas the Drude-Kro- 
nig theory gives a limit of O = a/4 when 2 = 0, the corresponding 
limit on angular anomalous theory varies between grazing incidence 
and z/4, depending on the value of e. In general, the high frequency 
limit Q = 0 lies well into the ultra-violet region, e.g. for silver the 
value is Ag=0 & 0.24u. 

6.3 The Drude-Kronig solution for 0. The Drude-Kronig, 
or point-relation, equation for sin? 9 = x can be obtained by setting 
p = | in (6.7) (see footnote to § 5.5). After some simplification this 
reduces to 

(1 — x) (k2 + x) — x2 ~ 0, (6.20) 
hes 
sin? @ tan? O ~ k? + sin? @, (6.21) 


which is the well known ‘classical’ equation at high frequencies (see 
for example Dingle’), p. 343). 
At long wavelengths (Q - 1) an approximate solution is found 
to be 
X05, 1 — 3v2V2, (6.22) 


while at the short wavelength limit (Q = 0), the solution is xg-9 = 4 
for all e, The general solution for any Q between 0 and 1 follows a 
smooth curve between the limits 1 and 4. 

6.4 Comparison between the angular anomalous and 
Drude-Kronig values for @ for a typical metal. In order to 
illustrate more clearly the nature of the variation of sin? @ with 
frequency according to the ‘angular anomalous’ and Drude-Kronig 
theories, the solutions for x = sin? @ have been plotted as functions 
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of Q and A for the typical values ¢ = 3, p = 0. In the case of the 
sin? @ vs. A graph, 4 has been calculated from Q using the value 
(V/c) 4g = 4.7 X 10-3, 


0.7 ‘Angular 
0.6 Anomalous’ 


0 
10 09 08 07 06 05 04 03 02 01 O 
<r) 


Fig. 2. Sin? @ vs. Q for Ag, with «= 3, p= 0, 


1.0 Drude- 


Angular 
Anomalous’ 


“44. 10 09 08 07 06 O05 O04 03 02 
—Wavelength A(p) 


Fig. 3. Sin? @ vs. A(u) for Ag, with e = 3, p = 0. 


A better idea of the relative importance and extent of the di- 
vergence between the two theories can be gained from the sin? @ 
vs. A graph than from the sin? 0 vs. Q graph. For example, for 
silver the main region of divergence lies between wavelengths 
A ~ 0.40u and 4 ~ 0.25, i.e. in the near ultra-violet. Throughout 
the visible spectrum there is no great departure from point-relation 
_ theory, but the angular anomalous values for sin? @ are consistently 
slightly lower than the corresponding point-relation values. 
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§ 7. Evaluation of optical constants III. The principal azimuth ¥. 
7.1 From § 2.5, 


tan W = |rp/rs| = — Im(Z)/Re(&). (7.1) 


Using (5.20), and neglecting any real factors in 2 — which is quite 
permissible since only the ratio of the real and imaginary parts of & 
is required — 

& oc[(n?—sin2 @)!]*[(«+i8)cos? O—1]*[1—(«+7f) (n}—sin? @)]. (7.2) 


Writing sin? @ = x, and neglecting »? in comparison with k? + * 
as in § 6, it follows that 


Re() oc — nk{a(k2 + x) — 1] [a(1 — x) — 1] 
4 BL(R2 + x) (k2 + 1) — Bnk(h2 + x) (1 — x) + 2n?h2], (7.3) 


Im/(&) oc (R2+-%) [ce(R2+ x) + 1] [x(1 —x) —1]+?(k?+-%)?2(1 —x) 
+ nk{2nka[o(1—x)—1]+6(k2+2x%—1)+262nk(1—x)}. (7.4) 


7.2 General considerations on the solutions for WY. 
Before proceeding to the evaluation of tan 2Y, the relative magni- 
tudes of «, 8, k2-+-x and nk must be examined with a view to simplify- 
ing (7.3) and (7.4). The question of magnitudes is bound up very 
closely with the values of 2 and the nature of the solutions for x in 
§ 6, and therefore must be considered for the following separate 
cases: 

a) 1>2> 41 — P). In this range x is given by (6.14), and a, 6B 
and nk can be approximated by 


a = [2 — 31 — pyl/[P — 3(1 — p)] = 52/(b? + x), 
p= Hev)-(1 + 9) (6 — Q/[o — 41 — P= 
= 2(ov)*(1 + p)a(h? + «)/(b? + x)?, (7.5) 
nk=¥(ov)-M{1-+(¥/3/4)o(1 —p)[Q-+ (1—Q)x/e}}e/(1—2) 
= 2 (ov) (A? +e){1 +(9/3/4)o(1—p)[(A2+-%)/(R2-+2)]#}. (7.6) 
It is therefore possible to neglect 6 and nk, which are both of order 
O(sv)~1 in comparison with unity, in (7.3) and (7.4) so that the 
principal azimuth is given by 
tan DY 
ie (R2-+-x) [o(k2+-%) +1] [e(1—x)—1] _ Rx 
m{oe(h2+-x) — 1] [oe(1 —x) —1]—B(R2--x) (2-41) Ink’ 


(7.7) 
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where 
a(k? + x) — 1 4 1) (Rk? + x) 
a(k2 + x) + 1] nk[a(k2 - + 1) [1 — «(1 — x)] = 


fore B(R 
+ 4% 

b2 — (b2 + x)/(A® + x) 
+ x 


BE (62 + x)/(R2 + 2x) 
1+ 
1+ (1/3/4)o(1—) [(42-+x) /(A2+.e)]! | 
1 + k2 ] 


1+ b2 © 62 + (62 + x)/(k2 + x)" we 
At long wavelengths (Q + 1), 71 and the values of tan 2W 
approach very closely those obtained by Dingle 1) 7) using normal 
incidence theory. They differ considerably, however, from the 
corresponding point relation values, due to the presence of the 
anomalous term in (1 — #) occurring in nk (7.6). As Q+4(1—4), ice. 
in the upper visible for most metals, the ‘angular anomalous’ values 
of tan 2¥ drop rapidly towards zero in contrast to the gradual 
decrease of the Drude-Kronig and ‘normal incidence’ values. 


b) 2 = 34(1 — p). When 2 = }(1 — p) the parameters x, ®, «, 8, 
k? and nk have the following orders of magnitude: 


x ~O(ov)-1, d— 41 — p) ~ O(ev)-1, « ~ O(1), 


B~O(1), k2 ~ O(1), nk ~ O(ev)-?, 
and 
(tan 2¥) o-ta—py=— {la (?-Ex) $1 Jfee(1—x) —1] + 
ey Pe a) (a) Bike 1). 7.9) 


Since « and # depend critically on the exact value of x, these 
quantities must be calculated from the complete expression (6.4) 
for each particular case under consideration. 

At this point tan 2¥% ~ 0(1) and Y is small. 


c) 4(1 — p) > Q> [ke(1—P)—1]/(e —1). In this region tan 27 
is given by (7.7) and (7.8) for both values of the principal angle 
(§ 6.2c). The values of Y are negative in this range. Physically ye 
can be interpreted as the angle between the diagonal of the bounding 
rectangle of the elliptical vibrations of the reflected light and the 
normal to the plane of incidence, so that a positive or negative value 


Appl. sci. Res. B 7 


34 J. G. COLLINS 


for tan 2¥ refers purely to the direction in which this angle is 
measured. 

d) 2 = [Je(1 — p) — U/(e — 1). When Q=[4e(1—p)—1]/(e—1), 
x, D, «, B, k? and nk have the following orders of magnitude: 

1 — x ~ O(ov)-2, & — £(1 — p) ~ O(ov)-*, « ~ O(1), 

B ~ O(av), nk ~ O(ov)-1, k2 ~ O(1), 
and (7.7) and (7.8) are still applicable. However care must be taken 
to ensure that in the calculation of I’ the second order variation of x 
from unity (6.18) is taken into account. At this point J" is very 
large and consequently tan 2¥ is nearly zero. The principal angle is 
close to 4; this corresponds to grazing incidence with the reflected 
light being almost completely plane polarised, i.e. Ey is almost 
completely absorbed. 

e) [4e(1 — p)—1]/(e — 1) > QS O. Within this region there is 
again only one value for x at any given frequency and (7.7) and (7.8) 
apply. For ¢« > 1, tan 2¥Y is positive and rises steadily as Q — 0. 
For ¢ = 1 the question of the singularity at the point does not arise 
(see (6.12)), and as 2 +0, tan 2¥ becomes increasingly negative. 


7.3 The Drude-Kronig solution for ¥Y. The Drude-Kronig 
solution for tan 2¥Y can be derived quite easily from (7.7) and (7.8) 


by setting the parameter # equal to unity (see footnote to § 5.5). 
Then 


bpa1 = [2 — 31 — p)]/(1 — Q) = FY, (7.10) 
so that 7 = 1 and 
tan 2Y =~ (k2 + sin? 0)/nk. (7.11) 


This is the well known optical frequency approximation of the 
Drude-Kronig formula for the principal azimuth (Dingle 7), 
at eel Aa 


7.4 Comparison between the ‘angular anomalous’ and 
Drude-Kronig values for tan 2Y for a typical metal. The 
general nature of the variation between the ‘angular anomalous’ 
and Drude-Kronig values for tan 2Y can best be understood by 
considering a particular case and plotting tan 2Y vs. Q and 4 for 
both theories. This has been done using the value of V/c for silver, 
and taking ¢ = 3, p = 0, and the values found for x in § 6. Further, 
the quantities 1, k and sin? © derived by Dingle 7) when consider- 
ing the anomalous skin effect at normal incidence have been sub- 
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stituted in (7.11), so that a comparison of this curve with the 
‘angular anomalous’ curve provides an estimate of the effect of 
angular terms alone. 

As noted earlier by Dingle 8), consideration of the anomalous 
nature of the skin effect gives values of 4 tan 2W which are about 
one half those of the Drude-Kronig theory. Furthermore it can be 
seen here that at wavelengths below A ~ 0.8, the ‘angular anoma- 
lous’ values of A tan 2¥ are appreciably lower than those of the 
normal incidence theory. 
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‘Angular 
Anomalous’ 


Fig. 4. Principal azimuth; / tg 2W vs. 2 for Ag, with e= 3, p=0. 


§ 8. Comparison between theory and experiment. 

8.1 The present theory is strictly applicable only to those metals 
which can be treated adequately on the one-band model — i.e. to 
the alkali and noble metals — and even then only to those fre- 
quency regions free from absorption bands. . 

The only extensive experimental work on the alkali metals 


appears to have been that of Ives and Briggs 7°’), who studied 


K, Na, Rb and Cs in the range 2 ~ 0.58 to 0.25u. Unfortunately 
their results cannot be directly compared with the present theory, 
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since their technique involved measurement of the azimuth yp and the 
differential phase shift A for the two polarizations E, and E p at a fixed 
angle of incidence 0, followed by calculations of the optical constants 
R, O, ¥, n and k based.on the Drude-Kronig equations. It has been 
shown above that these formulae are inadequate when the anoma- 
lous skin effect is taken into consideration, so that there is no 
point in comparing their calculated values with the present theory. 
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Fig. 5. Atg 2W vs. A(u) for Ag, with e = 3, p = 0. 


In the case of the noble metals, a study of the frequency regions 
in which internal photo-electric absorption bands occur (see, for 
example, Joos and Klopfer 28), Wilson 24), Friedel 29)) in- 
dicates that silver is relatively free from such effects at wavelengths 
greater than A~ 0.334, and is therefore a suitable metal for 
comparing this theory with experiment. The only results for silver 
permitting a direct comparison with ‘angular anomalous’ theory 
are those of Férsterling and Fréedericksz 3°) and Weiss 3), 
who made direct measurements of the principal angles 9 and ¥ in 
the wavelength ranges 4.0 to 0.654 and 1.0 to 0.5w respectively. 
‘Angular anomalous’ effects are negligible over a greater part of the 
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former region, and are just becoming prominent in the latter, There 
are unfortunately no results available for the interesting range from 
O.5u to 0.3u. 

8.11 Principal angle of incidence. A comparison between 
the experimental (Weiss, Férsterling and Fréedericksz) and 
theoretical curves of sin? @ against 4 is inconclusive. At wavelengths 
above 0.5 the ‘angular anomalous’ and Drude-Kronig curves, and 
the two experimental curves, lie very close together. In general, the 
experimental and ‘angular anomalous’ values of sin? @ are lower 
than the corresponding Drude-Kronig values. This measure of 
agreement between the ‘angular anomalous’ and _ point-relation 
theories is to be expected at the longer wavelengths, since sin2 @ is 
predominantly a function of k? (6.14) which, to the present order of 
approximation, is unaffected by the anomalous skin effect. 

8.12 The principal azimuth. It was shown by Dingle 8) 
that at long wavelengths (v?V2 < 1), consideration of the anoma- 
lous skin effect for normal incidence reduces the Drude-Kronig 
predictions for A tan 2Y by a factor of about two for Ag at room 
temperatures. 

From the accompanying graphs (figs. 4and 5) it can be seen that, 
at shorter wavelengths (v?V2 < 1), the ‘angular anomalous’ values 
of A tan 2¥ are initially slightly lower than those of Dingle, and 
then drop rapidly away to zero in the vicinity of A ~ 0.33u. Be- 
tween 0.33u and 0.28u, A(tan 2¥)ang, anom, is negative and a two 
valued function of the wavelength. As remarked in §7.2(c), the 
change in sign is unimportant and merely refers to the direction in 
which the azimuth is measured, while the difference in magnitudes 
between the two values is so slight as to be negligible to the present 
order of approximation, and in any case unresolvable at present 
limits of experimental accuracy. 

Although the general trend of Weiss’ experimental values for 
A tan 2¥ agrees with the decrease predicted by ‘angular anomalous’ 
theory, they are consistently lower than the theoretical values by a 
factor of about two (c.f. a factor of 3 to 5 with point-relation theory). 
It is likely that this drop in the experimental values can be partially 
attributed to the influence of absorption bands below 4 ~ 0.33, 
but even so, it may still be concluded that consideration of ‘angular 
anomalous’ effects does improve agreement between theory and 
experiment above this region. 
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The results obtained by Férsterling and Fréedericksz using 
mechanically polished specimens are lower than those of Weiss by 
a factor of about two, and are in poor agreement with all theories. 
Since mechanically polished surfaces have been shown to give lower 
values of k and higher values of than do evaporated surfaces 
(Lowery et. al. 32)), and since tan 2Y oc k/n, this discrepancy be- 
tween the two sets of experimental results is to be expected. 

8.2 Suggestions for future experimental work. There 
exists at present a great need for experiments especially designed 
to facilitate comparison of results with the theory of the anomalous 
skin effect for oblique incidence. Suggestions for future investiga- 
tions are: 

a) Owing to the limitation of this theory to the simplest (i.e. the 
one-band) model, attention should be directed first to the alkali and 
noble metals, each group being studied systematically as a series. 
Later work should concentrate on the divalent alkaline earths, 
being the next most simple metals from a theoretical viewpoint, and 
then on other chemically related groups. 

b) Experiments should be carried out on the same specimens over 
a wide frequency range, extending from the infra-red to the ultra- 
violet, rather than over small, isolated frequency regions, as has 
very often been the case in the past. 

c) Experiments at normal incidence should concentrate on the 
reflectivity and absorptivity. Quite a wide variety of techniques can 
be employed in this type of measurement (see, for example, Hagen 
and Rubens 33), Lameris 34), Ramanathan 3), Heinze 36), 
Biondi 8”), and so on). 

d) Experiments at oblique incidence should concentrate on 
measurements of the principal angles. Techniques used in the past 
include those of Minor 38), Meier 39), Férsterling and Frée- 
dericksz 3°), O'Bryan %), Ives and Briggs 25-27), Hass 41), 
Weiss 31), while more recent suggestions as to the principles of 
measurement involved have been put forward by Bor 42), Ar- 
chard et al. 4%), Beattie and Conn 44) and Beattie 45). A study 
should also be made of the angular variations of the reflectivity and 
absorptivity. 

e) Measurements of the optical constants should be made over a 
wide temperature range, extending from room to liquid He temper- 
atures. This is most important since variations between the Drude- 
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Kronig and ‘angular anomalous’ theories are most marked when 
temperature dependences are considered. : 

f) Measurements of the resistivity of specimens should be made in 
conjunction with optical measurements, since the metallic mirrors 
used in optical experiments may not have the same electrical 
resistance as the bulk metal. 

g) Optical experiments should be carried out on specimens 
prepared by electropolishing or vacuum deposition. Investigations 
have shown that these techniques give more consistent and more 
accurate results than do mechanical polishing, electrolysis or che- 
mical,deposition (see, for example, Lowery et al. 32), Reynolds 
and Stilwell 4). 

h) Experiments should be designed so as to minimise the disturb- 
ing effects caused by abnormal surface layers. 

Matthiessen’s Rule states that the resistance of a metal is se- 
parable into two parts, one characteristic of the pure metal and 
the other due to impurities etc. Therefore it would be expected that 


Ssurtace(L) = Fpure(T) + C1, 

Sia (TF) = Opure(T) + Ce, 
where opxzixz 1s the measured d.c. conductivity of the bulk metal at 
temperature T, and Osurface the conductivity calculated from 
optical experiments using ‘angular anomalous’ theory. Thus, 
subject to the condition that the relevant skin depth is the same for 
all frequencies considered, the correctness of the theory can be 
tested by checking the constancy of oj))jaee(L) — Opum (7). Since 
at frequency » the high frequency skin depth dyr is 


Our = (c/2e) (m/xN)*(1 — exmy?/Ne?)?, 


the condition is fulfilled at optical frequencies (A < lj) for experi- 
mental runs in which y2e(y) is kept constant. 
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It. RESULTS FOR Zr, W, Mo, Ta, Nb AND Al. SURVEY OF RESULTS 
FOR THE 4d- AND 5d-TRANSITION GROUP OF METALS 


by V. FRANK 


Physics Department, Technical University of Denmark, Copenhagen, Denmark 


Summary 


The Hall coefficients of W, Mo, Ta and Nb are all positive; they are prac- 
tically independent of temperature for Mo, Ta and Nb, whereas Ry for W rises 
linearly with T for high T. Ry for Zr is positive and exhibits a maximum at 
250°K with a strong decrease on the high temperature side. Ry for Al is 
negative, increasing (numerically) with T in the whole temperature range. 
Surveying existing data it becomes clear that there is no simple correspond- 
ence between the temperature variation of Ry and the behaviour of the 
specific resistance at high temperatures or the electronic structure of the 
metal. The variation of 77(= 1/n*) with the number of conduction electrons 
is (neglecting all finer details) regular, exhibiting a positive peak (rq ~ 2,5) 
in the middle of the d-band for all three transition groups; interpretation in 
terms of a two-band model does not seem feasible. 


§$ 1. Introduction. In continuation of earlier work 1) the results 
of further measurements on the temperature dependence of the 
Hall coefficient of metals are communicated. For a description of 
the measuring system, the heating and cooling arrangement etc. we 
refer to 1) and 2); the way of handling the data and the accuracy 
obtained are also described in 2). Two minor modifications in the 
experimental procedure should be mentioned: a) the use of platinum 
instead of a silver alloy as a welding agent for connecting the 
copper strips to the sample often proved fruitful; b) in the case of Al 
the sample and connecting strips were cut from one big piece of 
foil and the copper strips were fastened to the aluminium strips 
outside the furnace; in this way it became possible to make measure- 
ments to 620°C without detoriation of the sample. 


Ae 
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In §2 the results obtained are given, compared when possible 
with existing data. 

In §3 a-survey of existing data as regards the temperature 
variation of vy is presented. 

In § 4a survey of existing data as regards the variation of rq with 
electronic structure is given. 


TABLE I 
Impurity p(0°K)/p(273°K) | p(0°C) 103 ~0-100 
eomiple Content 2%, uQ cm (°K)-1 

Zr I 0.3% 7. 39.6 4.26 
(40.5) (4.0) 

Zr i + 2.4% Hf 9 40.2 4.24 
ow < 0.1% 5.8 4.90 (4.89) 4.85 (4.83) 

Ta I < 0.15% 10-12 Ze 3175. 
(12.4) (3.6) 

Ta II aa 23 12.2 — 
Nb = 7-9 14.2 (13.1) 3.3 (3.9) 
Mo — 2.1 5.06 (5.03) 4.81 (4.7) 
2.54 (2.50) 4.66 (4.67) 


§ 2. Results of measurements. In table I some information about 
the samples is collected; the values of Ry are shown in fig. 1 and 
fig. 2. The impurity content will, when possible, be specified below. 
The column headed 2 gives the ratio between the specific resistance p 
at O°K and at 273°K. p(O°K) was obtained by comparing our 
p(Z)-values with those of Holborn’), Meissner and Voigt 4) 
and Potter ®) and using Mathiessen’s rule. Values of p (0°C) and 
“9-100 (the temperature coefficient of resistance between O and 
100°C) corrected for the influence of the impurities are given in the 
last two columns of table I; the numbers in parentheses are the 
values of these quantities as compiled by Gerritsen ®), except for 
Nb. For this metal Gerritsen quotes a value obtained by Bridg- 
man (p= 23.3¥Q cm), whereas van Arkel”) gives the values in 
table I (using data of Balke and of Bridgman; the resulting 
values must be considered as rather uncertain). 

Zr. This metal was obtained in annealed form from The Foote 
Mineral Company, U.S.A.; impurities (according to the manufac- 
turer): 0.1% Fe, 0.1% Ti, 2.40% Hf, other elements < 0.1% (total). 
From this foil two samples (Zr I and Zr II), differing 90° in orien- 
tation, were cut; fig. 2 shows no significant differences in Ry for 
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Zr J and Zr II, which may indicate that preferred crystal orientation 
is not present. The z-values in table I were obtained from the 
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resistance data at low temperatures only; the difference in z for the 
two samples may be due to experimental uncertainties and to the 
fact that Zr II was heated to 600°C against 500°C for Zr I. The high 
temperature data for Zr I and Zr II and the data of Potter °) were 
not in perfect agreement, but the discrepancies could be suppressed, 
using values of z only slightly different (2 to 3%) from those in 
table I. Thus it may be concluded that the high Hf-content does not 
influence the resistance seriously, which is not unreasonable in 
view of the similar electronic structure of Hf and Zr. At room 
temperature Foner 8) gives Ry = + 12,6 x 10-11 m3/As (purity 
of sample better than 99.8%). 

The strong temperature dependence of Ry even at high temper- 
atures seems to be a common feature for the hexagonal metals. For 
Zn it was observed by Frey 9); preliminary measurements on Cd 
by the present author have revealed a strong effect (including 
thermal hysteresis for the coldworked sample). For Ti recent 
measurements by Scovil !%) at high temperatures and by Berlin- 
court 11) at low temperatures show pronounced temperature 
dependence: Ry shifts from negative to positive values as T is 
increased; unfortunately the room temperature values given by 
these authors and by Foner }2) do not agree very well. 

W. “as rolled tungsten blank’? was obtained from Murex Ltd., 
England; impurities (according to the manufacturer): 0.02/0.05°% 
Fe, other elements: traces only. The z-value in table I gave good 
agreement with the data of Holborn 3) over the entire range of 
temperatures. 

Ta. Annealed tantalum (Tal) was obtained from Murex Ltd.; 
impurities (according to the manufacturer): Nb < 0.1%, C <0.01%, 
other elements: traces only. It was found that p (0°C) had increased 
somewhat after the high-temperature run, but Ry was not altered 
significantly; the agreement with the resistance data of Potter 5) 
was not very good for a single value of z. Besides Tal another 
tantalum sample (Ta IT) was also investigated (at high temperatures 
only) with the following results: z = 23% ; Ry=+ 9.22 x 10-11m3/As 
independent of T. Thus Ry for Ta II is only 5% lower than Ry for 
TaI in spite of the great difference between the corresponding 
values of z. For this reason the data for Ta II have not been in- 
cluded in fig. 1. 


Nb. The sample was of unknown origin. p(0°C) had increased 
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somewhat after the high temperature run, but Ry was not altered: 
the agreement with the p(7)-values given by Potter 5) was not 
very good. 

Mo. The sample was of unknown origin; the agreement with the 
resistance data of Potter >) was good. 

Values of Ry for W, Ta and Mo at 300°K are given by Smith 18) 
(without statement of impurity content); they are + 11.8, + 10.1 
and + 12.6 x 10-11 m3/As respectively; except for Mo the agree- 
ment with the present work is good. 

Ry for Mo, Ta and Nb is practically independent of T (to a better 
approximation than is Ry for the “simple’’ metals Cu, Ag and Au). 
This is not readily explained because p(T) for these metals does not 
behave as expected for an ideal metal (i.e. proportional to T, when 
T > 6); furthermore W, the electronic structure of which is similar 
to that of Mo, does not show this unexpected constancy of Ry. 

Al. This metal was included in the present work as an example 
of a polyvalent, cubic metal outside the transition groups. The 
sample was cut (see §1 for details) from commercial foil with 
impurities mainly consisting of Fe (0.24%) and Si (0.19%); this 
rather high impurity content is reflected in the high value of z 
given in table I. The resistance data were in good agreement with 
those of Holborn 8) for the value of z indicated. At room temper- 
ature Raethjen 14) gives Ry = — 3,44 x 10-11 m3/As, the same 
value was found by Jones 15) working with single crystals of Al; 
the agreement with the present value is good. In the low temper- 
ature region our values compare reasonably with the data of 
Smith 16) and of Alterthum 1”); at 20°K Alterthum gives a 
value which is numerically higher than the value at 80°K, thus 
leading to a minimum in |Ry|. The temperature variation of Rg for 
Al is of the same type as that observed for Pd and Pt 1); as the three 
conduction electrons in Al are distributed in overlapping s—p bands, 
the influence of shifting and broadening of the Fermi distribution at 
high T could be responsible for the observed effect. 


§ 3. Temperature variation of ry. In fig. 3 the results from the 
present work and from ref. !) are collected. The ordinate gives the 


_ quantity 77, where 


r(T) = N(300°K) |e|Rx(T). 
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Here N is the number of atoms per unit volume and ¢ is the charge of 
the electron. The value of N has been calculated using room- 
temperature values of the lattice constants; thus the direct effect 
of thermal dilatation is still included in 7q(T); however the mag- 
nitude of this effect is only a few % at 800°K. 

Included in fig. 3 are 7q(T) for Y (purity 99.2%) and for La 
(purity 99.8%), calculated from the data given by Kevane et al. 18) ; 
these authors state, that Ry for La is sensitive to thermal treat- 
ment. Included are also values of vq(T) for Au, Cu and Rh calcu- 
lated from the data given by Teutsch and Love!9), Berlin- 
court 1) and Coles and Taylor 2°) respectively; as Ry was only 
measured at a few temperatures in these investigations, these 
results have been shown as dotted curves. 


Fig. 3. 7 (Ya = N\e|Rx, where N is the number of atoms per unit volume) 

versus 7. The values for Y and La are due to Kevane et al. 18), for Rh to 

Coles and Taylor 2°) and for Au and Cu (at low temperatures) to Teutsch 
and Love !%) and Berlincourt 11) respectively. 


From fig. 3 it is evident that for many of the metals (including 
Cu, Au and probably also Ag) Ry shows a significant variation at 
low temperatures. Sondheimer has obtained a rigorous solution 
of the Boltzmann equation for the case of a simple (one-band) 
metal in a magnetic field at low temperatures; the evidence is 
(unpublished, but quoted by Chambers 2!) )that “Ry is inappre- 
ciably different from — 1/|e|n’’ (m is the number of electrons per 
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unit volume). When a two-band description is adopted, it is fre- 
quently found in the literature, that variation in Ry with temper- 
ature may be brought about by variation in the ratio of carrier 
mobilities for the two bands; this variation in turn is ascribed to the 
variation in lattice spacing. Especially in the hexagonal metals, 
where the Fermi surface may extend slightly across some Brillouin 
zone boundary, the properties of the metal are expected to be sen- 
sitive to the lattice expansion (see e.g. 1°)). No detailed theory 
along these lines has, to our knowledges, been worked out. . 

At high T, |Ry| is either practically constant or increases with 
increasing T; Zr (and some other hexagonal metals quoted in § 2, 
but not shown in fig. 3) are, however, exceptions to this ‘rule’. A 
list of possible mechanisms leading to a temperature variation of Ry 
has been given in ref. 1); of these the influence of thermal ex- 
pansion on the scattering mechanism, as already discussed above, 
should still be operative at high 7, leading to a variation of Ry in 
the same direction as at low T. This is certainly not the case for 
most of the metals depicted in fig. 3, so that other mechanisms 
must dominate at high T. One such possibility, namely the influence 
of shifting and broadening (‘‘smearing’’) of the Fermi-distribution 
at high T, was discussed in some detail in ref. 1) in connection with 
the data for Pd and Pt. This mechanism will be important for all 
metals where the following conditions are fulfilled: a) the carriers 
are distributed in two or more bands with different effective masses, 
b) inter-band transitions play a rdéle in the scattering process and 
c) the width in energy of the filled or empty parts of one or more of 
the bands is of the order 0.1 to 0.2 eV (equivalent to 1000—2000°K). 
Such a situation as regards band structures is not unreasonable 
either for the hexagonal metals (which all, in so far as data exist, 
show strong temperature variation of Ry) or for the cubic transition 
metals. However, as remarked in § 2, there is no obvious correlation 
between the temperature dependence of Ry and the resistance 
anomalies (p rising faster or slower than 7) observed for many of 
the metals in question. As these anomalies are also partially 
brought about by the shifting and “smearing” of the Fermi- 
distribution, it seems safe to conclude that the finer features of 
magnetoconductive phenomena in the transition metals depend ina 
complicated way on the details of the band structure of these 


metals. 
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Finally it should be noted that there is a partial correlation be- 
tween the temperature variation of Ry for a metal and the position 
of this metal in the periodic system: Ry for Cu, Ag and Au behaves 
similarly, as does Ry for Pd and Pt and for Ta and Nb; Ry for Zr 
and Ti and for W and Mo behaves however dissimilarly. 


§ 4. Variation of 74 with electronic structure. Until now only the 
temperature variation of Ry has been discussed; as regards the 
absolute values of vy, the variation of this quantity with position 
in the periodic table is shown in fig. 4 and 5. Included in these 
graphs are (besides the data from fig. 3) the values of Ry for Cs and 
Rb from a survey by Krautz 22), for Ru (z = 6.8%) from the 
work of Justi 28), for Ir (¢ = 5.49%) from the work of Gehlhoff 
et al. 24) and for Hf (Ry = — 0.16 10-!! m3/As) from work of 
Foner 8). Ry for Re was determined by Aschermann and 
Justi 25), the sintered sample (z= 1.7%) gave Rg = + 31.5 X 
10-11 m3/As; as the density of the sample was only 72% of the 
X-ray density, we have applied a correction formula on magneto- 
conductive phenomena in porous media from the note of Juretsch- 
ke et al. 26); their formula for the case of spherical cavities leads to 
Ry (corrected) ~ 24.4 x 10-14 m3/As (the applicability of this 
correction formula in the case of a hexagonal metal is uncertain, as 
is altogether the situation for polycrystalline material of a hexagonal 
metal). No values of Ry for Sr, Ba and Tc seem to be available; for 
Os preliminary measurements on pressed and sintered samples have 
given a very small value for Ry (private communication from prof. 
E. Justi; as the density of the samples was insufficient, this result 
is not considered definitive by prof. Justi). Finally the values of 
Ry for Ag-Pd alloys as obtained by Schindler 27) at room temper- 
ature are also shown in fig. 4. 

Quite a number of the metals included in fig. 4 and 5 are of hexa- 
gonal structure; as the values of vq for these metals have been 
determined for polycrystalline samples and at low temperatures 
only, the picture is far from complete; however on a coarse scale 
the variation of ry with the number of conduction electrons is to a 
certain degree regular and shows the same general behaviour for 
the two groups of metals in question. The same pattern is also 
found for the group of metals conducting by 4s/3d-electrons, the 
high positive peak for ry occurring at Cr (results of S. Foner Ha) 20)N, 
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An interpretation of some of the results shown in fig. 4 and 5, 
using a two-band model, has been attempted by several authors: 
for the elements Ru, Rh, Pd and Ag and Re, Ir, Pt and Aua partial- 
ly successful fit was obtained by Gehlhoff, Justiand Kohler 24); 
one of the proposals of these authors is that in Ru and Re the 
s-band contributes a hole-like term to Ry. For Rh they propose ’ 
Na =~ 2, ns =~ 1 and o;/o ~ 0,1 *); contrary to this interpretation 
the more extensive data for Rh obtained by Coles and Taylor 29) 
could be very nicely fitted (including the strong field dependence of 
Ry observed at low temperatures) by the two-band formula with 
the following values of the parameters: ng~ 0.17, ns ~ 4.2 and 
ds/o ~ 0.68. As the n-values are beyond the limits of physical 


Fig. 4. ry versus the number of 5s/4d electrons. The circles denote the room 

temperature value of 7q, while the vertical lines denote the range in which 

v4 has been observed at different temperatures. The symbols for the metals 

with hexagonal structure are given in parentheses. For sources of data 
see text. 


significance, Coles and Taylor tentatively proposed a three- 
band description (overlapping of the 5s-, 5p- and 4d-bands) in which 
case the two-band formula becomes a pure formal device. Schind- 


*) n denotes the number of electrons per atom and a denotes conductivity. 
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ler 27), in his discussion of the data for the Pd-Ag alloys, concludes 
that these results cannot be understood on the basis of the two 
band model and lists several good reasons for the breakdown of this 
model when applied to real metals of the transition groups. Recent 
investigations, that of Overhauser and Schindler 28) on the 
resistivity of Ni-Pd alloys and that of Hoare and Yates ?9) 
on the electronic specific heat of Ag-Pd alloys, give direct ex- 
perimental evidence, as stated by the respective authors, that the 
electronic level density in the d-band of even these simpler transi- 
tion metals is far from the parabolic form. 


Fig. 5. 7 versus the number of 6s/5d electrons. Indications in the figure 
are the same as in fig. 4. The value of ry for Os is not definite. For sources 
of data see text. 


Thus it does not seem reasonable to fit the totality of data in 
fig. 4 and 5 to a two-band formula. Whatever interpretation is 
finally adopted, it seems that the high value of vy for the metals in 
the middle of the periods is most difficult to explain; there may, 
however, be a connection between the well known low level density 
in the middle of the d-bands and the high values of 7. 
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THEORY OF THE ABERRATIONS 
IN THE FOCUSING PROPERTIES OF A MAGNETIC 
FIELD WITH ONE PLANE OF SYMMETRY 


by A. J. H. BOERBOOM 


Laboratorium voor Massaspectrografie, Amsterdam, Netherlands 


Summary 


A general theory is given of the aberrations in focusing properties occurring 
in fields with one plane of symmetry. It appears that line to line imaging 
is possible and that ten geometrical aberrations of the second order exist, 
together with five chromatic aberrations. Names for these aberrations are 
proposed. The beam intensity distribution in the image is calculated. 


§ 1. Introduction. Let us consider two planes perpendicular to the 
plane of symmetry of the magnetic field and perpendicular to the 
main ion trajectory. The first plane, having coordinates (x, y), is 
acting as an object plane. The second plane has coordinates (7, v). 
The y and v axes are perpendicular to the plane of symmetry, 
the x and w axes lie in this plane. The trajectory of an ion passing 
the x, y plane is projected on the symmetry plane and on a plane 
through the main orbit perpendicular to the symmetry plane. These 
projections make angles € and 7 with the main orbit. We confine 
ourselves to paraxial trajectories. The symmetry plane is supposed 
to be horizontal. 

The trajectory of an ion with a certain momentum and charge 
will be completely defined by x, y, € and 7; thus wu and v are also 
. determined by these four quantities. Hence in first approximation 
one may write 


U = ao + AX + Aey + a3é + aan, (1) 
v = bo + bix + bey + b3& + bay. (2) 
On replacing y by — y and y by — », x and & remaining unchanged, 


MAGNETIC FOCUSING ABERRATIONS oo 


v will change into — v, while w does not alter, so 
U = ao + a1x% — ay + asé — aan, (3 
— v0 = bo + dix — bey + b3é — ban. 
Subtraction of (3) from (1) and addition of (2) and (4) give 


& 
Rah oar 


O = 2azy + 2aan, 0 = 2bo + 2dyx + 2dsé. 


These relations being valid for all values of x, y, € and y, it follows 
that 


Hence in first approximation 
U = ag + ayx + aé, (5) 


v= bey a ban. (6) 


§ 2. Now all coefficients a and 6 are functions of the position 
of the w, v plane. Supposing the function a3 becomes zero at some 
point, we transfer the plane to this point. In general the function b4 
will not be zero at this point. So in first approximation wu depends 
only on x. This means that the ions originating from a point 
(xo, Vo) will intersect the w, v plane in points (wo, v) representing 
a line parallel to the v axis. This holds for all points (xo, y) of a line 
in the object plane parallel to the y axis. So we may speak of a 
first order line to line mapping by the magnetic field. As follows 
from the formulae, a proportionality also exists between the 
distances of lines in the object plane and the corresponding dis- 
tances in the image plane. 

We could however, have transferred the w, v plane to the point 
where bg is zero. In that case lines in the object plane parallel to the 
symmetry plane are mapped in first approximation as lines. In 
general, there are two focusing planes which we may call the 
sagittal and the meridional image plane. A special case appears 
when both planes coincide. Then in first approximation a point 
to point mapping exists. 


§ 3. It is interesting that the existence of the plane of symmetry 
is not necessary for the kind of imaging treated in the foregoing 
paragraph; every static electromagnetic field has the following 
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focusing properties: through every point of the object space two 
lines pass which in first approximation are imaged as lines. There 
is one plane-for which point to point imaging exists. 

The proof goes as follows: Considering a main orbit and two 
planes perpendicular to this orbit, with respectively the coordinates 
(x, y) and (w, v), as a first approximation we may use (1) and (2). 
Now we perform a coordinate transformation in the wu, v plane, such 
as to make the coefficient of 7 equal to zero in the new U coordinate 
and to make the coefficient of equal to zero in the new V coordinate. 
Again we perform a coordinate transformation in the x, y plane, so as 
to make the coefficient of the new coordinate Y equal to zero in U, 
and the coefficient of X equal to zero in V. 

We now get the equations 


U = Ap + ArX + Asé, (7) 
V = Bo + BoY + Ban, (8) 


and from here the same reasoning holds as used before to get two 
focusing planes. 

This reasoning holding for every plane in the object space, we 
may remove the x,y plane such as to make A3 = Bg, and this 
results in a point to point imaging. 


§ 4. We return to the case of the field with the plane of symmetry. 
The aberrations of the first order focusing are given by the second 
order terms, which have been omitted in (5) and (6). From the 
symmetry condition again it follows that in w only those terms 
remain which are even in y and » together, i.e. the terms x2, x&, &2, 
y?, yn and 72, whilst in v only the terms remain, that are odd in 
y and 7 together, i.e. the terms xy, &y, x7 and &y. We call the 
respective proportionality coefficients D, to Dyjpo. 

In the case of the sagittal focusing (a3 = 0) we are not interested 
in the second order terms in v, as they may be neglected with respect 
to the first order term 647. The error in wu we will separate, as usual 
in optics, into the different terms. 

In fig. 1 are shown the images produced from rectangular object 
slits if successively only one term enters. It is assumed that for 
every point of the object slit region the same ranges of values of 
€ and 7 exist. In this figure we drew in the object slits a structure 
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of lines and points with their respective images. The image of the 
object slit is their envelope. 


Fig. 1. The six sagittal aberrations. 


a. distortion d. curvature of the image 
b. image plane rotational aberration e. agammatism 
c. meridional aperture aberration f. sagittal aperture aberration 


The first aberration (Dx?) causes a distortion: equidistant lines 
are no longer imaged at equal mutual distances. The image, how- 
ever, is sharp. 

The second aberration (D2xé) causes a line broadening proportion- 
al to the distance from the central line. Ions, originating from an 
object line with positive x focus on one side of the w, v plane, those 
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with negative x on the other side. The distances of the focusing 
lines to the “, v plane are proportional to x, so it is obvious that 
we get a sharp image by rotating the w, v plane around the central 
line over a certain angle. This aberration we designate image plane 
rotational aberration. 

The third aberration (D3&) causes a constant defocusing over 
the whole image plane, proportional to the square of the aperture 
in the median plane. This aberration we call the meridional aperture 
aberration. The paraxial image plane is also the plane of the least 
defocusing, contrary to the aperture error (spherical aberration) 
in rotationally symmetric systems. 

The fourth aberration (Day) causes a straight line to be pro- 
duced on the surface, described by a parabola, when this parabola 
moves along its top tangent. A defocusing and a curvature of the 
image result. There are, however, in the object plane parabolae 
a,x — Day? = C which are sharply imaged as straight lines. 

The fifth aberration (Ds5yy) causes a defocusing, proportional to 
the distance from the median plane. This defocusing is considerably 
less for distinct parabolae in the object plane. In analogy with the 
name astigmatism we could call this aberration agammatism, since 
a line is not imaged as a line. 

The sixth aberration (Dey?) again causes a constant defocusing 
over the image plane. It is an aperture aberration which we will 
call sagittal aperture aberration. Here also the paraxial image plane 
is the plane of the least defocusing. 


§ 5. The foregoing considerations are valid for ions of the same 
momentum and charge. If ions with a different momentum to 
charge ratio are considered, all expansion coefficients a and } 
will change. This causes an alteration of the image in three re- 
spects, so that there are three chromatic aberrations. 

The change of ap results in a displacement of the image. It is 
an effect of the first order that is known under the name dispersion. 
If it is the intention to separate the ions according to mass or 
energy, the dispersion is not considered as an aberration. 

The change of a; causes a change in the magnification; we could 
designate it as the magnification error. 

The change of ag causes a displacement of the paraxial focusing 
plane. We call it the sagittal focusing plane shift. 
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§ 6. Now let us consider the meridional focusing. Here four 
aberrations of the second order appear, being the second order 
terms in v. In fig. 2 these aberrations are represented. 


i 


d 
Fig. 2. The four meridional aberrations. 


a. obliquity c. image plane rotational aberration 
b. inclination aberration d. mixed aperture aberration 


The first meridional aberration (D7xy) causes an oblique, de- 
focused image of lines parallel to the plane of symmetry. There 
are, however, hyperbolae which are sharply imaged, namely the 
hyperbolae bey — Dyxy = C. This aberration we designate obliquity. 

The second meridional aberration (Dgyé) again causes an unsharp- 
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ness increasing with the distance from the central line. Certain 
hyperbolae exist that are imaged considerably sharper. We call 
this inclination aberration. 

The third meridional aberration (Dgx7) also causes an unsharpness, 
which can be removed, however, by a rotation of the image plane 
about the vertical central line. This aberration we again call the image 
plane rotational aberration, but now of the meridional image plane. 

The last aberration (Dio) causes a constant defocusing over 
the whole image. It is an aperture defect which we will call the 
mixed aperture aberration. 

Also in the meridional focusing, chromatic aberrations appear. 
A change of bg again causes a change in the magnification, while 
a change of b4 displaces the focusing plane. These aberrations we 
call respectively the meridional magnification error and the mert- 
dional focusing plane shift. It is obvious that an analogue of the 
dispersion does not exist in meridional focusing. 

In the case of § 3 (no plane of symmetry) in both focusing planes 
all fifteen aberrations appear. 


§ 7. We shall now consider the influence of the sagittal aberrations 
on the brightness in the image. If the ion current density distri- 
bution in the object slit is known as a function of x, y, € and , it 
is possible to compute the influence of the different aberrations on 
the current density in the image. This function in general has the 
form of a Gaussian probability curve, cut by diaphragms. The 
exact function will be found in the best way by experiment. We 
will perform the calculations on the simple assumption that a 
surface element dx dy of the object slit radiates into a solid angle 
dé dy an ion current equal to Jo dx dy dé dy if x, y, € and 7 lie 
within certain small intervals 


—a<x<+a, —b<y<4b, —a<E<dta, —B<7 <4, 


whereas the number of ions is zero if at least one of these variables 
is outside the considered interval. 

In the image plane we take a line of constant v and we compute 
the number of ions passing through this plane in points with 
v <c. These ions originate from points in the fourdimensional 
interval defined above, lying at the side of the threedimensional 
subspace, corresponding to v <c. 
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_ beam intensity or 
left flank of peak shape for beam intensity for 
the peak narrow collector slit narrow source slit 


| 
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section of v = c with the interval gives the intensity of the ion 
beam for v =c. The cross-section of v = c with x = 0 gives the 
ion beam intensity in the focusing plane in the case of a very 
narrow object slit. 


§ 8. For an error free image w = do + a,x, so the number of ions 
passing through the image plane in points with w < c is given by 


+b--~+a —B x(c) 
[(c) = sade x, (9) 
=p =¢ =— =a 
where 
“(ch == — a for uU< ag — aa, 
x(c) = (u — ao)/a1 ag — aja <u<ao+ aa, 
x(c) = +a ao + aa <u. 


Hence for the three cases mentioned above, respectively, 


Te \eae 4), 
Ey ere a, (10) 
ay 
SHY ae 


Differentiating with respect to c gives the beam intensity for 
UEC, 18. 
O, Silas 648 and 0. 
ay 

We perform the same integration for the successive aberrations. 
_ Complicated formulae result here, which can be simplified con- 
siderably by some change in notation. First we move the origin 
in the image plane such as to make ag = 0; then we change the 
unit of length to make a; = 1. For Dyn we write D, whilst we 
take J o= is 

If only the first aberration acts, we get vu = x + Dx®. Assuming 
0 <D < 2/a the integral yields 


I(u) 
8 bap 


=0 for Peasy: 
=u—DwW+a —a+Dai<u<+a+Daz, (1!) 
= 2a +a+ Da? <u. 
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If D is outside the assumed interval, we get similar results. Indeed 
the results depend on the relative magnitude of the occurring quanti- 
ties. We do not consider here all possibilities. 

In the same way the second error w = x + Dxé yields, assuming 
that 0 < D < 1/a, 


I(u) 


= f ee 
Abp or u< — a— Daz, 
uta U u —Uu 
= adat D D In (1 | De) = Te i 


for —a— Daa <u < —a-+ Dac, 
u 1+ Da (12) 
1 — Da 


for —a+ Dax <u< +a — Daa, 


a) 


—Ag0— ——=— tor 0 x. 
ae 


This last formula can be proved by a simple geometric con- 
sideration. 
For the third aberration we suppose 0 < D < 2a/a? and find 


ne) —j48)] for u < —a, 
4bB 
1 
= 4/5 VD (u + a)*2 for —a <u < —a+ De?, 
= 2a(u + a) —2/3De2 for —a+ De® <u<-+4, (13) 
(u + a)*?2 


= 2alu + a) — 8faDu — 4)3—— 
for +a <u <+a-+ De?, 
= 4aa for +a+ Da? <u. 
The fourth and sixth aberration give results, exactly similar 


to the third aberration, because the sections « = c in these three 
cases are cylindrical paraboloids. 
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The fifth aberration gives, assuming 0 < D < a/bf, 


=0 for u < —a — DO, 
2a 
u-+a)? (u+a)2_ —u—a 
= 3/.Db2p2 + as + 2bB(u-+a) + D In Dop 


for —a— Dbp <u < —a, 


)2 Saintes DbB (14) 
D _ uta 


3(u+a 
2D 


| 2b6(u-+-a) 4 


3/9Db2p2 | 


for —a <u < —a+Dbf, 
= 5Db2p2 + 4b6(u + a — Dbp) 
for —a+DbsB <u < +a—Dbf, 
while Z(#) for a — DbB <u is found from the general formula 
I(u) = I(u — c) + 8abbe — I(u — 2b) (15) 


where c has to be chosen in such a way that — a + DbB <u—c< 
< + a— Dbdf. This last formula again can be simply proved by 
geometric reasoning. 

In fig. 3 the left flank of a peak is drawn for the successive 
aberrations, together with the beam intensity or the peak shape 
in the case of a very narrow collector slit and the beam intensity 
in the case of a very narrow source slit. 
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OF SPEED OF A VACUUM PUMP 


Dye DLkKHoGU 


School of Applied Physics, N.S.W. University of Technology, Sydney, Australia 


Summary 


After pointing out the drawbacks of the conventional procedures of 
pumping speed measurement, an improved procedure is described in which 
the admitted gas is uniformly distributed over a cross section of a tube of 
the same size as the pump casing. The pressure is measured above this section, 
where the gas is in a static state. The actual as well as the intrinsic speed of 
the pump can accurately be determined. As the speed factor for indicating 
the pumping efficiency the ratio of these speeds is suggested. The intrinsic 
speed is a function of the intake pressure. The highest value of this speed was 
found to be 65 per cent of the conductance of a well designed pump. These 
results do not agree with the conclusions of the diffusion theory. Correction 
of the Langmuir formula suggested previously by the writer is confirmed. 


§ 1. Introduction. Measurement of the pumping speed supplies 
both experimental data which are useful in indicating the practical 
performance of pumps, and information which can be used to 
check existing theories and to provide indications of the direction 
future improvements should take. Any attempt to check a theory of 
the vapour pump has been handicapped by the lack of adequate 
quantitative data. This was due to the difficulty of obtaining 
accurate value for the measured pumping speed. 

Although several methods have been used to perform such 
measurements, all results so far obtained are inaccurate or just 
misleading. This fact was sufficient to warrant a careful investiga- 
tion of the correct method of speed measurement. The main 
criticism which applies to almost the whole of the previous work on 
pumping speed measurement is that no attempt has been made to 
determine the true speed and to separate the effects of the error due 
to the measuring instruments and the method used. 
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The purpose of this paper is to show that the speed of a vacuum 
pump can be accurately measured, if the experimental procedure is 
properly carried out. The experiments reported here were mainly 
undertaken with a view of obtaining information regarding the 
theoretical value of the pumping speed. 


§ 2. Present position of speed measurement. The simplest procedure 
for measuring the speed of a pump is as follows: the mouth of the 
pump is closed by a plate to which are attached two tubes, one 
serving to admit a measured rate of gas Y, and the other being 
connected to a gauge that measures the pressure P. The pumping 
speed is then given by S = Q/P. 

Dayton 4) first pointed out that such an arrangement leads to 
incorrect results. When the gas enters the mouth of the pump 
through a small hole, the gas molecules are beamed toward the 
pumping aperture. Few of them will be able to diffuse into the 
gauge, which therefore will give lower readings. 

As a remedy for this drawback, Dayton emphasized the ne- 
cessity of using a test dome larger than the pump casing to be 
attached to the pump mouth. The gas should be admitted at the 
top, the molecules being scattered by means of a baffle. The tube 
connecting the gauge should end at the bottom near the pump 
mouth, and having the opening pointing perpendicular to the pump 
axis. Kaye 2) had already used a large bulb attached directly to 
the pump long before. However, the subsequent investigators did 
not appreciate the usefulness of such a suggestion. 

Although this procedure is considered a standard method, it does 
not avoid the error in measuring the correct pressure at the pump 
mouth. Recently, Venema 3) has experimentally shown that in 
the vicinity of the pump mouth the directional effect of the moving 
molecules upon the conventional instruments of pressure measure- 
ment is quite noticeable. 

Any other methods so far used still require pressure measurements 
of a streaming gas. Therefore the difficulty discussed above is not 
eliminated. The suggestion by Oatley 4) of measuring the pressure 
at the top of the test dome, did not improve the accuracy of the 
procedure, since this value is larger than that near the pump mouth, 
as proved by Venema. All these methods have also the dis- 
advantage of using a small aperture at the pump mouth, therefore 
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the pumping conditions are changed due to the beaming effect of 
molecules. 

The above survey shows that all methods of pumping speed 
measurement are deficient. They give only approximate values 
which in many cases can be accepted, but they are of little use in 
vacuum investigations. Efforts are made by people associated with 
vacuum equipment manufacturing to standardize the methods of 
testing vapour pumps. So far Dayton’s procedure 5) in which the 
test dome has the same inside diameter as the pump casing has been 
recommended. It is obvious from the above discussion that this 
procedure is not perfect, although the method is correct. 

All speed measurements so far reported have indicated only 
values of the speed at the pump mouth, i.e. the actual speed, but 
not the intrinsic *) speed which is obtained at the level of the 
pumping aperture. It is obvious that the conclusions drawn from 
such results may lead to discrepancies concerning the performance 
of various pumps. It is surprising that the measurement of the true 
speed was totally ignored, despite the fact that knowledge of this 
characteristic gives reliable information on the pumping efficiency. 

We may conclude that any attempt to clear up the problem of 
pumping speed measurement should provide the answers to the 
following questions: 1) Where and how to admit gas into the system ? 
2) Where to measure the pressure? 3) How to obtain the true speed ? 


§ 3. Procedure of speed measurement. Amongst the methods for 
measuring pumping speeds which have been described, the metered 
leak method is the only one having its practical procedure suscepti- 
ble of improvement in an easy manner. Our method for avoiding all 
the previously encountered objections is shown in fig. 1. A tube 
having the same inside diameter as the pump casing is closed at 
one end, and attached with the other end to the mouth M of a 
vapour pump. A measured quantity of gas can be introduced as 
uniformly as possible over the cross section of the tube at a level B. 
When the pump runs, a pressure gradient between B and the 
pumping aperture O arises. Between A and B, however, the pressure 
will be uniform in the steady state, and equal to the pressure at 
the level B. If the rate Q of gas admitted is known, and the pressure 


*) This nomenclature may not agree with the definition already suggested. 
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P’ at any point in the tube AB is measured, the speed at the level B 
can easily be calculated. In such an arrangement the beaming effect 
upon the pressure measurement, as well as upon the working 
of the pump is totally eliminated. The accuracy of the method 
depends on the uniform distribution of the leaking gas over the 
considered cross-section of the tube, provided that @ and P’ are 
measured with proper instruments. 


pOMeSOy) 


VAPOUR PUMP 
Fig. 1. Diagrammatic indication of the procedure for measurement of 
pumping speed. 


If C is the conductance of the tube OB, then there is 
Q = C(P’ — P) =S'P’ =SP 


where S’ and S are the speeds at B and O, respectively, and P the 

pressure just above the pumping aperture. @ and P’ are directly 

measured, whilst C is calculated from geometrical dimensions. 
From the above relations it follows that 


S’ = QIP’, (1) 
P= P— QIC, (2) 

and 
S = QC|(CP’ — Q). (3) 


The latter is the intrinsic speed. The speed at any other level, M for 
instance, can easily be deduced. From 


Q = C(P’ — P) =c(P’ — P| =C'(P” — P), (4) 
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where 
C= k/L, C’ = kil, ¢ = k/(L — 1), 
it follows that 
deepeeed?. = (DS PUL, (5) 
and therefore 
Q Q 
= (6) 


Sv _ 
ee Pee pyr. 


Suppose that at the level M the same rate of gas @ as in the previous 
experiment is introduced, then it follows from (1) and (4) that 


Sah PP"). (7) 


The speed, therefore, can be obtained by determining the con- 
ductance c of the tube MB, and the ratio of the pressures measured 
with the same gauge when the same rate of gas is introduced at M 
and B, respectively. 

When the speed is measured using a test dome of diameter larger 
than that of the pump casing, the gas molecules flow into the pump 
from all directions, and therefore the pressure is not uniform across 
the pump mouth. The accuracy of speed measurement is thus 
illusory since the cross-section to which the speed is referred cannot 
be well defined. 

With the arrangement described the measuring accuracy can be 
increased by using a long tube and admitting gas at a distance from 
the mouth as large as possible. A good procedure would be by means 
of hollow rings of different radii which are kept concentrically in the 
same plane, each having small holes pointing perpendicularly to the 
pump axis. 

The experimental equipment used in this investigation is shown 
diagrammatically in fig. 2a. It consisted of a two-stage oil vapour 
pump, having attached to its mouth a tube of the same inside 
diameter as the casing, 4.7 cm. Air was admitted at the level B 
through two semi-circular tubes (fig. 2b) provided with numerous 
holes. This section was 14cm above the annular aperture at the 

level of the nozzle outlet. The distance was chosen larger than that 
to the pump mouth in order to reduce the distortion of the con- 
ductance by the cowl of the chimney. This conductance was cal- 
culated taking as length of the tube just 14cm. The gauge was 
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attached to a tube T. The distance of its opening to the section B 
could be varied. Two such tubes were used, having the openings 
parallel and perpendicular to the pump axis, respectively. 


GAS ADMISSION roleauce AIR VARIABLE 
N ni LEAK 


a7 PUMP THROAT 


PUMPING 
APERTURE 


NOZZLE 


(a) 
Fig. 2. Experimental arrangement for the measurement of pumping speed. 


§ 4. Results. Preliminary measurements were carried out with 
the purpose of checking the distribution of the pressure along the 
portion AB of the tube. Fig. 3 shows that above the level B the 
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Fig. 3. The constancy of the gauge reading at various levels above the gas 
leaking level. o-gauge opening perpendicular to the pump axis; #-gauge 
opening parallel to the pump axis. 


pressure has the same value in various cross-sections, provided that 
the rate of admitted gas is maintained constant. The gauge readings 
remain constant, whether the opening of the tube T faces the pump 
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or the perpendicular direction. This result has ascertained that in 
the arrangement described the directional effect of flowing molecules 
upon the pressure measurement is avoided. If the gas is injected 
uniformly in the section B, then the pressure in this section is 
rigorously equal to that measured at any point in the tube AB. The 
pressure gauge may therefore be placed within this portion of the 
tube, provided that the electrodes are protected by a baffle. 


10 


OES E 


10° driG ase ti2 4 6 810° 
PRESSURE (tor) 


Fig. 4. Variation of the speed S’ and the speed factor S’/S as functions of 
pressure. 


Pumping speed measurements were carried out using air in the 

- range of pressures below 3 x 107% tor. Fig. 4 shows the variation of 

the speed S’ in the section B as a function of pressure. The actual 

speed can be calculated from (6). However, this calculation was not 

performed. In table I are indicated the pressure P just above the 

pumping aperture and the corresponding intrinsic speed S, both 
calculated by means of (2) and (3), respectively. 


Sa oGlOSe 123 1.20 x 10-5 


TABLE I 
C = 851 /s Co = 135.6 1/s 
(Calculated for air at 22°C) 
A = 17.34 cm? @ = 0.2 em" 
Measured | Calculated 

Po P’ Ox 103 Ss P Sr Po’ 
S/Co 

tor | tor Ltor/s.| I/s tor L/s tor 
1.4x10-§ | 3.9x10-6 | 0.107 | 41.4 |26 x10-6| 52 | 234x10-6| 0.30 
7xXx10-§ | 0.274 72.1 |3.8 x10-6} 85.7 | 3.13x 10-8) 0.53 
Pax Ose 0.469 82.5 | 5.48x10-6| 101 4.34% 10-8] 0.62 
1.9x 10-5 | 0.825 Bora orowr 10-84 122 7.34 10-6 | 0.65 


Se ocdOs> 1.263 
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It is obvious that the measured value P’ is the total pressure, 
while the required value represents the partial pressure of the 
admitted gas. We might assume that this latter value would be 
equal to P’ — Po, where» Po, the measured ultimate pressure, is 
supposed to be the residual pressure of the gas evolved within the 
pump. If now we calculate S using P’ — Po, the values obtained 
exceed the conductance Cop of the pump. This, of course, cannot be 
accepted. Therefore, the partial pressure of the components other 
than the gas used is below the measured ultimate pressure Po. This 
result gives an acceptable justification of using P’ as the pressure 
of the incoming gas. Any small error introduced by this assumption 
will not change our conclusions. 

In calculating the conductance C of the tube, the coefficient of 
conductance given by Knudsen ®) was used, not that tabulated 
by Clausing ”). This observation has already been pointed out 8). 

The intrinsic speed should also be obtained from the Langmuir 
relation 

Sr. Co(1 — Po/P). (8) 


However, table I shows that Sz is larger than S, the difference 
Sr — S being outside any acceptable error. This result agrees with 
the writer’s previous finding 9) that for an actual vapour pump the 
correct relation should be 


S = Cyl — Py/P), (9) 


where P, > Po and C, is the actual conductance of the annular 
aperture. This latter value is given by 
Co CoA 


oy | Sf Al mathe a 


where A and a are the areas of the cross section of the pump 
casing and the nozzle, respectively. From (9) P, can be calculated, 
which is the actual ultimate pressure while gas is removed by the 
pump. When the throughput is zero, on both sides of the pumping 
aperature the pressures are equal to the ultimate vacuum Po. For 
any value of the throughput different from zero the pressures on 
both sides of the annular aperture will be P and Pj, respectively. 


§ 5. Conclusions. The procedure of performing the pumping 
speed measurement emphasized in this work is characterized by the 
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uniform distribution of the admitted gas over a cross-section of the 
tube attached to the pump mouth, and by the measurement of the 
pressure with a gauge whose opening may be placed at any point in 
the tube between this section and the closed end. The location of 
the gauge opening is different from that advocated by other 
workers. 

The measuring accuracy may be increased by taking the distance 
OB three to five times the diameter of the pump casing. The length 
of the portion AB should not have any influence on the pressure 
measurements. However, a reasonable length is necessary in order 
to reduce the fluctuations of the readings. 

The intrinsic speed can be obtained by simple calculation. The 
previous investigators had failed to realize the great importance of 
measuring the intrinsic speed. This value is the only one which 
expresses the specific performance of a pump, depending on the 
pump design and working conditions. 

The highest intrinsic speed measured was 88.7 //s, which is 65 per 
cent of the conductance Cp = 135.6//s of the pumping aperture. 
This result obtained with an improved design of the vapour pump 
indicates that such a vacuum device has a higher efficiency than 
suggested by some writers. From theoretical considerations 19) 11) 
the following relation has been derived: 

‘S) = 4 (10) 
Co 1 + ¢/4v 


where ¢ is the mean velocity of the gas molecules and v the velocity 
of the vapour blast. In accordance with the above relation S should 
remain constant for the same heater input irrespective of the gas 
throughput. On the contrary the results in table I indicate consider- 
able variation of S. Further, relation (10) cannot be satisfied by the 
largest experimental value obtained S/Co = 0.65 unless v, in our 
case the velocity of a stream of Apiezon-B oil vapour, can become 
larger than 21 x 103 cm/s, a value which experimentally was not 
obtained. It seems therefore that the validity of (10), which sets an 
upper limit to S/Co of less than 0.6 for the present experimental 
conditions, could not be established. 

On many occasions the efficiency of a pump has been expressed 
by a speed factor defined by the ratio between the actual speed 
and the pump conductance. This coefficient, however, does not give 
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a reliable comparison of pump performances. Firstly, the upper 
limit of this ratio is unknown. It was taken equal to 0.5 because a 
larger value could not be obtained experimentally. Secondly, it ex- 
presses the ratio of two quantities having different meanings. 

A better suggestion would be taking the ratio 


Actual speed 
Intrinsic speed 


as speed factor, whose upper limit is unity. Both these speeds are a 
obtained from the same experiment (see fig. 4). 


Received 23rd July, 1957. 
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INDUCTION BY AN OSCILLATING MAGNETIC 
DIPOLE OVER A TWO LAYER GROUND 


by JAMES R. WAIT *) 


Department of Electrical Engineering, University of Toronto, Toronto, Canada 


Summary 

An expression for the mutual electromagnetic coupling between two small 
loops over a two-layer ground is derived. The result is expressed in a form 
which is suitable for calculation by a digital computer. When the heights or 
separation of the loops are large compared to the skin depth in the ground, 
simple asymptotic formulas for the fields can de developed. The results are 
employed to obtain a convenient formula for the self-impedance of a loop 
over a two-layer ground. 


§ 1. Introduction. It is the purpose of this note to extend some of 
the available formulae for the fields of an oscillating magnetic 
dipole over a two-layer ground 1). Both the vertical and horizontal 
dipoles are considered. The distance between the source dipole and 
the observer is much less than a free space wavelength. 

It is shown that the magnetic field components can be expressed 
conveniently in terms of three basic integrals To, 71, and T2 in 
analogy to the case for the homogeneous ground 2). These are in 
suitable form for numerical integration. Asymptotic expansions for 
these integrals are developed. The results are used to calculate the 
self impedance of an arbitrarily oriented loop over a two-layer 
ground. 


§ 2. Formulation. Choosing a rectangular coordinate system 
(x, y, 2), the source loop can be represented as a magnetic dipole of 
strength C at (0,0, ) with respect to the ground defined for all 
negative values of z. The ground is homogeneous between z = O and 
z= —d with conductivity o, and dielectric constant «. The 
region below z = — dis also homogeneous with constants og and ég. 
The permeability of the whole space is taken wo (= 40x 107). 


*) Present address: National Bureau of Standards, Boulder, Colorado, U.S.A. 
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Subject to the limination that all significant distances in the upper 
half-space are to be much less than a free space wavelength, the 
fields for z > 0 are a solution of Laplace’s equation and hence 
derivable from a scalar potential. On the other hand, the fields in 
the lower regions are solutions of the appropriate wave equation. 
The validity of this quasi-static approach was previously investi- 
gated 1). 

For a vertical or z directed dipole at (0, 0, 2) the magnetic fields 
for z > 0 can be written 

H = — grad @”, (1) 
where 


He eee E jure Toltp) | & (2) 


with 7 = [p2 + (z — h)]}!, p= can 
Pr acters ) : 
(wy + A) (ur + ue) — (wr — A) (1 — ug)e-2%4 

SS AN yi)}, ug = (A? + 73)? 


uy — Us on =a — A) (uy + U2) 


(3) 


and 
yi = 10149 + E1U9o2, ye = 1o2 [90 aS e2U9M2. 
For the case of a horizontal or a y directed dipole, the fields are 
obtained from 
H = — grad @h, (4) 
where 


) 
Qh — ar le - fe )eAteth J oie) | C, (5) 

with v and R(A) as defined sie 

The three cartesian components of the magnetic field in the 
upper half-space for both vertical and horizontal components can 
be expressed in terms of three basic integrals T9, Ty and T2 which 
are functions of the dimensionless quantities A, B and k which are 
defined by 

=(c+h)/i, B=p/6 

where . 


s=[ 2 1 | ees 
(01 + twei)uow J’ + nos twagel 
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For frequencies in the audio range, the displacement currents in 
the ground are usually negligible in which case the skin depth 
6 = (2/o1u9)* is real and k =~ o9/0, is also real. In what follows, 
6 and k may retain their more general meaning unless explicitly 
stated otherwise. 

Using the above results, the formulae for the magnetic field 
components are summarized as follows: 

The vertical dipole. 
Primary fields: 

3Cx(z — h) 


H® 


75 pe) 
where 7 = [(z — Ah)? + x? + y?}?. 
Secondary fields: 


G 
s— ——_T7;(A,B ese 
C y 
Hy = — =, TilA, B) (2) ; (7) 
€ 
ee a 33° To(A, B). 
The horizontal dipole. 
Primary fields: Pai 3Cxy 
x 75 e 
hoa G 3 
i a rs) 73 7 ( ) 
iy — 3Cy(z — h) 
z y 


EotAy By = To(A, 2) | 


L 
be [(: = 5) ee Tal B) — TA, 8) (9) 
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The basic integrals are given as follows: 


To = [ R(g)ge-%4 JolgB)dg, (10) 
T1 =f R(g)g2e-¥4Jx(gB) dg, (11) 
To =f R(g)ge-#4Ji(gB) dg, (12) 
where 
I(g) 
= ore 13 
R(g) Tle)” (13) 
Ig) =(U + V) + (U — Ver, 
J@ =(U +2) (U+V) —(U—g (U — Vje™, 


U = (g? + 21)#, V = (g2 + 2ck)?, and D = 24/6. 


§ 3. Mutual impedance formulation. In most applications the 
source can be represented by a circular loop of area S; with Nj, 
turns. The field of the source loop can then be observed by a re- 
ceiving loop with area Sg and Ne turns. Under the approximation 
that the separation p between these loops is small compared with 
the wavelength, but large compared with the respective diameters 
of the loops, the mutual impedance between the loops assumes a 
simple form. When the loops are co-planar and situated in free 
space, it follows that Zp = K, where K = iwNyN2S1S2 X 10-7/p3 
in MKS units. When the loops are co-axial it follows that Zp) = 2K. 

The mutual impedance Z between the loops above the two- 
layer ground can then be expressed conveniently as a ratio to Zo 
in terms of the integrals J, 7; and JT». The four cases of special 
interest are listed as follows. In each case the loops are at a height h 
above the ground and separated by a distance p between loop 
centers, 

I. Co-planar loops with axes vertical: 


Z = K(i + BT)). (14) 


II. The first loop has its axis vertical and the second loop has its 
axis parallel to the ground along a radius from the first loop: 


Z. = KBSTy. (15) 
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III. Co-axial loops with axes horizontal: 
: eae 
4 2K| 1 + 5 (Pe — BT) | 


IV. Co-planar loops with axes horizontal: 
Z = K(1 + B?T9). 
In the above A = 2h/6 and B = p/o. 


§ 4. Asymptotic evaluation of the integrals. Subject to A or B being 
large, it is possible to develop asymptotic expansions for the integrals 
To, Ty; and T:. For example, R(g) may be developed into a Taylor 


expansion about g = 0 in the manner 


R(g) = X Amg™, 


m=0 


A 1 = R | 
™"" m! L egm 2 wait 


The integrals to contend with are then of the form 


SJ gre94 J o(gB)dg = Pn 
0 


where 


and 
f gne94Ji(gB)dg = Qn, 
0 
where v is an integer. Noting that 
Se] o(gB)dg = (A? + B?)%, 
0 
it is seen that 
( oa\s A2 + B2)-3 
= (— ntl —— me 
Py =(—1)*(47)' (42 + BY 
and 


6. \"-1 0 
On = (—1)8(2) 2 (42 + BNA. 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 


(24) 


(25) 
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co 0 m+1 rs) ae, 
Ly = & Am(— Wii ea aR (Aa ba), (26) 
and 
To = s Am(— 1)m+1 (sas) am (A2 + B2)-4, (27) 
3 Beat 4 0A oB 


The first three coefficients are Ag = 1, A1 = —(2/2)#Q, Ag = — 102, 
where 

(1 + #H) + (1 — BA) exp[— (24)# D] 
(1 ++ At) — (1 — B¥) exp[— (2%)# D] © 


OS (28) 


Retaining only the first three leading terms, asymptotic expansions 
for the integrals are 


'. 2A2 — B? € Ne 6A3 — 9AB? 
US (Ate Bye NG (A2 + B2)2 
ng 2444 — 7242B? + 9B4 rs 
wade. (A2 + B2)% 2 ( 
7 3AB ( 2 )" 12A2B — 3B3 
i EE arts A (A2 + B2)"2 
_., 60A3B — 45A B38 
— 1Q2 (42 + BM (30) 
7 B ( 2 )" 0 3AB 
ee ae Bees (42 + B2)'e 
ny 12A2B — 3B3 
— iQ errs By (31) 


Inserting these expressions into (14) to (17) yields asymptotic 
representations for the mutual impedance between loops over a two- 
layer ground. They are valid for A or B large compared to unity. 


§ 5. Extension to the self impedance of a loop. The formulae quoted 
above for the mutual impedance are restricted to the case where 
the separation p is much greater than the loop diameters. The 
mutual impedance can then be written 


Z=L)o+Zs 


where Zo is the mutual impedance of the loops in free space and Z, 
is the secondary influence. Now, as p tends to zero, Zo is the self 
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impedance and can be determined from the geometry of the loop. 
Zs can then be computed from a knowledge of the secondary field 
H® due to the magnetic dipole at (0, 0, 2). The dipole is contained 
in the (y, z) plane and makes an angle @ with the vertical (i.e., the z 
axis). The loop then has a magnetic dipole moment C;, in the y 
direction and C, in the z direction where Cy, = C sin @ and C, = 
= Ccos@ in terms of the resultant dipole moment defined by 
C = twwlSN/4x for a loop of area S containing N turns. The se- 
condary magnetic fields at the source dipole due to the component 
dipoles C;, and C, have only a y and z component, respectively. 
These secondary fields are given by 


ee RE BE Ba «9 ] 
= | T0(A, B = 
; 63 B 7 B-0 
1 [ To(A, 0) 
Tele ES [ 2 i Se 
where A = 2h/6 and 
1 l 
big eg Oe Pie O95 J ol, 0). (33) 


The secondary voltage induced in the loop is then 
v = tuwSN(H§ cos 6 + Hj sin 6),_,,. 
Writing Z; = AR + 1AX, it is seen that 


paS2N2 sin2 =| 
gs at sas cos? 6 + 5 |Im JT (A, 0)], (34) 
poS2N2 sin? ~| 
AX = — ae cos? 6 — 5 Re7J (A, 0), (35) 
where 

2 ZN EES) ino 24 Q? ~=60 
Pee i NN rete ds Se 1186 
Neat, € 0 fa — 10 as — am as’ ©) 


In the case of the homogeneous earth (D -> oo) it follows for negli- 
gible displacement currents that 


3umS2N2 sin? 0 1 4 = ) 
re ee a ca ae) 


nad neg —288)(, 94 18) 
ENE re ee COS 6 2 1 a Fada , ( ) 


since A is real and Q = 1. 


ARi = 
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The above equation for JR; in the case of a vertical loop (6 = 0°) 
is in agreement with a result previously derived by a different 
method 8), ». 

The computation of AR or AX for the stratified ground requires 
an evaluation of the series for 7o(A,0). When A is sufficiently 
large so that only the leading two terms are sufficient, it follows that 
ratio of the incremental resistance for a stratified and homogeneous 
ground is . : 

AR/ARy = v/2|Q| sin(4a — 9), (39) 


where Q = |Q|e#%. Numerical values) for the complex factor Q 

have been given previously where it was indicated that, if d is 

- greater than about 36, Q is within 1% of unity. 
I would like to thank Alyce M. Conda for checking the equations. 


Received 17th September, 1957. a 
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ON THE CALCULATIONS OF TRANSVERSE 
CURRENT LOSS IN BURIED WIRE GROUND 
SYSTEMS 


by JAMES R. WAIT 


National Bureau of Standards, Boulder, Colorado, U.S.A. 


Summary 

A formula is developed for the impedance between a wire grid buried in a 
homogeneous ground and an overhead conducting plane. The result can be 
employed to calculate the power lost due to transverse currents in buried 
wire ground systems for antennae. 


§ 1. Introduction. The efficiency of low frequency antennae is 
limited mainly by the excessive power loss in the ground. To reduce 
this somewhat, a buried wire grating is usually installed in the 
immediate neighbourhood of the antenna. 

A systematic procedure for the design of buried wire Siem 
systems was first given by Abbott 1). A method for calculating the 
input impedance of monopole antennae with such ground systems 
was presented by Wait and Pope 2). In this work an approximate 
boundary condition was introduced to facilitate the computation 
of the energy flow into the ground. The use of such boundary con- 
ditions is valid when the earth currents flow essentially in the radial 
direction. Such is usually the case in most transmitting installations. 
At very low radio frequencies, however, this condition becomes 
violated particularly for high power installations where the top 
loading may extend over a large area. In this case, there is an 
appreciable loss due to the current flowing transversely to the 
buried wires or normal to the ground surface. 

It is the purpose of this note to present an analysis of the trans- 
verse current loss based on an idealized model. Attention will be 
confined to the case where the current flow is normal to the ground. 
It is also assumed that the potential of the wires is the same as that 
of the immediately adjacent soil. This latter restriction can be 
telaxed by separately computing the loss at the interface of the 
wire and soil from the knowledge of the interfacial impedance and 


the total current. 
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§ 2. Statement of the problem. The immediate problem is to 
compute the impedance between a parallel-wire grid buried to a 
depth # in a homogeneous ground and a plane conductor at height s 
above the ground. The situation is illustrated in fig. 1. The ground 


x=-S 


x 


Fig. 1. Illustrating buried wire grid and the elevated conducting plane. 


surface is at x =O and the wires are parallel to the z axis and 
x =h and y = nd wheren=0, +1, +2... and d is the grid 
spacing. The radius of the wires a is assumed to be small compared 
to d. The conductivity and dielectric constant of the ground are 
denoted as o and «, respectively. The space between the ground and 
the upper conducting plane is air with a dielectric constant €o. 

It is now assumed that the fields which vary as exp(tt) in all 
the regions are solutions of Laplace’s equation since the angular 
frequency « is sufficiently low so that all significant dimensions are 
small compared to the wavelength. Each wire is now considered 
to be a source of current J ampere per metre of length. Letting the 
potential of the elevated conducting plane be zero, the problem is 
now to evaluate the potential V at the wires. The impedance be- 
tween the wire grid and the conducting plane is then equal to the 
ratio V/I. 


§ 3. The solution. The method of solution is similar to one em- 
ployed by the author 3) in calculating the reflection coefficient of a 
plane wave at oblique incidence on a wire grid parallel to an inter- 
face between two dissimilar dielectrics. The primary potential w? 
in the ground of the array of a line current source is expressed as 

++ co 


L 
27? = eae a exp(?2amy/d)exp(—22|x—h|M /d)M-1, (1) 
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where 
M = [m? — (kd/2n)?}!, k? = (¢ — io/w) uw 


In view of the limitations already specified, k could be set equal to 
zero so that M = |m| for m 40 and M = tkd/2x for m = 0. To 
retain the correspondence with the earlier analysis, however, the 
general form of M will be retained. Equation (1) for y? is directly 
analogous to equation (4) in reference 3) for the Hertz potential of a 
wire grid carrying a constant longitudinal current. It can be verified 
by seeing that: 1. it isa solution of the wave equation (V2+-2)p?=0, 
which is Laplace’s equation when k is zero. 2. it has a periodicity 
d in the y direction. 3. it gives rise to an outgoing current density, 
J« = (1/2d)exp(— tk|x — h|) for |x — h| > d, 4. an application of 
the Poisson summation formula leads to 
I Bes 


se — h)? — w)2]4 
Smee ere ee (hd — ey)" cotistante 32) 


for k = 0. Each term of the latter series can be identified as the 
potential of an individual current line source located at + = h and 
yond. 

The secondary potential y* within the ground is that quantity 
which, when added to y?, satisfies the boundary conditions at the 
air-ground interface x = 0. An appropriate form for it is 


2ay = 
I pee 
=————_ Am exp(i2umy/d) exp[—2n(x-+h)M/d)M-1, (3) 
2(o+twe)d m=—co 
which is also a solution of (V2 + k2)ys = 0, is periodic in y and 
vanishes exponentially as x becomes large. The coefficient Am is to 
be determined from the boundary conditions. 
The potential function yo appropriate for the air space between 
x% = 0Oand x = — s is appropriately written 
220 = 
pa ee . - 
=————__ 3) Bm exp(i2nmy/d) sinh[2n(x-+s)Mo/d|My”, (4) 
2(o+1twe)d m= —co 
where Mo = [m2 — (kod/2x)2),* k2 = eouvw® and By is a coefficient 
as yet unspecified. It can be seen that yo is a solution of 
(V2 + k3)yo = 0, is periodic in y and vanishes at x = — s as it 
must. 
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The determination of the coefficients Aj» and By, are now ob- 
taining from the boundary conditions 
; ow : Owo 
= and (o + twe) — = 1we9 —— 
y = Yo 1S Pale) =e er 


atx = 0, dhesevield 
M(o + twe) tanh(27sMo/d) — Moo0 


Am = ie 
™~ M(o + iwe) tanh(2xsMo/d) + Mooo 


(5) 


and 
Oo 1— Am 
Ba = xp(— 2xhM/d). 6 
it eda ne (6) 
Inserting these expressions for the coefficients into (3) and (4) 
provide complete and explicit expressions for the respective po- 
tential functions. The potential at the wires is obtained by letting 
x =h-+ a. Furthermore, without loss of generality, y can be set 
equal to zero since the wires are all at the same potential. Then 
defining V = y for x =h+a, y=0, k=O, it follows that 


v= I ( h s ) i er eras 
d \o + twe 1MEQ 2a'o + 1me)m=1 mM 
a I ie | (o + iwe) tanh(2asm/d) — oo ] llenetlas? Genk is (7) 
2n(o + twe) 1 L (o + twe) tanh(2xsm/d) + oo m 


The factor in square brackets in the latter summation can be written 


| ] _ Ro — exp(4asm/d) 
~ 1— Ro exp(4asm/d) 


= Ro + (Ri — 1) S R® exp[—(n + 1)4zsmid], (8) 
n=0 


o + tw(e — £9) 


o + iw(e + 29) 


where 


o— 


Utilizing the identity 4) 


= — In(l — e) (9) 
it follows that 


ite) 
-. 4\ot+ ive * iwen bi 


be ool se 1 aria 
2n(o+iwe) | : 2a Bey 


a 
[1—exp(—2n(ahta)]a)] * 4| a 


10) 
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where 

Mreetiee— 1) >, R* In - ——— — ——., 
n=0 [1 —exp(—22(2h-+-a) /d—(n+ 1)4as/d)] 

The average complex admittance Y per unit area between the 


elevated conducting plane and the buried wire grid is then given by 
Y = 1/Z, where 


i= h Ss d : 
o + 1we 1WEQ 2n(o + iwe) © 
I —-+R al 11 
Ree Seno saa “SY 


In this expression, the first term can be identified as the impedance 
of a parallel plate condenser of separation # containing a ‘“‘lossy”’ 
material with complex dielectric constant « — zo/w. The second 
term is the impedance of a corresponding parallel plate condenser 
of thickness / containing a material of dielectric constant ¢9. The 
next three terms are corrections to account for the finite value of 
the grid spacing d. Since s is usually large compared to d, the 
quantity A is negligible compared to the other terms. 


§ 4. The effective depth. In some instances it may be convenient to 
define an equivalent depth h of the buried grid such that 
h s 
Z= Sale (12) 
o + 1Wé 1WEO 


It is immediately seen that 


: Z devond 
hah tins = Sibea a [1 — exp(— 2n(2h + a)/d)] Ae 


if s > d. When d> 2h + a, this is further simplified to 


if d d d ] 
it Rie ee aS | 14 
hevht+ | m pe! oo (14) 


In the limiting case when the wire grid is symmetrically located in 
the interface (h = 0) it follows that 


d d 
ey | Ro) — In —— its) 
bet 0) 2n ee AS) 
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or h a 


SS = —__—_——_ hn —- 
o + ime a(o + time + te) 27a 
In general, it can be seen that h is complex. 
Complete formulae are thus available for calculating the impe- 
dance between a buried wire grid and an overhead conducting plane. 


§5. The power calculation. The power loss AP per unit area of 
ground surface is then given by 


AP = 4R{I/d|? (16) 
where R = real part of Z. It may be of interest to express AP in 


terms of the average vertical electric field Eo in the air just above 
the ground. Since 


LEQ@ Eo = I/d (17) 
and o > ew or eg, it follows that 
h 
AP =~ $— (e9w)?|Eo/?, (18) 
oO 
where z d ; 
hohe fp] ] | : 19 
Snr 27 * 20a oe (li en t4) aa 


forh>aands> d. 

The foregoing results *), although derived for a wire grid of 
constant spacing, can be applied to the computation of power loss 
for a buried radial wire system by an appropriate integration of AP 
if d and Eo were slowly varying. An approach such as this has been 
recently suggested by C. E. Smith and H. A. Wheeler 5). It was 
the purpose of the present note to provide the theoretical basis for 
such a computation. 

I would like to thank H. Cotlony and A. D. Watt for their 
helpful comments. 

Received 17th September, 1957. 
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LETTER TO THE EDITOR 
New scintillators for the detection of thermal neutrons 


The detection of slow neutrons is no longer limited to the use of a BF3 
gas-filled countertube, due to the fact that since a few years liquid and solid 
scintillators are largely used for this purpose. Both procedures are based on 
the (7, «) reaction of a slow neutron with the B1° nucleus. The low efficiency 
and the great dimensions of the BF3 counter have largely determined the 
search for scintillators with high boron density, good luminosity, low games 
sensitivity and short lightflash. 

An attempt for the use of a luminescent organoboron compound (tri-«- 
naphtylborine) in a solid form has already been reported 1). The results 
gave little hope for its usefulness, at least in the form and under the con- 
ditions mentioned by the authors. There are, however, still other luminescent 
organoboron compounds which were not used until now. The first three 
substances mentioned below were prepared according to a procedure de- 
scribed in the literature, while a fourth one, 9-phenantrylboric acid, was 
prepared for the first time. The very intense luminescence of this phenanthrene 
derivative was remarkable. 


TABLE I 


wavelength region of ; 
Product Maximum 
fluorescence spectrum 


tri-~-naphtylborine from 480 my to 600 my 525 my 
a-naphtylboric acid 
a-naphtylboron oxide 
9-phenanthrylboric acid 


\ 400 mu to.480 mu 430 mu 


430 my to 560 mu 490 mu 


Investigation of the fluorescence spectra of these compounds in the solid 
state, gave the results shown in table I. Each of the four products was 
melted on a circular quartz plate and cooled rapidly so that it solidified to 
slightly yellowish transparent layers of glassy structure. The layers had 
a thickness of about 2 mm with a diameter of 30 mm. In all the substances the 
boronisotope ratio was the natural one. 

Each sample on its quartz support was fixed on a Dumont 6292 photo- 
multiplier, connected to a classical counting unit which consisted of am- 
plifier, one-channel pulse analyser, scaler and monitor. In its form described 
above only «-naphtylboric acid produced the expected results as a usable 
neutron scintillator. 
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The differential pulse-height diagram is given in fig. 1. The counting 
results were obtained using the scintillators described above, which were 
irradiated by a neutron and gamma-, or by a gamma-flux only. As neutron 
source the thermal column of the BRI reactor of the C.A.E.N. at Mol 
was used. 

Number of 


counts 
+ Gamma’s 


Oonm6 
5 “3 o Neutrons 
be \ Channel width 2 Volt 
9 ° 


+ 


10 20 30 40 50 Volt 


Fig. 1. Differential pulse-height diagram. 


The efficiency of the «-naphtylboric acid scintillator for the detection of 
thermal neutrons was about 80%. The poor results obtained with the other 
compounds seem only to be due to their loose adherence to the quartz plate 
and their sintered structure. At the present time we develop different methods 
in order to obtain single crystals, of which we expect that their properties 
will be more suitable for neutron scintillators. 

This work is part of a research programme sponsered by the Institut 
Interuniversitaire des Sciences Nucléaires. The author wishes to thank 
Prof. Dr. J. L. Verhaeghe, who initiated and conducted this investigation, 
and Prof. Dr. R. Goubau for their interest and advice. He is also indebted 
to the Centre d’Etudes pour les Applications de l’Energie Nucléaire, where 
part of the experiments were made with helpful assistance of Lic. H. Ceule- 
mans. 

G. THIELENS 
Natuurkundig Laboratorium 


Rijksuniversiteit Gent, Belgium 
Received 14th November, 1957. 
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SOME GENERALIZATIONS OF THE 
SCHWARZ-CHRISTOFFEL MAPPING FORMULA -) 


by L. C. WOODS 


Department of Mechanical Engineering, N.S.W. University of Technology, 
Sydney, Australia 


Summary 


The Schwarz-Christoffel formula for the mapping of a polygon in the z- 
plane on an upper half-plane (the w-plane) is extended to deal with singly- 
connected domains of quite general shape. The mapping problem in the 
general case is shown to depend on the solution of an awkward integro- 
differential equation and an iterative method of finding this solution is 
indicated. Two further generalizations are made to the formula; these are 
(i) the boundary of the singly-connected domain in the z-plane is mapped’ 
on to a finite interval of the real axis of the w-plane instead of the whole of it, 
and (1i) the formula is extended to deal with doubly-connected domains. 


§ 1. Introduction. The well-known formula for the mapping of a 
polygon in the z-plane (z = x + zy) on to the upper half of the 
w-plane (w = g + ty) can be written in the form 


dz N 
= = K Il fw — 9n)n, (1 
dw — 

where an, n= 1,2,3,....N, are the external angles of the 


polygon (see fig. 1) at the vertices z,, and g» are the points on 
the real axis in the w-plane on to which these vertices 7, are mapped 
by (1). In order to deal with curved rather than polygonal shapes 
it is natural to seek a generalization of (1) in which the angles «» 
tend to zero with the intervals zni1 — Zn, and gnii — Gn. It is 
quite easy to derive this generalization by a formal calculation 
based on (1). 


*) Paper, read at the first annual general meeting of the Australian Mathematical 
Society at Sydney, August, 1957. 
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Let 6, denote the slope of the side Za41 — 2n, then an, = 
= 0, — On-1, and the logarithm of (1) can be written 
dz , aes 
dw wT n=1 


In the limit «, — 0 this becomes 


dz l 
+(w) = In —- =InK — a} In (w — y) d60(9), (2) 
dw 1 


—co 


where the integral is a Riemann-Stieltjes integral. 

To make this derivation of (2) rigorous we would first have to 
recast the usual proof of (1) into a form which permits the limiting 
process just used, and this would be difficult if not impossible. 
We shall therefore give a proof of (2) not depending on (1), but in 
fact containing an alternative proof of (1) as a special case. 


Ay 
{ 
Prt Pn Pret 
B CG D " 
z-plane w- plane 


Fig. 1. Mapping a polygon onto an upper-half plane. 


The point P, say, in the z-plane, which is mapped on to w = oo 
by (2), must clearly lie on the contour I. An obvious further 
generalization of (2) is to take P to be some point lying within I, 
and this necessarily means that J’ must map on to a finite interval 
of y= 0, instead of the whole of y =O. This generalization, 
which is more useful than (2) in some practical applications, is 
given in § 4. 

The next step in generalizing the mapping formula is to deal with 
the doubly-connected region lying between two non-intersecting 
contours J" and J”; this theory is given in § 5. 

In this last generalization let I” lie within I. Then to return 
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to the Schwarz-Christoffel (S—C) mapping formula, we must 
first let J” shrink to a single point P — this gives our second 
generalization — then let P tend to a point on J’, giving our first 
generalization, and finally we obtain (1) by letting 69(p) be a step- 
function. 

Although the generalizations of the S—C formula given in this 
paper are obvious, they do not seem to have appeared in the 
literature (cf. Beckenbach})) of the subject. However, there 
is such a volume of published papers on conformal mapping, that 
one cannot be sure on this point. There is some Russian work by 
Goluzin (see p. 272 of Beckenbach })) on the doubly-connected 
region between polygons, of which the work in §5 below is a 
generalization, and there is also the well-known work of Leathem 8) 
which introduces ‘‘curve-factors” into the S—C formula. 


z- plane w-plane 


Fig. 2. Mapping a curved figure onto an upper half-plane. 


§ 2. Proof of the first generalization. We shall map the singly- 
connected region bounded by the contour J’ = PABCD,,E,,FP 
shown in fig. 2 on to the upper half of the w-plane in such a way 
that the point P maps on to the point at infinity in the w-plane. 
The contour J" is assumed to have a continuously turning tangent 
save for a finite number of exceptional points, where simple dis- 
continuities in the slope 69 of may exist (e.g. points B and C in 
fig. 2). Also a finite number of points of J’ are assumed to be at 
infinity (e.g. points D,, and E,,). The point P which will be moved 
to infinity by the transformation may be an ordinary point of L or 
one of the exceptional points (e.g. B, C, D,, or E,,) just described. 
In the figure P is shown to be at a point where the tangent jumps 
through an angle #; an ordinary point is obtained if B = 0, while 
P is a point at infinity if 6 = a (e.g. as at D,.) or of oe <p =e en 
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(as at E,,). The particular cases 6 = 0, a and 2m are especially 
important in practical applications of the theory. 

The contour is indented about P by a curve y = FGA of such 
a shape that it maps into the large semi-circle w = Re’ in the 
w-plane. We shall need the relation between w and z on this in- 
dentation. There are three distinct cases to consider. 

First let P be in the finite part of the plane, at z = a, say. Then 
the corner at P will be straightened by a transformation of the 
type 21 ~ (z — a)”, where m = 1/(1 — B/a), (—a< B <=), and then 
transformed to infinity by the inversion w ~1/z;. Apart from these 
singularities the relation between w and z will be regular near 
z =a. Thus in this neighbourhood we can write 


eM +ao+a1(z—a)+a2(z—a)?+...,(—a<B<a), (3) 


(ey == 
(zg — a)” 
where A, ao, a1, ... are constants. Inverting this series and differ- 
entiating the result we find that 


neve [s40(2)} 


i.e. r=in(<) =— (2 PY) inw 26, -o(—), (—z<B<z), (4) 


WwW IU Ww 


where B and C are new constants, and ” has been eliminated in 
favour of fp. 

Secondly suppose P is at infinity, and that the angle # does not 
equal z (i.e. we exclude the case = oo, which applies at points 
like D,, in fig. 2). In this case the “‘corner’’ at infinity is removed 
by the transformation w ~z~”, and instead of (3) we have 


a) ag 
al RAR Seg ar iE SE (=p x La) (5) 


It is easily verified from (5) that (4) also holds for 7 < B < 2a. 
Finally let 6 = a. If (4) is still valid for this value of f, then 
dz/dw = A/w ..., i.e. 


Wa Ae WUE ol Gg ns a (Bot (6) 


where A, 6 and ap are constants. That this is the correct form for 
w is most easily verified by letting |a| tend to zero in (3). The acute 
angle  — 8 tends to zero with |a|-1, ie. n = a/(x — B) tends to 
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infinity with |a|, so we can write a = n/b, where 6 remains finite 

in the limit 7 — co. Modifying the constants in (3) and using the 

result lim (1 — 2b/n)-" = e~%, we then arrive at (6) as the limiting 
n> co 


form of (3). 

We have now established that (4) is valid for all values of ~ 
in the range (— a, 2z), i.e. for all choices of the point P that is 
to be mapped on to w = oo. From (4) it follows that 


risa eke 
lim ——. = 0. (7) 


POE are Fi 


Now let |dz/dw| = 1/¢, and arg (dz/dw) = 6, then 0 is the angle 
between the x-axis and the curves y = constant, for if dy = 0, 


dx d d 
pa (S4 8) ~ ao (2), 


which is clearly the slope of the curves dy = 0, or y = constant. 
The contour I’ is the curve y = 0, and we shall denote the slope 
of this curve by 9p. 


dz | eles : 
Let Poles Meh ea eo It (= ot) = 2+ 120, (8) 
dw q 
where 
1 
q 
then 


— =— +i, (10) 
dw Op a Op 
is an analytic function in the w-plane whose imaginary part takes 
the value 


= 04(p); (11) 
on y = 0, and which vanishes at infinity (see CZ) 
By Cauchy’s integral applied to the semi-circular contour shown 
in fig. 2 
dr 1 | “(dr/dg) Ban Rex dy 
dw 2nt yg — w ae Rem Retx — w’ 
-R 
where w is a point within the Aah 
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Equation (7) and the limit R — oo yields 


Seta | crake (12) 
dw 25 JD = 
Similarly 
l dr(p 
ole oe | ei SNE 
2 J oy —W 


as @ lies outside the semi-circular contour. Subtracting the con- 
jugate of this equation from (12), and using (10) we find 


dr ] d60(¢) 


= 13 
dw mt) 9p—w ug) 
Finally integration with respect to w gives 
dz l 
7 = In— =Ink-~—|In (w — ¢) d6o(9), (14) 
dw a 


—oo 


where In K is the constant of integration. The proof of (2) is now 
almost complete. 

The only gap in this proof is that we have not justified writing 
the integral in (14) as a Stieltjes integral, i.e. permitting 05(¢) to 
be a delta function at a finite number of points in the range of 
integration. The validity of this is readily established by the usual 
method of indenting the contour in the w-plane by small semi- 
circles about the singular points on the real axis, and then letting 
the radii of these indentations tend to zero. Alternatively we can 
take the contour in (4) to be py =e instead of y= 0, then let 
ée 0 after evaluating the integral. We find in this approach 
that at a discontinuity of amount « in 69 at the point gy = a the 
correct meaning to give 05(p) dq is 


d90(p) = 9(7) dy = tim d tan-1 ( tose ) = = dU(p — a) 


TT e+0 E 


= — dp — a) dy (15) 
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where U(y — a) is the unit function and d(g — a) is its derivative, 
the delta function. 

If O9(~) is a step-function with discontinuities in magnitude of 
am at Yn, m= 1,2,... N, then the Stieltjes integral in (14) de- 
generates to the sum — I/z ¥ ay In (w — Pn), and we obtain (1) 
as a special case. Our proof of (2) is now complete. 

From fig. 2 it is apparent that 6(y) cannot be chosen arbitrarily, 
but must satisfy 

[ d0o(y) = 2x — B. (16) 
Where 9 is continuous we write d69 = 6)(y) dy. in (14) and the 
required mapping function follows from a knowledge of 69 = 60(q) 
and two integrations. In practical problems however it will be the 
shape of I’ that is known, and not the relation 6o(v). This case 
is somewhat more difficult and is considered in § 3. 
From (14) it follows that 


Z= Zp + x fexp|- fin (w — q) dA0(¢) dw, (17) 


where zy is the value of z at the point P. The value of the factor K 
depends on the scale of the mapping and the orientation of the 
contour J" in the z-plane. Its value will be fixed if two other corre- 
sponding points, say zo and wo are assigned. Thus for the unique 
definition of the mapping we have to assign the two correspondences 
Zp > oo, and 2% — Wo. 

An alternative method of determining the modulus of K is 
frequently useful. For simplicity consider the case in which no 
points of I’ are at infinity — the general case can be treated by 
a similar method. If s is the distance measured around J’ in an 
anti-clockwise direction from P, i.e. from gy = — oo, we find 
from (17) and (18) that 


) co 
s(p) = iK\ [exp si + fin lp* — | dOo(¢*) | ay (18) 


and 


co 


b= 1 ex — + fim |p* — —| dO0(¢*) | ae (19) 


= 00’ —oo 
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where J is the length of J’. Thus, for a given distribution 99(¢), |/.| 
is directly proportional to J. 


§ 3. The basic integral equation of mapping theory. Knowledge 
of the shape of J” enables us to compute its intrinsic equation 
s = s(0), and hence its radius of curvature k = s’(#). On y = con- 


stant 
Kraan | lx \2 dy \2 
=| eel (eee 
dp dy | | dy dp J 


ds ds do : 
= = =? = R69). (20) 
g dp do de 


On I’ at w = g the real part of (14) yields 


1 l 
In — = In|K| ——|1n jp* — 9) d0o(p"), 
g 7 
and combining this with (20) we arrive at the basic integro-differ- 


ential equation for 99(~), namely 


y < , 
In 65(g) = In |K| — In R{Go(9)} — — | 6(@) In jp* — | dp*, (21) 


where |K| itself is a function of 99(~) determined by (19) when I’ 
is finite, and an equation similar to (19) in the general case. The 
function 94(~) can be a delta function at a finite number of points 
in the range. 

When I is finite, we have 


. r rie 
indsr)=In[ fexp | ~~ [os inig*—al der | ] ~~ oot 
l 7 ; 
~—[o6(o") m jp* — gl dg, (22) 


an equation quite beyond the standard methods of solution. 
Numerical or iterative methods must be employed. When 69(¢) 
is found from (22) it is substituted in (14) to give the required 
mapping relation. 
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Probably the best method of solving (22) is as follows. First I 
is approximated to by a figure comprised of sections over each 
of which 6 () has a constant value, ice. 0(v) is a step function. 
When the constant value is zero the section will be a straight line, 
otherwise it will be curved having a slowly varying curvature. 
Convergence of the integral in (22) requires that we choose O5(¢) 
to vanish in the intervals bounded by g = — oo and @ = oo. In 
practice we can start with an approximating polygon, then round 
off those corners not corresponding to corners on /" by giving 
9,(~) a non-zero value over intervals containing these corners. 
If 6)(~) =k in the interval go — 4a < p < yo + 4a containing 
a corner of the polygon corresponding to a discontinuity in 9 
of 7 in this interval, then a and k must be chosen to satisfy 7 = ak: 
Other choices of 9(~) are of course possible (see § 4), and with 
experience it is not difficult to select 05(p) so as to obtain a fair 
approximation to I’. 


Fig. 3. Approximation to a curved contour. 
L; 
approximate polygon, 
weatenrenete nena rounding off. 


Denote the approximating curve by /%, and let 61(p) be the 
known distribution of 6 on J). Also let the length of J be equal 
to J, the length of the given curve J’. Then the substitution of the 
function 6;(~) in (18) and (19) gives the corresponding function 
si(p). The next step is to make the approximation s(p) = s1(¢) 
(we have already set s(oo) = / = s1(00)). Then from the known 
relations R(s), 0(s) on J’ we find the approximate functions Ra(¢p), 
O2(p) and 6,(p), using our approximate s(?) relation. With R2(9) 
and 6;(q) in the left hand side of (22) we obtain anew approximation 
for 0,(y), say 95(¢), from the left hand side of (22). This is now 
inserted in (18) and (19) to yield the corresponding function s3(¢) ; 
we then set s(p) = s3(g), and so on, until the process has converged. 
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From the author’s experience it seems that convergence is 
always quite rapid, and if J; is reasonably close to /’, the contour 
resulting from the distribution 93(~) will be undistinguishable 
from I’ for practical purposes. 

A similar method can be applied to the case when J" has some 
points at infinity. In this case a separate si(y) function has to 
be derived for each section of J’, and of course s has to be measured 
from some point on J’ close to, but not at infinity. 

In all but the simplest cases the integrals in (18), (19) and (21) 
have to be evaluated numerically, but once a numerical scheme 
has been worked out for one example subsequent problems can be 
handled quite quickly. 


§ 4. Mapping points within I on to infinity. If a point P within I’ 
is to be mapped on to the point at infinity in the w-plane then J’ 
must map on to a finite section of the real axis of the w-plane. . 
Let this be —a< <a, then the lines gy = + a4 correspond 
to opposite sides of some curve AP, where A lies on I’ (see fig. 4). 


A_A' 


w- plane 


Fig. 4. Mapping a singly-connected domain onto a semi-infinite strip. 


Curves y = constant must enclose P, which is the “‘curve”’ y = oo. 
Thus the domain within J’ maps on to the semi-infinite strip 
One tp So 6S, aes pied: 

Each complete cycle about contours y = constant increases 
g by 2a, so that the domain within I’ can be regarded as being 
mapped on to each of the strips 0 < py < o, (2n—lha<y< 
< (2n+ l)a,a=0, +1, +2, ... + oo. Therefore the boundary 
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value 40(y) is periodic over — co < P < , Le. satisfies O9(y) = 
= 90(y + 2a). Using this condition in (13) we get *) 
Nop (0, 
a arth hin 5) | aol?) 
dw % N>on=NJ 9+ 2na—w 


—@ 


Using a well-known result for the limit of the sum in this equation 
we arrive at 


dr l | was 
“P eccae ed Cae (p — w) d60(¢9). (23) 


—a 


Integration now gives 
a 
=nk-—+|1 in — (w — ¢) dé A 
T n =] in sin A (w — ~) dO0(9), (24) 
which is the required generalization of equation (2). The special 
form taken by this equation when J’ is a polygon, and the integral 
degenerates to a sum is due to Bickley 2). 

This equation is particularly useful for the mapping of nearly 
circular domains, which occur frequently in practical problems. 
First consider a circle of radius R, centre z = 2. If zo is mapped 
on to w = oo, then by symmetry 6’(¢) will be constant, and clearly 
equal to 27/2a = z/a. Substituting this value in (24) and evaluating 
the constants we arrive at 7 = In (itaR/a) + inw/a, so 


z=%2% + Re™, (25) 


With nearly circular domains we can set s/l = y/2a in order to 
commence the iterative process described in § 3, and furthermore 
we can take advantage of the fact that 0’(~) — z/a will be small 
over most of the range —a< p< 4. 

It is sometimes useful to map these domains on to unit circle 
in the ¢-plane by ¢ = e’”’", (cf. (25)), but in most applications 
the semi-infinite strip in the w-plane is more convenient. 

The value of z», i.e. the position of the point P which is mapped 


*) Note from the equation preceding (12) that the meaning to be given to 


co R 
fis lim /f , i. the Cauchy Principal Value at infinity. 
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on to w = oo, can be found from 
a 


eae: [eo de, (26) 


after the integro-differential equation implicit in (24) (derived 
as in §3) is solved. Equation (26) follows by taking the limit 


w —> oo in 


which follows from Cauchy’s integral for z(w) in the upper half 
plane, and the periodic nature of 2(g) (cf. (23)). 


§ 5. Doubly-connected regions. In order to map the region between 
two curves J’and J”, such as shown in fig. 5, into a suitable canonical 
domain, we first make it singly-connected by inserting a barrier AB, 


z-plane 


w- plane 


Fig. 5. Mapping a doubly-connected region onto a rectangle. 


then map the resulting region onto the rectangle — a < 9 < a, 
O<yp<h. In this rectangle r is an analytic function of given 
imaginary parts 4) on y = O and 6, on y = h and periodic in the 
y-direction, having a period of 2a. 

The solution to this problem can be derived by the same tech- 
nique as employed in §3 and § 4, but we shall omit the details, 
and refer the reader to a recent paper (Woods 5)), which contains 
the required solution in a slightly different form. Converting 
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equation (65) of the author’s earlier paper to the present problem 
we have 


1 beg th 
r= In K = * fim ay - x - (p w) th | d00(7) -- 
It a J 


2a 
] - : 1 th 
+ = | In | oF (p — w)|- ; | aon, (27) 


—-a 


where the notation employed for the theta functions is the same 
as in Whittaker and Watson’s text 4). Equation (27) contains 
the S—C mapping formula, and our earlier generalizations of this 
formula, as special cases. 

When the exponential of (27) is integrated to give a formula 
for 2(w) there will be four unknown constants appearing in the 
equation, namely k, a, h and one additional constant of integration. 
In general this will require that four corresponding points in the 
z- and w-planes must be specified for a unique mapping. 

By a calculation similar to that given in §3 we can derive a 
pair of simultaneous integro-differential equations from (27) for 
6,(~) and 6,(q), and these can be solved by the same type of 
iterative process as that outlined for the simpler case. 


Received 18th September, 1957. 
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PARTICLE STATISTICS 
IN X-RAY DIFFRACTOMETRY 


I. GENERAL-THEORY *) 
by P. M. DE WOLFF **) 


Philips Laboratories, Irvington-on-Hudson, N.Y., U.S.A. 


Summary 
Expressions are derived for the relative r.m.s. error o of diffractometer 
intensity measurements. The result for stationary specimens: 


o = 4R{sin 0/m wh Ners]?, 


with h = d(hp + hs) and Neze = cAd/pv?, is identical with the result of 
Alexander cs. 1), except for a slight difference in the numerical constant 
and in the definition of w. The value of this parameter is found to lie between 
eR + (wr, Ws)min (the last term indicating the smallest of the widths wr 
and ws) and «R + }(wr + ws); it reaches the latter limit in the case of 
integrated intensities being measured by totalizing counts while scanning 
through a line. For rotating specimens the particle statistics error turns out 
to be almost independent of w. The following approximative formula is 
established: o = 6.5R sin O/h(mNers)?, Showing that the factor of improve- 
ment resulting from specimen rotation is of the order of (h/w)?. 


List of symbols 
A area of cross-section of primary beam at the goniometer axis. 
c volume concentration in the specimen of the reflecting phase. 
€ rocking angle of the reflecting phase, in radians. 
hp length of focal line. 
hs length of receiving slit. 


io average absorption coefficient of the specimen. 

m multiplicity factor of reflection under investigation. 
ff measured intensity minus background. 

fi intensity contribution from a single particle. 


Nerf effective number of irradiated. particles of reflecting phase. 


*) Part. Il: Experiments, by P. M. de Wolff, Jeanne M. Taylor and W. Parrish, 
is in the course of preparation. 

**) Work done when on leave of absence (Nov. 1954-May 1955) from Technisch 
Physische Dienst T.N.O. and T.H., Delft, Netherlands. 
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R distance source-goniometer axis, distance goniometer axis-receiving 
shit. 
v volume of particle of reflecting phase. 


Wr apparent width of focal line. 
ws width of receiving slit. 


§ 1. Introduction. The use of direct intensity-recording diffracto- 
meters in many cases where formerly only photographic methods 
have been applied calls for a detailed study of random errors on 
account of two reasons. First, statistical fluctuations which are 
obvious at the first glance on a photographically recorded pattern 
may be very difficult or impossible to detect in a record obtained by 
direct scanning. Second, the high precision attainable by the latter 
method as compared with the photographic one sets a very low 
limit to the statistical error which can be tolerated if this accuracy 
is to be of any use. 

A paper by Alexander, Klug and Kummer}) contains the 
results of an investigation, both theoretical and experimental, of 
the statistical factors involved in the diffractometer. More recently, 
however, the rotating specimen device has come into use as a means 
of reducing random errors. The resulting reduction in random fluc- 
tuations is generally stated to be large, but no attempt at an exact 
calculation or measurement seems so far to have been published. 
This, then, will be the main purpose of the present paper. 


§ 2. General considerations. The following propositions will be 
used later on and may prove helpful to solve the powder statistics 
problem for any situation not included here. If the diffraction 
intensity J from a single power particle can be written as a product: 


J = filvr)fa(%2)fa(xa).-- (1) 
the f;’s being given functions of mutually independent variables %; 
(such as the orientation and position coordinates and the volume of 
the particle), then obviously 

J2 = (J)2r1rers---, (2) 

where 
re = P[(f)? = S dil) fi@dx|[/ Pie ho) de}?, (3) 
the bars indicating unweighted mean values over all particles and 
p;(x)dx being the probability for x; to lie between x; and %; + dx. 
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If the measured intensity J is obtained from a specimen con- 
taining N’ irradiated particles, the relative mean-square deviation 
o2 of I is 1/N’ times that of /: 


o? = [f2/(J)? = 1]/N’ = (rirara... — 1)/N’. 


Since the number N’ of irradiated particles in the specimen is never 
known, it is better to introduce N”’ as the total number of particles 
in an imaginary batch from which a small fraction is taken to form 
the specimen. Introducing also an extra /o-function in (1) equal to 
1 for those particles from the batch which happen to get into the 
irradiated volume and zero otherwise, we find fo = FP = AV ING; 
hence 79 = N"’/N, N being the mathematical expectation of the 
(not accurately known) number of irradiated particles in the 
specimen. The number N”’ being arbitrary, we may take it infinite- 
ly large and obtain 


Ouse im (+> 117273, ..- -1)| Nea = V1V2V3... (4) 
Actually, the contribution from a single particle cannot be ade- 
quately described by the above smooth function (1) since it may 
well average less than one quantum. There is, however, no inter- 
action between counter statistics and particle statistics. The former 
merely contributes to o? a term inversely proportional to J, which 
will be disregarded in the following. 

The dependence of o on the irradiated specimen area and on the 
absorption coefficient of the specimen can easily be found by 
applying (4). Since it has already been calculated by Alexander 
c.s. !), we shall merely mention the result: 


oe = (1/Nepp)’3% 475. eeati (5) 
where vg etc. refer to orientation parameters and 
Nete = (6/02) (cA/y) (6) 


is an effective number of irradiated particles depending on the 
average particle volume v and the volume concentration c of the 
reflecting component, as well as the average absorption coefficient yu 
of the specimen and the cross-section A of the primary beam. The 
latter is supposed to be intercepted entirely by the specimen. 
Equations (5) and (6) are valid for stationary specimens. That 
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they can also be applied in the case of rotating specimens, will be 
demonstrated in § 5. 


§ 3. Stationary specimen. The geometry of the usual parafocussing 
diffractometer is drawn in fig. 1 and will be described with reference 
to the “‘vertical’’ direction (parallel to the linear focal spot) and, at 
right angles to this direction, the horizontal plane. 


Fig.1. Diffractometer geometry, illustrating the vertical spread of lattice 
plane normals of reflecting crystals in a stationary specimen. 


a) Whether a lattice plane in a particle at P contributes to 
the measured intensity depends on the direction of its normal PN. 
The vertical component of such normals is most easily studied in a 
vertical plane FF’’SS” through the focal spot FF’ and the centre 
line SS” of the slit. If N is the intersection of the lattice plane 
normal PN with this plane, a ray coming from point F; in the focal 
spot and reflected at P will intersect the same plane in a point Sj 
such that Fy, N and S, lie on a straight line (namely, the inter- 
section of the plane FF’’SS” with the plane containing F,P, NP 
and S;P, the existence of which follows from elementary optics). 
_ Therefore no reflected ray can enter the receiving slit unless N is 
situated within the rectangle FF’’SS’’. We assume that focal spot 
and receiving slit have the same height 4 = FF” = SS”. The 
length of PN being R sin 6, we obtain for the vertical spread 6f of 
normals of contributing lattice planes 

6B = A/R sin 6. 
The fraction go of particles at P which contributes to the measured 
intensity is 
go = m ba 6B/4z, 


m being the multiplicity factor of the reflection and da the hori- 
zontal spread, i.e. the range of azimuth angles of PN (P being fixed 
and PN horizontal) for which reflection occurs. We shall charac- 
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terize this range by a new variable w = da and discuss it separately 
in § 4. 

If all reflecting particles contributed equally, a function fs could 
be constructed so that /g = 1 for contributing particles and fs = 0 
for non-contributing particles. Application of § 2 yields 73 = 1/qo0 
and, from (5), 


o2 = 1/qoNere = 40R? sin 0/mohN ese. (7) 


This formula is almost identical with the one derived by Alexan- 
derc.s.1) (If FF’’ = hp does not equal SS’ = hs, h should ob- 
viously be replaced by (hg + hs)/2). It might be criticized for two 
reasons, which we shall now consider in detail. 

b) The contribution of a particle, if not zero, obviously depends 
very much on the position of P and on the exact orientation of 
PN within the cone defined by de and 68. Even if PN is horizontal, 
the contribution will not be constant; it will be a maximum when N 
is situated in the central line FoSo. Thus we may assume, as a first 
approximation, that it is proportional to ($4 — NN’), N’ being the 
vertical projection of N on this central line. This distribution 
causes a factor f,(¢) = ¢ to enter into J, with (cf. (1)) £3(¢) = qo for 
Oot <i: p(t) = 0 for £0 and isd] sepa(0) a Copeviih 
i p3(t)dt =1 — qo. The corresponding r-factor is found from (3) 
to be 
13 = 3/90(3)? = 4/390 
and 

o2 = 4/3g0N eff. (8) 


It thus appears that a very radical change in the distribution of 
intensities may affect the statistical error only slightly (in this 
case by an increase of 15%). 

c) The picture drawn in 0) is still far from exact since it does not 
take into account various complications originating from normals 
PN inclined to the horizontal plane. For such normals the horizontal 
spread is larger than da as defined above. Also the intensity distri- 
bution is not as simple as in 6). On close inspection, again the latter 
effect (which tends to increase o) is found to have much less in- 
fluence than the increase in horizontal spread and, consequently, in 
the number of contributing particles (decreasing o). We arrive 
at o*-values between 1.33 and roughly 1.1. times 1/goNegf. It 
can therefore be said that, for all practical purposes, the following 
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modification of formula (7) is sufficiently accurate: 


o = 4R(sin 6/mwhN ez)!. (9) 


$4. Lhe horizontal spread. Alexander c.s.1) put the angular 
range dw of the azimuth of PN equal to « + wp/R, e being the 
rocking angle of the crystals. In doing so, they neglect the spectral 
line width as well as the receiving slit width ws. As a matter of 
fact, dw is a function symmetrical in wp and wy because the dif- 
fraction phenomenon is reversible. 


J SPECIMEN 


Fig. 2. Diagram illustrating the horizontal spread of lattice plane normals of 
reflecting crystallites at P. 


Taking into account the effects of spectral profile and of wg will, 
in general, result in hopelessly complicated formulae. There is one 
case, however, for which at least one of these effects, the spectral 
line width, has no effect, viz. the case of integrated intensities being 
measured by scanning through a line. Moreover, the geometric 
contribution to da then takes a very simple form: At any moment, 
the horizontal range of normals PN (P being fixed) is limited by the 
bissectrices 6; and bg of the angles F,PSy and FyPSyz between the 
ultimate rays just touching the edges of focus and slit (see fig. 2). 
The resulting range }(wr + ws)/R is fully effective because for 
- each normal within it, and for each wave length in the spectral line, 
the corresponding Bragg angle is realized some time during the 
scan, whereas the bissectrices }; and bg retain their direction 
relative to the specimen all the time. 
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Hence the only complication is the rocking angle, and the final 
result for integrated intensities being measured by scanning is 


da =. + d(wp + ws)/R 
or 


w= daR = eR + 4(wr + ws). (10) 


For peak intensity measurements, the range determined by 41 
and bg (fig. 2) need not be effective in full, since part of the normals 
within this range may correspond to wave lengths outside the 
spectral line. However, at the peak position it is certain that the 
central ray of the mean wave length through the smallest of the 
apertures wr and wg (to be indicated by (wy, wg)min) will be re- 
flected. It follows that all rays of the mean wave length through 
this smallest aperture are reflected, so that even for an infinitely 
narrow spectral line the geometrical range is at least (wp, Ws) min/R. 
Hence for peak intensity measurements 


eR + d(wr + ws) > w > eR + (wp, Ws) min- (11) 


§5. Rotating specimen: rough estimate of o. Consider now a 
specimen rotating about an axis through the centre O and normal 
to its surface (fig. 2). Such a device (a) allows many more crystallites 
to take part in diffraction, (b) profoundly influences the distribution 
of contributed intensity per particle. Just as for the stationary case 
we shall examine the numerical effect first. 

In order to reflect the primary beam, the normal PN of a particle 
should make an angle $7 — 6 with it. Since the angle between 
primary beam and rotation axis is 41 — 6, it follows that < FoPN 
upon rotation oscillates between limits on either side of this value 
and therefore must some time equal it: all particles pass through 
positions in which they reflect the primary beam, though the re- 
flection does reach the detector only for a certain fraction of the 
total number of particles (or for the present purpose (cf. § 2): a 
fraction of the effective number Neg defined by (6)). In order to 
calculate this fraction, we shall first assume that it is equal to the 
fraction of favourable orientations of PN for a particle situated at O 
on the axis of rotation. For this particle it follows from § 3 that it 
contributes when (cf. fig. 3) MN < 4h, because in the reflecting 
position MN is obviously vertical and therefore equal to its vertical 
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component NN’ which should obey NN’ < 4h. Hence the favourable 
orientations of PN fill a cone with height R sin 6 and base diameter 
h, the spherical top angle being approximately zh2/4R2 sin2 6. Thus 
the desired fraction is h2/16R2 sin 26, and o2 = 16R2 sin2 O/h2mN err 
or 

o = 4R sin 6/h VmN ey. (12) 


In this equation Nery is defined by (6). This may seem strange 
since the effective number of particles irradiated during rotation of 
the specimen is larger than the number (6) corresponding to a 
stationary specimen, except when the irradiated area is a circle. The 
paradox is solved by considering the focussing cylinder, that is, 
the vertical cylinder containing the focussing circle (fig. 3). All 
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Fig. 3. Diagram illustrating the conditions for reflection by a particle Pina 
rotating specimen. 


particles for which the lattice plane normals pass through a point Q 
on this cylinder reach their reflecting position simultaneously when 
Q, upon rotation of the specimen, arrives at Q’ in a narrow “‘Te- 
flection band’’ *) which runs vertically through the intersection T 
of the specimen rotation axis with the sphere. The density of re- 
flecting normals at Q, or any other point on the focussing cylinder 


*) This band is nothing but the horizontal spread of normals of reflecting particles, 
projected on the focussing cylinder. The advantage of using it rather than the horizontal 
spread is that, owing to the focussing geometry, the band (though fixed in space) de- 
termines the limits of reflection regardless of the particle position. 

The width 2u of the reflection band depends on source and slit width and on the rocking 
angle. The fact that it does not appear in (12) gives rise to the supposition that it will 
have very little influence on the actual statistical error. This will be proved in a more 

-quantitative way later on. The quastion which value of « should be used will be dis- 


cussed at the end of § 6. 
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in the neighbourhood of T, is therefore determined by the irradiated 
area of a virtually stationary specimen. The point T is an exception 
for which the-circular area irradiated during rotation is valid; the 
influence of this small singularity is, however, negligible. 

The reasoning just mentioned also shows the way to a more 
correct estimate of the contributing fraction of particles. All we 
have to do is to calculate which part of the normals through Q’ 
obeys NN’ < 4/ and therefore passes between the horizontal lines 
FS and F’’S”’, as a function of the distance TQ’. Integration of this 
expression leads to a relative r.m.s. error 


o = 4R sin 0/hV mNezs(1 + 4084 8). (13) 


The difference of at most 15°% with (12) does not justify this re- 
finement of anumerical theory which disregards enormous variations 
in the contribution per particle. We shall therefore stick to (12) asa 
first rough estimate based on the numerical theory. 


§ 6. Rotating specimen: influence of J-distribution. The concept of 
a “reflection band” through T is a very convenient one also for the 
purpose of computing the /-distribution. 

1) The total contribution of a particle is proportional to the time 
during which QO remains in a “reflection band” of the constant 
width 2v. Putting TQ = x, this time is found to be proportional to 

{(x) = arc sin u/x for x > u, (14) 
f(x) = 

2) Superposed upon this variation is the one discussed in § 38, c: 
the contribution depends on the length of NN’ and on the slope of 
PN when the particle is in a reflecting position. 

3) Finally, of course, this position has.to be such that the par- 
ticle is irradiated during the time it is able to reflect. 

The effects 1)—3) are interlinked by the condition that Q, N and P 
lie on a straight line (namely, the normal of the reflecting lattice 
plane). None of them is therefore strictly independent of the two 
others, so that the procedure of § 2 cannot be applied rigorously. 
However, the function f(x) defining the first effect has such a very 
sharp peak for x = 0 that we cannot be far off the truth in com- 
bining the smooth and wide ranges of 2) and 3) merely into the 
definition of an effective upper boundary s for x. For a particle 


bol 


7 for x <u. (15) 
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situated on the axis of rotation the limit is 5 — y4PQ/PN =$h/sin2 0. 

We shall adopt this as the effective boundary since for @ = 90° 
it is also equal to the real sharp boundary 4h; for small angles the 
approximation will be less good, but this case is not very easy to 
cover exactly anyhow. Therefore we apply (3) with the function 
(x) defined by (14) and (15) and 


p(x)dx = 2nxdx/ms2 = 2xdx/s2 for0 <x <s, 
p(x) =0 Otto sand <0 


Bearing in mind that s > w, we find easily for the integral occurring 
in the denominator of 7 (cf. (3)) 


s 


JS P(x) f(x)dx = 2u/s. 


0 
The numerator 


s 


[omremax ==) - fa m2. 2xdx + fe: a) 2xde | ae 


0 0 n 
s/u 


u2 betel hey fie | 
== —_ Ee oh 2| arc sin — tat | 
s? t 


L 


has been evaluated by putting arc sin(1/¢) equal to 1/¢ for # > 3 and 
computing the integral from ¢=1 to ¢=3 numerically. The 


result is 
s 


J b(x)f?(x)dx = [3.00 + 2 In (s/w) | (u2/s?) 
0 


a(er{s 
an (c ( )) Peo TS In (s/w). 


This brings us to the question which value of w shall be eed hed 
a given experiment. Strictly speaking the “horizontal spread is 
now not merely the sum of a geometrical range (such as given by 
by and be in fig. 2) and the rocking angle. The correct procedure 
would be to let the ‘‘reflection band” in fig. 3 correspond to the 
geometrical range and to smear out the point Q into a circular 
area corresponding to the rocking angle. We expect, however, that 
the first-mentioned additive procedure is sufficiently accurate, 0) 
that we may put 2u = daR/sin 0, d« being defined as in §§ 3 and 4 
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or, since w = daR, 2u = w/sin 0. Inserting also s = $/ sin? 6, the 
last v-factor applied to (12) yields 


o = 4R sin 6[0.75 + $ In(h/w sin 6)]4/hV mN egy. (16) 


Now a value of w below 0.1 mm or exceeding 1.0 mm will be very 
rare. For 4 = 10 mm and sin 9 between 0.25 and | this means that 
h/w sin 6 lies between 400 and 10. The corresponding values of »/7 
are 1.94 and 1.38. Hence a mean value 1/7 = 1.6, or 


o = 6.5R sin 0/hV mN off (17) 


is seen to cover almost every possible situation to within 20%. 


§-7. Discussion. Comparing the formula (17) for the rotating 
specimen with (9) for the stationary specimen, we find that the 
major difference is the replacement of (Aw)? in the denominator of 
the latter by / in (17). The “factor of improvement”’ resulting from 
rotation will therefore be of the order of (//w)?. Its actual value will 
in general be somewhat smaller because of the difference between 
the numerical coefficients. However, the difference in dependence 
on @ is to the advantage of the rotating specimen, so that for small 
values of 6 a gain in accuracy of even more than a factor (h/w)? 
may occur. 

In practical applications there will nearly always be a large un- 
certainty in Neg¢ because the effective particle volume is difficult 
to measure. Also the value of w is very uncertain, since it is the sum 
of one term (ef) which can hardly be measured independently and 
another which is a symmetrical but not always a well-defined 
function of source and slit-width. However, the value of w has very 
little influence on the particle statistics error for a rotating sample, 
so that at least for this case a quantitative test of the present 
theory can be envisaged. 

Finally, the author wishes to express his gratitude to Mrs Jeanne 
Taylor for much valuable criticism of the manuscript and to Dr W. 
Parrish for suggesting and helpfully discussing the problem. 
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THE ELECTROMAGNETIC THEORY 
OF THE SPHERICAL LUNEBERG LENS *) 
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Summary 

A solution has been obtained for the spherical or the three-dimensional 
Luneberg lens. The paper starts with a general discussion of the vector wave 
functions which can be used to represent the electromagnetic field in a 
radially stratified medium. It is then applied specifically to the Luneberg 
lens. Four essential vector wave functions are defined in terms of two scalar 
wave functions. One of them contains the confluent hypergeometric function, 
and the other involves a “‘generalized’’ confluent hypergeometric function. 
The latter satisfies a differential equation which can be obtained by a proper 
confluence of three regular singularities of an equation with five regular singu- 
larities. The confluence differs from the confluences employed to obtain the 
differential equations commonly encountered in certain branches of mathe- 
matical physics. It is, therefore, concluded that the “‘generalized”’ confluent 
hypergeometric function is an entirely new function which is not simply 
related to other well-known functions. The paper finally presents a number of 
important formulae pertinent to the problem. The solution to another class 
of stratified lenses is briefly discussed. 


§ 1. Introduction. The Luneberg lens!) is characterized by a 
refractive index which varies according to the relation 


v2 \t 


where is the refractive index, a is the radius of the outer rim of 
the spherical lens, and 7 is the radial distance measured from the 
centre of the lens. According to Luneberg’s original theory, which 


*) The research reported here was sponsored in part by the Air Research and Deve- 
lopment Command, Wright Air Development Center under Contract AF 33(616)-3353. 
**) Presently at Instituto Technologico de Aeronautica, S40 José dos Campos, Sao 


Paulo, Brazil. 
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is based upon the method of geometrical optics, the lens has the 
property of converting the radiation of a point source placed at the 
rim of the lens into a collimated beam on the opposite side of the 
lens. The original theory, of course, was not formulated as a boun- 
dary-value problem. 

An exact theory of the cylindrical or the two-dimensional Lune- 
berg lens has recently been obtained by Jasik 2). A brief dis- 
cussion of the problem of the spherical lens is also reported in his 
paper. 

The present work starts with a general discussion of the electro- 
magnetic field involved in a radially stratified medium. It is then 
applied specifically to the spherical Luneberg lens. The general 
expression for the electromagnetic field due to a dipole placed in the 
neighbourhood of the lens is derived. When the dipole is moved to 
the rim of the sphere, the condition corresponding to the excitation 
of the Luneberg lens is obtained. The scattered field produced by 
the lens due to a plane-wave incidence is obtained by removing the 
dipole to infinity. Both expressions are derived in this paper. 

In the course of this study a new function is encountered. The 
analytic nature of this function is examined in detail. Because of its 
close relationship to the ordinary confluent hypergeometric function 
it is designated as the “‘generalized”’ confluent hypergeometric 
function. The name is merely for proper identification. 


§ 2. Vector wave functions for a radially stratified medium. The 
electromagnetic field associated with a radially stratified medium 
has recently been discussed by a number of writers. A rather 
systematic treatment is given by Marcuvitz). Special topics 
involving rotationally symmetrical excitations have been discussed 
by Friedman 4), Nomura and Takaku 5). In the present work 
the vector wave-function method of Hansen and Stratton §) 
will first be extended to represent the fields in a radially stratified 
medium without any restriction upon the exact nature of the index 
of refraction and the symmetry of the field. The method is rather 
compact in form and offers certain simplicity in the algebraic 
manipulation of the various field components, particularly in dealing 
with the matching of the tangential fields in satisfying the boundary 
conditions when applied to specific problems. 

In a radially stratified medium where the dielectric constant is a 
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function only of the radial distance y measured from the origin of a 
coordinate system, the Maxwell equations in a source-free region 
can be written in the form: 


V x E = iouH, (1) 

V X H= — iweox(r)E, (2) 
V . [k(”)E] = 0, (3) 
Vi. HO: (4) 


where «(7) denotes the relative dielectric constant with respect to 
€o. The index of refraction n(r) is related to «(v) by the equation 


n2(r) = K(r). (5) 


It is assumed in the present work that the time dependence is of 
the form e~#“#, which has been omitted for all the electromagnetic 
quantities. By eliminating either H or E from (1) and (2) one ob- 
tains the following two vector wave equations: 


VxXV x E— kx«E = 0, (6) 
VK 
VxVxH——xVxH=Fx«H=0, (7) 
K 


where k? = w2weo, and it is implied henceforth that « is an abbrevi- 
ation for «(v). The fact that «E and H are both solenoidal vectors 
as specified by (3) and (4) is implied in (6) and (7). This can be shown 
by taking the divergence of the last two equations, and by applying 
the vector identities. 

Analogous to the problems of homogeneous spheres, two sets of 
wave functions will be defined which are general solutions for (6) 
and (7). | 

A. The magnetic or the transverse electric modes. The 
magnetic or the transverse electric modes are derived by assuming 
the electric field to be proportional to a vector wave function 


defined by 
M™ —V x (p™?), (8) 


where the superscript (m) denotes the magnetic type and 7 denotes 
the unit vector in the radial direction. By substituting (8) into 
(6) for E and evaluating the operator V x Voxel jan a spherical 
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coordinate system one finds that M™ is a solution for that equation 
if y™ satisfies 
E2y\m) Sr g ( * ce) BAY wey: ym ; 
or? v2 sin 6 06 v2 sin2 9 02g? 
+ keeym—0, (9) 


By applying the method of separating variables to (9), one finds 
that the general solutions are given by 


i ~~ ae cos 
yin, = Salr)Pm(cos 0) Se md (10) 


where P?"(cos 6) denotes the associated Legendre function. The 


radial function S nl) satisfies the differential equation 


Sn E ber deci, 1% 
dye + k2« Sh es (11) 


The general solution for (11) will be discussed later with « having 
the radial variation corresponding to the Luneberg lens. On account 


of (1) and (4) the vector wave functions which are appropriate to — 
represent the corresponding magnetic field would be given by 


: ph: ri es m | 
ee eeer : arte m ; a Bs - Ae 


0 
1 


i 


a ta ne ee 


ft 


ee eae arr Ts /. ee ee eer eee 
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and 
(m) eek te 1) cos 
Neen zs = Saka sin nO fae 

1 on (2: cos... mP™sin  , ] 

if y or 06 sin ewes sin 6 cos the 4) 
1 [S» 1 Sn ] 

ex Sf — r . 
k Lr2 &mn + mer Ue fan we 


The angular vector functions m, and Lh are defined by 
mn 


mP™ sin on cos a ' 
ie ; a 17 
enn sin 6 hee 06 sin Bes ( ue 
and 
i = m © 
1, = mn + IPR mg F (18) 


me) 


These angular functions, with different normalization factors have 

reviously been used by Morse and Feshbach”) for spherical 
problems, *) ce prcecnat ak of these functions are con- 
n the fe OoHoOwIng 


ae 7 =O. ies 
yh Se 
m)! 
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B. The electric or the transverse magnetic modes. The 
electric or the transverse magnetic modes are derived by assuming 
the magnetic field to be proportional to a vector wave function 
defined by 

Me —V x (pr), (20) 
where the superscript (e) denotes the electric type. By substituting 
(20) into (7) for H one finds that M“ is a solution for that equation 
if yp’ satisfies 


Oy le) ib ale dy) 1 oC ( 9 dy) ) we 
- si 
or? k dry or . v2sinf cO \ fli) 
] e2 (e) 
Ti) wel glee, (21) 


v2 sin? 0 dd? 
The general solutions for (21) are given by 


yp = Ta(r)P™(cos 6) °° » 


PU sin 


1d, (22) 
where T'n(v) satisfies the differential equation 


d2T, fod al 7 | E Re n(n + 1) ] Tn, =0, 
dr? k dr adr v2 


(23) 


Eq. (23) differs considerably from (11) when « is a function of 7. 
They become the same equation if «x is a constant. The vector wave 
functions which are appropriate to represent the electric field in 
this case are defined by 


l 
2) ies (e) 
Neem ae kt y “ bie (24) 
where 
Ot (ec A 
Me, Vos (Peran f). (25) 


0 
It can be verified that the functions N\? indeed satisfy (6) and an 
on™ 
identity similar to (24) exists, namely, 


1 
Me =—V x NO (26) 


oun k 


The long expressions for the two vector wave functions involved in 
the electric case are given by 


i; 
MY?) =—“m ize) 


oe Y 
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l Hf; mod; 7 
Neel: pes 1 Aelia at 
<mn kt v2 émn if O07 ( A a Sd : ee) 
where the angular functions are the same as previously defined by 
(17) and (18). In summarizing the above discussion one observes 
that the electromagnetic field associated with a radially stratified 
medium in a source-free region can in general be represented by 
the following pair of equations: 
E = ¥ (4nM;,” + BaN‘?), (29) 


”% 


H = 


— 2 (AnN;” + BaMy’), (30) 

wou on 
where the four essential vector wave functions are defined by (15), 
(16), (27), and (28). Here the subscript ” represents the two indices 
of summation. The functions may be even or odd. The formulation 
is onviously an extension of the Hansen-Stratton method to a 
radially stratified medium. The main difference is that instead of 
two types of vector wave functions, we need four in the present 
case. As mentioned previously, when « is constant the S, and Ty 
functions become the same; hence there is no difference between 
the magnetic and the electric type of vector wave functions. If we 
take the cross product of (29) and (30) with 7, the resultant equations 
become schematically the same as the two vector transmission-line 
equations discussed by Marcuvitz 8). 


§ 3. On the nature of Sn and Ty functions for the spherical Luneberg 
lens. The spherical Luneberg lens is characterized by a dielectric 
’ constant which varies according to the relation 


vy \2 
ana (2) O<r<a, (31) 
a 
where a is the radius of the outer rim of the lens, the centre of which 
coincides with the origin of the spherical coordinate system. When 
(31) is substituted into (11) for «, the resultant equation is trans- 
formable into the confluent hypergeometric equation. It has been 
shown by Jasik 9) that one solution for that equation, which is 
finite at y = 0, is given by 
Sn = prtle-e'/2ee1F 1 (a, Y, p?/pa), (32) 
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where p = hr, pa = ha, « = 3(n +3 — pa), y=nt 3. 1F'1(«, y, 2) 
denotes the confluent hypergeometric function or Kummer’s 
function 1°) which satisfies the differential equation 


2 
d?w ¢(Z-1)\ 2 -40= (33) 


For the analysis of the Luneberg lens with the exciting source 
placed outside or at the rim of the sphere, the other independent 
solution 

sc —y+1, 2— OF, 2) 


is not needed. It will be implied henceforth that the S, function of 
_ the spherical Luneberg lens is the one defined by (32). The vector 


wave functions M’” and N™ are thus defined into terms of 
: mn mn 
this function. 


When (31) is substituted into (23), the resultant ratio berame 
at Pecra 2p [em p2 _ a(n + 2, 

+ 3 — ae HS igaaiel ed 69 
ea p and pq denote, respectively, kr and ka. Let 


Tyee (2p? Te 2) Epnt] e-e?/2ea Uai- 2 (35) 
Then Un satisfies the equation . 


ee 
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Eq. (87) is similar to the confluent hypergeometric equation 
defined by (33), except that it has another regular singularity at 
% = az. The constants in the equation have purposely been so 
arranged in order to simplify the series solution discussed later. In 
order to appreciate more fully the nature of the solution to eq. (37) 
it is profitable to digress to a discussion of the general character- 
istics of this equation. Like the hypergeometric equation it has a 
regular singularity at z= 0 with exponents 0 and 1 — y11) and an 
irregular singularity at co. The exponents of the regular singularity 
at z= ay are equal to 3 and — $. In the theory of differential 
equations it is known that the confluent hypergeometric equation 
can be obtained by the confluence of two regular singularities of the 
hypergeometric equation. The confluence is more easily seen by 
starting with the Papperitz equation or the Riemann P-equation 12). 
It is, therefore, anticipated that the new equation defined by (37) 
perhaps can be obtained by the suitable confluence of a number of 
regular singularities of a second-order differential equation with 
at least four or more regular singularities. It can be shown that 
unless the constants «1, «2, and ag are related in a certain special 
way, in general, we need a second-order differential equation with 
five regular singularities to start with. The equation which fulfills 
this requirement is given by Whittaker and Watson }8), and can 
be written in the form 
d2u, she (Ea ea ey Mee! 


dz? r=1 Z— ar dz 


s C 
fat [att atc + my oes |u=o (38) *) 
II (z — ar) ivy f 
r=1 
where aj, a2, a3, and a4 denote the four regular singularities. Their 
exponents are 2, and A4,. The point z = oo is another regular point 
with exponents designated by yw and yw’. The constants A and the 


C;’s are given by 


4 
t = / 
a2 —[3—DAa+/)Je+A4=0, e=porp, 
r=1 § 
rk 
[fo eM EE aL 
II (ay — @s) 
s 
*) The constants A, B, C in the present equation are not the same as those in Whitt- 


aker and Watson’s equation. 


(Se OR SRR ee 
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The constants B and C are so far arbitrary. It is observed that 
because we have put (38) in a different form, the indicial equation 
for w and yw’ is also changed in its appearance. Equation (38) is 
most conveniently presented by using the Riemann scheme 
| Aa, a2 ag ag WF 
le Ah Ag A3 Aa pL A 
| Apes Age a ee 
In order to reduce (38) into (37) we first let 
Ue OP Ae ©; Ag ] = 


/ 


az = a2, Ip = 3, 4g = —}, 
which correspond to the two regular points and their exponents of 
(37). Without restricting ourselves to the exact procedure of the 
limiting process, if we assume then when ag and aq approach 
infinity 
fs =A, L 1A, — 2, 


>— |, 
a3 a4 
> 0, (39) 
a3ga4 
B { Ashy (ag — a4) Aghy(as = a4) sia 
: ; ? > finite, 
a3a4 a3a4 aa a3 


then (38) immediately reduces to the form 

d2u ( y ) du | B ) Ashsar 

SaaS] Bais ete ] es 

a5 z tk apa Ee OE 1 aan jaa ae: 


where f and 6 are two arbitrary constants. By rearranging the terms 
in the last brackets and introducing two new arbitrary constants «1 
and ag, we can write (40) in the form 

at (2 -1) il RR 
dz? dz z Z—a@2, (2 — ae)? 


which is identical in form to (37), observing that 


|u=0, (41) 


/ 
2s eae 3 
Az a= 2a2Ku3 = oe 


The foregoing discussion on the analytical nature of the function 
Un is simply to show that while the confluent hypergeometric 
equation is obtained by the confluence of two regular singularities 
of the Papperitz equation, the ‘‘generalized’”’ *) confluent hyper- 


*) This designation may not be the best one. 
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geometric equation as defined by (37) can be obtained by the 
confluence of three regular singularities of (38). It may be 
remarked that the above procedure is not the only way to deduce 
(37) from a more general second-order linear differential equation. 
An alternative procedure is to start with an equation of five 
regular singularities and with the point at infinity considered to 
be an ordinary point. The same result can thus be achieved *). 
It is, therefore, concluded that at least five regular singula- 
rities are needed to execute the proper confluence in obtain- 
ing (37). The foregoing discussion demonstrates the fact that 
analytically the differential equation for Ty is basically different 
from the differential equation for S, and no simple connection 
exists between them. It also shows that the “‘generalized”’ confluent 
hypergeometric function is an entirely new function which is not 
related to other well-known functions. 

For the Luneberg lens problem it is necessary to obtain a series 
expansion for Uz, hence T,, which is finite at z = 0. Recall that the 
two exponents at z = O are O and 1 — y, where y is greater than one 
for this problem. The series solution which remains finite at the 
origin is therefore associated with the exponent equal to zero. On 
the other hand, the exponent 1 — y leads to a solution which is 
singular at the origin. The desirable solution plays the same role 
as the Kummer function in (11). The series solution of interest is 
of the form be 


m=0 


By substituting (42) into (37), one finds that 


Arm 

Aiven y” 

Ag, wa(ei + 1) ee Pa 

Ay ~ yy+}) (y + l)ae ” (43) 


Ag 3! ylyt+ 1) (+ 2) 
i E= (~2-++ag) 2a1(a2-+ a3) etna 
a : 


os — 3 
3(y+2) 


(y+ 1)ae2 yag ay 


*) If one uses the nation of Ince (Ordinary Diff. Equations, pp. 497-504, Dover 
Publications, New York, 1944), (37) can be classified as of the type (0, 2, 12) which 
can be derived, by confluence of singularities, from the equations (8, 0, 0). 
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For m > 3, the coefficient can be obtained from the following 
four-term recurrence relationship: 

az(m + 1y{m + y)Amsu — ae[a2(m + a1) + 2n(y — m+1)|Am 

+ [2ae(o1 + ag + «3 +m — 1)+(n — 1) (vy + m— 2)\Am-1 


The series solution for Uy, converges uniformly and absolutely for 
\z| < ag or p < 2pq. Actually,in the Luneberg lens problem the 
values of p never exceed pg. It is observed that for large values of pa 
the leading term of Am/Ao is practically the same as the corre- 
sponding coefficient of the series expansion of the Kummer func- 
tion, which is given by 

ai gr a(a + 1) 2 

ane 

y y(y + 1) 2! 
a(x +1) («+ 2) 23 
yy + 1) (y+2) 3! 


Legon ys et . 


| 
I 


For example, when pz is large, 


ay wo = d(n + 3 — pa) 
and 
ag + ag S 
ag is 32p? ; 
The second term of Ag/Ao is, therefore, much smaller than the 
first term. It is very likely that for numerical work it may not be 


Fig. 1. Horizontal dipole placed in front of a spherical Luneberg lens, 
% = 2— (r/a)?. 


necessary at all to compute the U, function separately. The T, 
function, in view of (35), is then practically equal to the S» function 
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at p = pa. The same is true for the derivative of T, with respect to 
y when pg is sufficiently large. 


§ 4. Radiation from electric dipoles in the presence of a spherical 
Luneberg lens. The remaining part of this paper concerns the deri- 
vation of the formal expressions of the electromagnetic field as- 
sociated with the spherical Luneberg lens when the exciting 
sources are assumed to be made of electric dipoles. The treatment 
for magnetic dipoles is practically the same. 

Assume that a horizontal electric dipole of moment #, is pointed 
in the x-direction and located at 7 = b, 0 = a, dé = 0 as shown in 
fig. 1. The electromagnetic field due to the dipole in the absence 
of the sphere is given by 14) 


th3py > 2n + 1 


Ei a Wh 
4te n=1 n(n + 1) 
(1) i 
[A oop, — PEE TN <b 
Hie (45) 
| info), — Pentel wr 
Pb 
oo ATE ea a4 n(n £3 1) ; 
jy) \V/ 
Higa) NG, — PEON at, <b 
[po] (oa) my 
b b 
jnlpe) Nn Mein 7 
where 
pp = hb, 


COS's.— 
me =v x [rinlér)P4(e0s 0) Sa 
oO 

ND) ee x M'?) . 


6in Rk cin 


The vector wave functions of the third kind are obtained by 
replacing jn(kr) by hy)(kr). The primes in (45) denote the deri- 
vative with respect to the argument pp. Referring to (29) and (30), 
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we see that the scattered field in the presence of the lens, and the 


, 
Op OT 7 
es 


transmitted field inside the lens, must be of the form 
ik8py 2 n+ 1 | E 
Es =| : Sees n (m) p (1) (3), Fy “ 
Aste ae n(n + 1) (— 1) ) en Fin (0) Moin i 
W(yp)1’ 3 
fis on?) ee na] 4 
36 47) 
Rp qo an +1 ( 
He = — ee fp gD (Bu. 
re An est. n(n +. 1) ( ) on hh (0) Norm 
(1) , 
— ale) Lovin oo pa ; a 
Ee Mer os) PS 
| gen meee wT a tynd pig, ®), (m) 
Acre need n(n + 1) ( 1) 1A hy, (po)M or, i 
[poh{?’(po)]’ 
mo Bre caer) Ni, , 
(48) 


kp. Sivan Fl 4 
Pi me aT 3 a . 
= An os n(n + 1) ( | a a(n Po) Noin— | a 


he haces 


Malt See 
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one finds that the boundary conditions are satisfied when for the 
magnetic type 


1 le mares HENS eee MC 
5° (m) PD’ (m) co’ (49) 
Ry zt en R, rs ‘hip es 
and for the electric type 
Ri + até Rs = nla ; 
3= Pata (50) 
R, = eR = = por 
This gives 
(m) Ry ( Ry Sa rea Sa R; 8) 
Xn = a 
Rs \ Ry i Se R3 | 
(51) 
eB (EBS), | 
: Si Ry Rs | Se R3 ; 
wo R(X Ta) (Ze Bi), 
tao Cee” (52) 


Paes a ceanes Ny cena a 

+ fF RE Rs fae Rs : 
According to the original requirement of the excitation of a Lune- 
berg lens the source should be situated at the rim of the sphere 
corresponding to b = a. By combining E/ and ES and letting 6 = a, 
we obtain a rather compact expression for the total electric field 
due to the dipole in the presence of the lens, namely 


“ eh hf, = _ ayaa 2n + | 
OE Ae 1 n(n-+ 1) 
M®) N?) 
l oln at eln ; (53) 


" R3 (#2 ze.) (Zz qe. ny 
Raw Sg T, Rs 
The far-zone expression for E,,,,;, valid for large values of p, is 


obtained by using the asymptotic expressions for M) and Nv), 


namely 
ip 


: e€ 
Mi = (2) m 


o1ln? 


and 
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where p = kr, this gives 


: Repay D/e)P ty ae oe eer 
E far zone = aa seo) bike Oe ae amar 
n= v: 


wie (2%: =a | ( Ta Ry :) ' 
Ret Sy ie eiey 

The terms within the summation sign can be used to compute the 
radiation pattern of the spherical Luneberg lens. The numerical 
work, however, has not yet been done and will be reported later. 
If we let 6 approach infinity, then the problem reduces to the 


incidence of a plane wave upon the lens. The relation between the 
amplitude of the plane wave and the various parameters is 


h2p,etko 


Aneb 


ho = 


The total electric field for 7 > a is then given by 


ie 2n + 1 
Be 0) eee 1) [(M Ne on” MiF),)— i(N rio aeee Nain] (55) 
where the «’s are the same as defined by (51) and (52). The part 
without the «’s is simply the series expansion of the plane wave 
E‘ = @Eoe**2 15), The terms containing the «’s represent the scat- 
tered field. 

Although from the practical point of view a Luneberg lens prob- 
ably will never be operated with a radial dipole as an exciting source, 
for completeness the expression for E’ corresponding to a radial 
dipole placed at 7 = b, 6 = z has also been derived: 


ik2p, © 


_ (e) 
Ee = Ameb = ( 1)” (2 “i 1) oxi? hi (po) NU, Py 
| tS (e (3) Pe 
epee a n e). 


where #, denotes the moment of the radial dipole, and 


l 
Ni) = at x V &X [rjn(kr)Pn(cos 6)F). 


The coefficient «{ is the same as the one previously defined by 
(52). This completes the derivation of the fundamental formulae 
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involved in the electromagnetic theory of the spherical Luneberg 
jens.) 


§ 5. Other stratified lenses. The method which we discussed in 
§ 2 can be used to investigate a large number of radial stratified 
lenses. Among them we may mention the Maxwell fish eye, and 
the (A + B/r) lens of Luneberg 16), In general, we arrive at two 
scalar differential equations for Sy, and T,, which form the central 
core of such an investigation. As an example, we will conclude this 
paper with a brief discussion of one type of lens, the dielectric 
constant of which varies according to 


2m 
«= (2) . (57) 
a 


Such a variation has previously been investigated by Nomura and 
Takaku !”) in their study of wave propagation in an inhomogene- 
ous atmosphere. The differential equations for Sy and T, become 
the special cases of Malmstén’s equation 18). When (57) is substi- 
tuted into (11) and (23) one finds that the solutions are 


pmti m+ 
=p? Se Oe = aa 58 
Sn in eenoie | : wa t (68) 


and 
oo ] TION BST eS 


Pam hy | ack ips mi 


provided that m ~¢ — 1. The case corresponding to m = | gives a 
distribution which would produce a cylindrical phase front ac- 
cording to Eaton’s investigation based again upon the method of 
‘geometrical optics 19). It would be interesting to obtain some nu- 
merical results based upon the present formulation so that the 
exact characteristics of such a lens can be revealed. For the case 
m= —1, (11) and (23) reduce to homogeneous differential 
equations. The appropriate solutions for S, and Ty, are simply 


*) A report by C. H. Wilcox (Tech. Report MSD 1802, Does Aircraft Corp. 
June 1956) has recently come to the attention of the author. In this report the problem 
of the diffraction of a plane wave by aspherical Luneberg lens is aye The result of 
course compares with the one obtained here. Wilcox obtained an gal for Tn(*) Ix 
directly, and he remarked that the series is useful when ae argument is sutticicntly 
small. In obtaining numerical results it would seem more profitable to determine T (2) 


from the expansion of Up(x) introduced here. 
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Sn = p' sin {[4(p2 — n2 — n) — 1] In p}, (60) 
Tn = p~? sin{[4(p2 — n2 — n) — 1]? In p}. (61) 


Numerical calculation based upon the inverse-square-power lens 
is relatively simple and may show some interesting characteristics 
which, after all, may not be too much different from the Luneberg 
lens. This is, however, merely a conjecture. 
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TWO CAPACITIVE WINDOWS 
IN A RECTANGULAR WAVE GUIDE 


by H. BOSMA 


Laboratorium voor Theoretische Elektriciteitsleer der Technische Hogeschool, Delft, 
Netherlands 


Summary 


The behaviour of two capacitive windows in a rectangular wave guide, 
located at small distances apart in comparison with the wave length, is 
investigated. The three-dimensional problem is reduced to a two-dimensional 
one. Two simultaneous integral equations for the electric field intensities in 
the apertures are derived. A solution for these unknown quantities can be 
obtained, representing them by a Fourier series and approximating the 
kernel functions. Expressions for the reflection and transmission coefficients 
are given. Absolute values of the transmission coefficient are obtained, both 
theoretically and experimentally. 


§ 1. Introduction. The investigation of the behaviour of obstacles 
in wave guides gives rise to complicated problems. During the last 
decades much work has been done in this field. Most of these studies 
have been done at frequencies in the usual bands of commercial 
wave guides. For instance, the influence of a capacitive window on 
the field in a rectangular wave guide is at the moment rather 
well-known 1) 2) 3). 

All these cases deal with only one propagating mode, viz. the 
TEo1-mode; all other modes are assumed to be evanescent. At some 
distance from the discontinuity only the principal mode is domina- 
ting; the influence of all others may be neglected. 

If obstacles are located at arbitrary but not too small distances 
apart (compared with the wave length), their behaviour can be 
described by using the well-known transmission line equivalence 
theory. In calculating the interaction of a number of these obstacles 
one only has to take into account the reflection and transmission 


coefficients of the propagating mode. 
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The present paper is concerned with the properties of two 
capacitive windows located at small distances apart. In this case 
the calculation of the interaction is complicated, since all the 
evanescent modes, excited. by the obstacles, have to be taken into 
account. In fact, there is a mutual influence of the two obstacles, 
a kind of coupling between them. 

We restrict ourselves to the commercial wave guide with rect- 
angular cross-section and its normal frequencies. The incident 
wave is the 7Fo,-mode; all other modes are assumed to be evanes- 
cent. The field quantities are harmonic in time via exp(— 71). 
Furthermore, we suppose the medium in the wave guide to be 
homogeneous, isotropic and without dielectric losses, whereas the 
wave guide walls are assumed to be perfect conductors. The edges 
of the apertures are parallel to the long side (a) of the wave guide. 


Fig. 1. The investigated constellation and the coordinate system used. 


The electric field intensity of the incident wave is parallel to the 
short side (b) and hence perpendicular to the edges. 71,2 denotes the 
screens and oj,2 the apertures of the windows. The windows are 
located at z = —/ and z = + / respectively, their distance thus 
being 2/. The short walls of the wave guide lie in the yz-plane at 
x = 0 and « = a and the long walls in the xz-plane at y = 0 and 
Vireo tie 11.) 
§ 2. Basic equations. At each point in the rectangular wave guide 
the electromagnetic field quantities satisfy Maxwell’s equations 
curl H = — iwcE, (1) 
curl E = touwH (2) 
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and the equations 


Gi == 0; (3) 
div H = 0. (4) 
Introducing ¢) the Hertzian vector I* — II* (%, V7, 2) via 
H = curl curl II* (5) 
and 
E = toy curl I* (6) 
and a scalar ®* = @*(x, y, z) such that 
| @* — — div II*, (7) 
II* satisfies the homogeneous wave equation | | 
(V2 + k2)II* = 0, | | (8) 
a 
| = we = (2n/A)?. (9) 


Since the obstacles are cylindrical in the x-direction and the 
magnetic field intensity of the incident wave has only an x- 
lan eae the total ‘held can be expressed in terms of a one- 
fie : = Hig. | (10) 
hermore, pe ceria, is the s same as ig! of the ineidlen 


ay 


; Hence i fetes vj 
oom Bed. ne Dalaait ray A. | ) | 
* a4 is 5 es Hae x . idee A , / 


; ie, 
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E.(ha, y, 2) = — iwp(éplez), (19) 
H,(4a, y, 2) = hog, (20) 
H,,(4a, y, z) = 0, (21) 
H,(3a, y, 2) = 0. (22) 


The three-dimensional problem has now been reduced to the 
two-dimensional one of two capacitive screens between two infinite 
parallel planes, located at y = O and y = 0. 


§ 3. Derivation of the integral equations. In order to derive integral 
equations for the aperture distributions we apply Green’s theorem 


. f{GA2,972911,2,3) — 9'1,2,3)V2G0,2,9)]dSy 9.5 = 
15253 
ee cee ie, = g'ts2,3) (6G 12,3) /n)|dCj,2,3 (23) 
15253 


to the regions to the left of the obstacles (1), in between (2) and to 
the right of them (3) respectively (fig. 2). In (23) S1,2,3 is the domain 


Fig. 2. The three regions to which Green’s theorem is applied. 


bounded by Cj,2,3 and ‘l+2,3)(y, z) is the unknown function. The 
Green’s functions, G+2,3)(y, z; y’, 2’), must satisfy the inhomogene- 
ous wave equation 


[22 /ay? + 2/622 + hgjGt2.9(y, z;y', z)=—dly — y',z —2'), (24) 


where 6(y — y’, z — 2’) denotes the two-dimensional Dirac delta 
function. The boundary conditions are 


AG'L2.3(y, zy’, 2')/@y = 0 at y= 0,b, — 00 <z < oo, (25) 
@G12 (y, 2; y', 2’)/éz=0 at z=—1, O<y <b, (26) 
CGMS) loscas a) ogee =O ate aed Oe Wile oe (27) 


Moreover, G3) have to satisfy the radiation condition in the 
appropriate region. A procedure analogous to the one used by 
Lewin 5) gives 
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co 
, , . En 
Stas Vk) = 2 2) - cos(nzy/b) cos(nay'/b) x 


n=0 Qbhin 

X {exp[thn|z — 2'|] + exp[— tha(z + 2’ + 21)}}, (28) 

Lea 83 8 y= on oii i. cos(nay/b) cos(nay’/b) x 

; exp (?2hnl) 
<x {exp [thylz — z t 
Lexp [Hn = seas [cos(An(z + 2’)) + 

+ 08 (iinlz — 2\)J} (29) 

GO(y, 25 y', 2’) =4 Ses Sm cos (nay/b) cos(nay’/b) x 
xX {exp[thn|z — 2’|] + exp[thn(z + 2’ — 21)]}, (30) 

where 

h? = h?2 — (an/b)2 (31) 


and €, is Neumann’s number: ¢9 = 1, ¢, =2 (w 21). Corre- 
sponding to (14) we assume 


POE? (yep = y fn’ (2) cos(nay/b) (32) 
n=0 


and 
f2-?3)(2) = C23) exp (thnz) + DO) exp(— thnz). (33) 
From the fact that the incident wave comes from the left and 
consists only of the TEo1-mode there results C!) = 0, m = 1, 2, 
3, ... and, as the wave guide is supposed to be matched to the 
right, D®) = 0, » = 0, 1, 2, .... Furthermore, we put Ch eel: 
Since E, is continuous at the apertures and vanishes at the screens, 
(18) gives 


Mi(y) = [ep (y, 2)/@z]2--1 = [2p (y, 2)/Oz]z=-1 (34) 
and 
M2(y) = (ep! (y, 2)/@z]z=-1 = [Op (y, 2)/2z]e=1, (35) 
where | 
= 0, if ye 71, 
Mi(y) | yy 0, if y € 01, (36) 
and 
= 0, if yer, (37) 
Maly) lz 0, if y € 02. 
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Substitution of these results into (23) gives 


PY, 2) = = exp(ihior) + exp[— tho(z + 2/)] + 


+ SEM, 259, —D Mao dy’, BB) 

py, 2) = —fGXy, 2: y', —DMirly')dy! + 
4+ (Gy, 2:9", )Maly')ay’, ao) 
02 F 
p(y, 2) = —fCRMy, 2: y', )Maly')dy’. (40) 
0» a 


In these equations Mj(y) and Moa(y) are the two unknown func- 
tions to be determined. The continuity of H in the apertures leads, 
with (20), to the following simultaneous integral equations in M4(y) 


and Mo(y): j 
2 exp(— thol) — “Basin zig. 18009 ‘\dy’— It Ki(y; y')Mily’)dy’= : : 
See es | Moly’ re _[ rw: ems )dy’, | (41) 
anos | ody’ 2 |b y')Ma(y")dy a 
a — SEB fan Wy women (2) 


} By cces = is sit ie) 
where i = and nd Rely; je are even — | “4 
» ry ? a - as , 2 5 


ee eT eee ee ee Oe 
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where y» is real if m => 1, we can write for (43) and (44) 


Ka(y; 9’) = (2/22) In |2[cos(xy/b) — cos(xy’/b)}| 


Bens id) ty ide (eury |) 008 oeey’/B) (46) 
n=1 
and 


Ka(y; y’) = — 5 (4la)E cos(nay/b) cos(nay'/b). (47) 
In these expressions 
An = m-U{[1 — (hob/nz)2)*.[1 — exp(— 4ynl)J-1—1} (48) 
and 
En =n 1[1 — (hod/nz)?|+ . [1 — exp(— 4ynl)]1exp(—2ynl). (49) 
Investigation of these expressions teaches that A, = O(n-) and 


En = O[n-! exp(— 2nzl/b)| as n — oo. Therefore, the series in (46) 
and (47) are rapidly convergent. 


nmetrical windows with aperture widths d, and dz for 


G 
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Further, let 
Te 


on = (2/z) f cos[r arc COS(%» cos w’)] cos(mu')du’. (54) 
Some values of 1; om are given in table I. 


TABLE I 


(n) 
I ur 


~~. We now assume U,(w) to be a Fourier series of the form 


U,(u) = 5 Ay,n COS NU. (55) 


n=0 
Substituting all these expressions into the integral equations we 
obtain two identities in w in the interval 0 < « < a, which lead to 
two infinite systems of simultaneous linear algebraic equations in 
the coefficients @1,, and dg,n, viz. 


2 exp(— ih) — | SPE TE + op monies i 
+ on) A,Te) im neers etal eer ee 
: 1 P is | * us 
‘ : : “ho sin. 2hol aut cs Use z Ba ae Ee tam, F ‘2 a 


4 
th. aT — = 
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The method followed can also be applied in the case of un- 
symmetrical and non-identical screens, but the work involved is 
tiresome. 


§ 5. Reflection and transmission coefficient. Substitution of (55) 
into (38) and (40) leads to p(y, z) and '3)(y, z) expressed in terms 
of ai,n and a2,,. With these expressions, together with (18), also the 
y-component of the electric field intensity can be expressed in terms 
of ay, and az,n. Since we are only interested in the behaviour of the 
field at some distance from the windows, we obtain for the reflection 
and transmission coefficients 


R = —{[exp(— 72hol) + 1(a1,0/ho) exp(— thol) | (60) 
and 
T = — 1(a2,9/ho) exp(— thol). (61) 


Consequently, in order to find the values for R and T, only a1, 
and az,9 need be solved from (56) to (59). 


§ 6. First order approximation. So far, this study has been re- 
stricted to symmetrical windows in order to reduce the work 
involved. As a further simplification (for the same reason) we now 
restrict the problem to two symmetrical and identical windows. In 
this case 

Ky == oo =o (62) 
and, hence, 
Tae ede (63) 


Since the windows are symmetrical, the coefficients of U,(u), 
v = 1, 2, with odd values of m vanish. Introducing the expressions 


exp(— 72hol) 


= 2b/z) In 64 
res, Pan ipa ek ee) he oe 
and 
B = [ho sin 2hol|-+ (65) 
and taking A, = dg=... = 0,E4= E, =... = 0, the equations 


(56) to (59) can be written as 
a1, .Ael PT?) = az,obol Pp Iy” + 
eras Sth A Aa(EP)7] — ag,pHalls')2 = Oiieg s(C6) 
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ay, oLl PI? a a2, cAI PT?) a 
+ a1,2Eo(IP))? — ae,2[3 + Aa(Zy’)?] = 0, (67) 
a1, — (b/m)As Ee ir a2,o[B — (b/m)Ea(I9)2] + 
— a},2(b/a)Ae MOT?) + ag o(b/m)E als M7) — 2exp(— thol), (68) 
a1,9(/B — (b/a)Eo(I?)2] — a2,o0lA — (b/)Ao(IS)2] + 
== a,2(b/a)Eol? I?) +. a2,2(b/m) Aol I? AQ), (69) 


From these equations a1,9 and dz,9 can be determined. 

Since Ag and EF» are small compared with unity, we only retain 
the first power of these expressions. Substituting the values of 
a1,9 and az,9 into (60) and (61) we obtain the approximate reflection 
and transmission coefficients 

(b/x)Aa(IS?)2 
~ 14 4A,(T2)2 | 

R=—exp(—72h9l) 11+72 : see de —BE, [ (70) 
he [4 iy 1 + 4A2(12): 


and 
(b/) E2(Iy)? 
14-449(12)2 
(2b/z) (A4g—BE2)(I})? ] 
1+4A (IP)? | 


T = —i2exp(—i2hol) . 


(71) 


ho | (42 B?) 


§ 7. Numerical and experimental results. For one particular 
frequency the absolute values of the transmission coefficients are 
calculated with the aid of expression (71) as a function of the 
window parameters / and d. These values are a measure for the 
transmitted power in virtue of 


Po 


é 


= |Z", (72) 


where P; is the power of the incident wave and Po of the outgoing 
one. The calculations are done for the following values: Aj = 
= 10.00 cm, dg = 13.74 cm, a = 7.21 cmand b = 3.41 cm (a and b 
are the width and the height of the commercial 10 cm-band wave 
guide respectively). The numerical values for the different distances 
between the windows 2/ and the various widths of the apertures d 
are tabulated in table II. 


TWO CAPACITIVE WINDOWS IN A RECTANGULAR WAVE GUIDE 141 


TABLE II 
ia et 
Calculated transmission coefficients 
SE 3 - 
- f 2l x ; y 
mm Ag/32 Ag/16 Ag/8 Ag/4 Ag/2 Ag 
| 
1 0.32 0.74 0.70 0.23 0.32 0.32 
2 0.37 0.69 0.97 Oee 0.40 0.40 
4 0.45 0.75 0.98 0.60 0.52 0.52 
6 0.58 0.81 0.95 0.86 0.62 0.62 
10 0.66 0.87 0.94 0.93 0.75 0.75 
15 0.83 0.93 0.94 0.98 0.88 0.88 
20 0.92 0.97 0.98 0.99 0.99 0.99 
25 0.99 0.99 1.00 1.00 0.99 0.99 


In these calculations it appears that in the most unfavorable 
case Ey = 0.3 and Az = 0.15, whereas in most cases these quantities 
are of the order of magnitude 10-2 or smaller. Therefore, we may 
conclude that the approximations made are justifiable. 


TABLE III 


Measured transmission coefficients 


d al 
mm Ag/32 Ag/ 16 Ag/8 Ag/4 Aq/2 dg 
1 0.29 0.85 0.45 0.28 0.35 0.29 
2: 0.34 0.72 0.80 0.38 0.47 0.39 
4 0.43 0.73 1.00 0.57 0.52 0.47 
6 0.53 0.78 0.97 0.76 0.58 0.57 
10 0.71 0.87 0.95 0.93 0.75 0.75 
15 0.85 0.94 0.97 0.99 0.89 0.89 
20- 0.93 0.97 0.98 0.99 0.96 0.96 
25 0.99 0.99 1.00 1.00 0.99 0.99 


In all these cases the transmission coefficients have been mea- 
sured too. These results are shown in table III. The results of tables 
II and III are represented in figs. 4, 5 and 6. There happens to be a 
rather close agreement between the theoretical and experimental 
results. The differences observed between them may be caused by 
e.g., the approximations in the theoretically obtained values, the 
finite conductivity of the screens and the wave guide walls and the 
finite thickness of the obstacles. 

On account of the remarkable behaviour for small distances be- 
tween the windows the transmission coefficients are also calculated 
for 21 = Ag/16 and still smaller apertures. These values are to be 


found in table IV and fig. 7. 
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3b ~ 
U : Z dfcm) 


Fig. 4. The absolute value of the transmission coefficient as a function of 
ee aperture width taking the distance between the windows as parameter: 

2 Ag/32 and 2] = d,y/16. The solid lines are the theoretically obtained 
* results and the dots the measured values. 


_—S a, a 
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6) The expressions for the transmission and reflection coefficients 
obtained in this way are sufficiently accurate for practical purposes. 

c) On account of the particular behaviour for small apertures 
in the windows it may be useful to analyse the investigated con- 
stellation further in order to consider its possible features as a wave 
guide filter. 

d) The method used in the present paper may also be useful in 
picturing the field intensities and may be extended for different and 
a larger number of windows. 


TABLE IV 
Calculated transmission coefficients 
21=A,g/16 
d d 
| |T| | | |T| 
mm | mm | 
0.8 0.79 OR, 0.98 
0.6 0.84 0.1 0.78 
0.5 0.88 0.05 0.46 
0.3 1.00 


itl 


Zerg 


2 3 
8 : (mm) ———— 


Fig. 7. The absolute value of the transmission coefficient as a function of very 
small aperture widths; 2/ = d,/16. 


The author likes to mention here the work of Mr. B. J. Beukel- 
man, now at N.V. Philips, Nijmegen, Netherlands, who obtained 
an equivalent circuit for two identical capacitive windows using 
stationary expressions of the Schwinger type 5), The network 
elements of this circuit are calculated by the author of the present 
paper with the aid of the method described above. This calculation 
resulted in slightly more correct expressions than the ones obtained 


by Beuke]man. 
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NOTE ON THE RECIPROCITY THEOREM FOR 
ELECTRICAL SYSTEMS 


by V. FRANK and H. HOJGAARD JENSEN 


Physics Department, Technical University of Denmark, Copenhagen, Denmark 


Summary 


It is shown by means of Maxwell’s equations that the admittance matrix 
of a passive linear multipole placed in a constant magnetic field Bo satisfies 
the extended reciprocity relation Gix(Bo) = Gyi(— Bo) if the conductivity, 
permittivity and permeability tensors of the materials forming the multipole 
all satisfy the spatial symmetry relation T4p( Bo) = Tgq(— Bo). 


From the theory of electrical networks it is known that the ad- 
mittance matrix G;, of a passive linear multipole containing 
resistances, capacitances, inductances and mutual inductances is 
symmetrical. This is called the reciprocity theorem for networks. 
Gix is defined in the following way: 

Consider a passive network with M + 1 terminals numbered 0, 
1, ...4, ...k;....M. The potentials on the terminals and the 
currents entering into them are denoted by Vz and J; (in complex 


M 
notation). We choose Vo = 0. In the stationary case >) Jz = 0. 
k=0 


The M independent currents J; to Jj will then be linearly connected 
with the M independent potentials V; to Viz by the relation 


Ig = GurVie (1) 


(summation from | to M is to be carried out for indices occurring 


twice in a product or a quotient). 
The reciprocity theorem states that 


Gir = Gri. (2) 


For reversible networks (i.e. networks containing only reactive 
elements) (2) can be proved thermodynamically. By means of 
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Kirchhoff’s equations the validity of (2) is readily extended to 
networks containing simple lumped Ohmic resistances. For this 
case, and also for systems with distributed resistances, (2) may be 
taken as a special case of Onsager’s reciprocity relation. From this 
theorem it also follows that when the system is placed in a constant 
magnetic field Bo, (2) has to be modified into 


Gix(Bo) = Gri(— Bo). (3) 


This means that the symmetrical part of Giz is an even function of 
Bo, while the antisymmetrical part is uneven. The relation (3) is 
of special importance for the Hall-gyrator. 

Casimir 1) has shown that (3) leads to an analogous spatial 
symmetry relation for the conductivity tensor of a medium in a 
magnetic field: 

oyp(Bo) = op4(— Bo) (4) 


(Greek indices refer to cartesian components). 

Instead of using thermodynamics of irreversible processes as 
described above, it is possible to start from kinetic theory, Le. 
Boltzmann’s transport equation. Meixner 2) and Kohler 3) have 
shown that (4) follows from this equation when certain, not very 
restrictive, assumptions are made and when terms that are non- 
linear in the electric field strength are disregarded. 

The aim of this note is to show that when (4) is established ki- 
netically, the experimentally controllable relation (3) follows from 
(4) and Maxwell’s equations. The d.c. case is treated in detail, and 
afterwards we give the main steps in an extension to harmonically 
varying fields, showing that when relations analogous to (4) also 
are known to hold for the permittivity and permeability tensors, 
(3) is valid quite generally. 

We consider (see fig. 1) an anisotropic and inhomogeneous 
medium bounded partly by ideal conductors (terminals), partly by 
non-conducting surroundings. The medium is placed in a homo- 
geneous *) constant magnetic field Bo. In the stationary case the 
electric field strength E(r) will satisfy rot E = 0 and consequently 


*) The proof still holds even if the external magnetic field is inhomogeneous; however 
the notation for Gj; must be changed, so that e.g. (3) reads: Gix(-++) = Gri(—), where + 
refers to an arbitrary external field Bot(r), while — refers to a field Bo-(r) given by 
Bo (r) = — Bot(r) (at every point r). 


—— 
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can be derived from a potential g(r). This and the current density 
i(r) are solutions to the equations 


di 7 i — aes — (@) 

4 Ox : (5) 

oy(r 
t,(r) = Oyg(r) E g(r) = — o,,(r) ey(r) 6) 

OXg 

together with the boundary conditions 
{== Vi on Gi (7) 
oy , . : 
4 Se —= ] 

n Ong axg Ny on , ( 


where Cx is the boundary of the &’th terminal and the n, are the 
components of the outer normal to the non-conducting boundary N. 


Fig. 1. Q: space occupied by the medium. 
C: conducting boundaries (terminals). 
N: non-conducting boundary 
Bo: external magnetic field. 


We now consider two situations denoted by unprimed and primed 
quantities respectively. In the first situation terminal / is kept at 
the potential V while all other Vz are zero. The currents then are 
Ix = GuiV. In the second situation Vm’ = V while the rest are 
zero. At the same time Bo is changed into Bo’ and consequently 
Gri(Bo) is altered to G’x; = Gri(Bo’), so that the currents now are 
Tx’ = G'umV. The potentials g(r) and g’(r) are proportional to V 
and are written as Vy,(r) and Vy'm(r) respectively. We next 
calculate the sum V5'I5 = V?Gmu: 

V2Gmi = Ve ls = ree == — f p'tndS, 


C+N 


148 V. FRANK AND H. HOJGAARD JENSEN 


where we have extended the surface integration to the complete 
boundary by means of (8). By transformation to a volume integral 
by means of Gauss’ theorem and by application of (5) we get 


V2Gm1 = — ves ee (pty) dQ — “Sis a 0 


or by means of (6) 


Wels Ym 
Gmt = J oat - a dQ. (9) 
bg OX y 


In the same way G’p is found from the sum Vs/;’ or from (9) by 
interchanging 7 and m together with the priming: 


; ' Cpm' Opi Cyr Om’ 
Ces Je ap() 5 OX. i Je pal) Ox%g ex Cine ae 


a 


Q 


where we finally have interchanged the summation indices « and f. 

From (9) and (10) it is seen that Gyn(Bo’) is related to the tensor 
Ogq(F, Bo’) in exactly the same way as is Gyj(Bo) to o,~(r, Bo). 
If, therefore, there exists an algebraic relation of the form 


Ci (Bo) ong(F, Bo) -4- C2(Bo')og,(r, Bo’) A) (1 1) 
(Cy and Cg independent of r) 


between the (3 X 3) conductivity matrix and its transposed in 
some other magnetic field (or external parameter of another kind), 
then the (V x N) admittance matrix satisfies the same algebraic 
relation. 

As a special case (3) follows immediately from (4). It should be 
noted that the proof is valid even if the medium is inhomogeneous 
provided only (4) holds everywhere in the medium. 

We now turn to the case of the linear passive multipole, subject 
to harmonically varying fields. In this case the permittivity and 
permeability tensors are also of importance. We shall not go into 
much detail but only indicate the steps in a proof leading to an 
equation like (9). 

It is of course necessary that the frequency is such that it is 
possible to speak in a well-defined way about potentials on and 
currents to the terminals. The multipole may be a shielded box with 
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a number of terminals with shielded, e.g. coaxial, outer connections. 
As above we consider two situations, primed and unprimed. From 
Maxwells equations we derive the following equations: 
Ul ’ / OB’ 
— | (E’ x H),dS = ‘(E. i+ E’. een GL) mala) 
N Q 


This equation is very much like the usual energy equation, only all 
products contain both a primed and an unprimed quantity. 

For the multipole described above the left-hand side of (12) can 
be shown to be equal to the sum V’;’7;. When the fields are varying 
sinusoidally, perhaps apart from a constant external magnetic field, 
(12) leads to an equation for the complex admittance matrix, 
analogous to (9), only with dielectric and magnetic contributions 
from the last two terms in (12) included: 


Gmi ast [(Gug + 1@Exg)C'm,xC1,8 + JOM’ apht,M'm,pldQ@. (13) 


Here é,g and #,g are the spatially varying complex permittivity and 
permeability tensors of the medium for the frequency w. The com- 
plex vector e;(r) corresponds to grady; in (9); e;(r) and Aj(r) are 
defined so, that when a potential V e’” is applied to the /’th ter- 
minal, all other terminals being grounded, this creates an electric 
field strength Vest e;(r) and a magnetic field strength Ve/th;(r) 
at the point r. 

From (13) if follows that when the conductivity tensor o,g, the 
permittivity tensor ¢,g and the tensor (w~1),g (inverse to the per- 
meability tensor fg) all obey the same algebraic relation of the form 
(11), then the admittance matrix satisfies the same algebraic 
relation. In case of relations like (4) the distinction between the 
permeability tensor and its inverse is of course unnecessary. 
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LETTER TO THE EDITOR 


Increased atmospheric radioactivity 
in the Netherlands after the Windscale accident 


Measurement of airborne radioactivity after an accidental release of radio- 
active substances can be of value in providing information on the air currents 
which carry small particles over great distances. In the Netherlands an 
increase of the radioactivity in the air was observed on October 11th lasting 
until October 16th 1957; its origin could be traced to the accident at the 
Windscale no. 1 pile on October 10th. The present paper reports the levels 
of radioactivity found during this period and the way in which its properties 
differed from those of the background of fission products from nuclear 
weapons. 

Airborne radioactivity is sampled on a routine basis at four stations in 
the Netherlands, viz. Den Helder (52°58’ N, 4°45’ E), De Bilt (52°6’N, 
5°11’ E), Rijswijk (52°1’ N, 4°28’ E) and Eindhoven (51°26’ N, 5°30’ E), by 
drawing air through membrane filters (manufactured by Membranfilter- 
gesellschaft, Gdttingen, Germany) during 24 hours. Daily at 9 a.m. filters 
are changed. After use the filters are treated with a solution of formvar in 
1,2-dichloroethane (20 g per liter) to fix the collected dust on the filter paper. 
The radioactivity of the filters is measured at the Medical Biological Labora- 
tory of the National Defence Research Council, at least three days after 
sampling to allow for the decay of natural radioactive substances. The total 
volume of processed air is measured by means of a gasmeter and amounts 
to 30 to 50 m3 in 24 hours. 

The beta radioactivity of the filters is assayed using an end-window 
Geiger-Miiller tube (Philips 18506) with a diameter of 3cm and a window 
thickness of 3 mg/cm?. The efficiency of the counting set-up, including a 
correction for absorption of soft beta’s in the window, is estimated at 30% 
on an average for a mixture of fission products between 10 and 360 days 
after the explosion of an atom bomb. 

Occasionally alpha activity was assessed using a proportional gas flow 
counter (Nuclear Chicago Model D 47) with a plastic window of less than 
0.15 mg/cm?. The geometrical efficiency in this case is about 40%. The total 
efficiency has rather arbitrarily been put at 25% including self-absorption 
of alpha particles. The latter is bound to vary with the size of the samples of 
dust and their distribution on the paper after the treatment of the filters 
with formvar. 

Analysis of the decay of the beta activity collected during the period 
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October 11th-16th and measured up to 13th December 1957, showed a 
longlived component with an effective half-life between 39 and 49 days. 
Only in three instances a longer half-life (53, 55 and 62 days resp.) was 
demonstrated. Qualitatively this longlived component is undistinguishable 
from fall-out originating from atom bomb explosions. The dust, collected 
at Rijswijk on October 8th and 9th, in which only such a fall-out is to be 
expected, contained longlived components with half-lives of 57 and 52 days 
respectively. On October 17th and 18th longlived components of 39 and 35 
days were found. 

Subtraction of the activity due to the longlived component from the total 
activity showed the presence of a shortlived component with an average 
half-life of 3 to 5 days occurring during the period October 11th—16th and 
one with a half-life of 6 to 10 days in the samples before and after this period. 
In the latter samples this shortlived component represented about 30% of 
the total activity at the time of sampling, whereas from October 11th—16th 
the percentage shortlived activity was much higher. Most of this shortlived 
activity apparently originated from the Windscale accident. 

In the first half of November the filters which had been exposed between 
October 11th and 16th were measured with a gammaspectrometer at AERE, 
Health Physics Division, Harwell. A 1211 peak at 365 keV was still detectable 
in most of the filters. Part of the shortlived activity can therefore be ascribed 
to this iodine isotope (half-life 8 days). From the fact that the measured 
half-life (3-5 days) is so much shorter than 8 days, the conclusion may be 
drawn that other fission products with half-lives of the order of 1 or 2 days, 
probably other iodine isotopes and 1%2Te, were also present. 

In the air filters from October 11th—16th an amount of alpha-activity 
was found, which could not be attributed to either atom bomb explosions 
or to the naturally occurring concentration of ?!°Po in air. By radiochemical 
analysis of filters exposed in Harwell during the period mentioned, it could 
be shown that the alpha-activity was due to the presence of ?!°Po, which 
evaporated apparently from the pile during the fire. At Rijswijk the alpha- 
activity of the filters was measured between October 22th and 31st and again 
between November 19th and December 12th. In all these measurements a 
uraniumoxide sample was used as a standard. The weighted mean of the 
decay constants, estimated from these measurements, is 0.0044 days-1 
with a standard error of 0.0006 days~!. This value is in agreement with the 
universally accepted value of 0.0050 days“! for 219Po. 

The activity levels are summarized in the table. The figures given for the 
air activity at the time of exposure of the filters are calculated by extrapolat- 
ion of the decay curves. To facilitate meteorological interpretation the 
activity values at a common date have been included. A date after October 
16th had to be chosen to reduce the influence of errors in the determination 
of the half-life. 

From the table it follows that no quantitative relation exists between the 
various kinds of radioactivity. It is clear however that only a fraction of the 
shortlived activity originated from the 1311. 

Evidently a radioactive cloud first reached the southern parts of the 
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TABLE I 
Air activity in pe/m4 

value on Oct. 19th 

12/13 | 13/14 | 14/15 | 15/16 


— 
f 


date of sampling 
11/12 | 12/13 13/14 | 14/15 | 15/16 


11/12 


half-life 
~ 45d 


half-life 
~3.5d 


ze =) Station 


Be 


me 


rh4 
19 
5.7 
oil 


2.0 
8.7 


Ee 


3.3 
OW 
19 


1.4 
1.5 


5.5 
1.5 


nil 


6.8 


10 
3.2 
e 
6.6 
33 
15 
2 
22 
5.1 
3.4 
4.6 
4.7 


4.7 
29 
3.1 
1.6 
7.3 
5.6 
6.3 


1.3 
1.3 


4.9 


0.43 
0.55 


5.8 
nil 
nil 


3.9 


9.5 
3.0 


3.9 


6.1 
13 

7.0 
3.7 

how 

3.1 

od 
29 

ER 


0.026] <0.010| 0.42 0.025 | <0.010) 0.41] 0.43 | 
0.061} <0.010} 0.19] 0.059} <0.010| 0.19 | 0.0 3 
roVghee =|) 0.088 .48 | 0. 0.17 0.086 / ) 


0.30 | 0.22 | 0.25] 0.25 | 0.29 0.21 | 0.24 


1) Measured by gamma spectrometry at Harwell. : g > 

2) Not dectable at time of measurement. x 4 

3) At Rijswijk filters were not changed on October 13th. - 
nt = Den Helder; B = De Bilt; R = Rijswijk; E = Eindhoven, — 


i 


Netherlands; somewhat later higher activities were Observed in the north. 
On the days, when little or no 181I or #1°Po activity was present in 
fall-out at Den } Berrian ae ae 


Appl. sci. Res. Section B, Vol. 7 


TRANSMISSION IN A RECTANGULAR WAVEGUIDE 
LOADED WITH AN ARBITRARY NUMBER 
OF CAPACITIVE SCREENS 


by F. Av W. VAN DEN BURG 


Laboratorium voor theoretische electrotechniek en electromagnetische straling, 
Technische Hogeschool, Delft, Netherlands 


Summary 


Green’s theorem is applied to individual domains consisting of the walls 
of a rectangular waveguide and two neighbouring slotted capacitive screens. 
In addition this theorem is applied to the two end domains, that is, the one 
containing the incident field and the other containing the transmitted field 
only. Using the continuity of the electromagnetic field intensities in the 
slits, a system of simultaneous integral equations is obtained in terms of 
field intensity functions within the slits. By a change of variables a system 
of co? linear algebraic equations is derived, and formulae for the principal 
mode transmission and reflection coefficients are given to any approximation 
desired. Conditions for a full transmission are derived, especially to a first 
order approximation. Some applications with regard to the filter properties 
of the waveguide system are discussed and the theory developed is compared 
with measurements. 


§ 1. Introduction and statement of the problem. In a recent paper, 
Bosma 1) showed that the data available on the equivalent circuit 
of a capacitive screen cannot be used for an accurate description 
of the transmission of an electromagnetic wave through a waveguide 
loaded with two screens, as soon as the distance between the screens 
becomes small compared with the wavelength. Moreover his method, 
based upon work of Schwinger and since used e.g. by Miles ?), 
Borgnis and Papas 8), contains all the information necessary for 
describing the electromagnetic field in the apertures. Bosma 
pointed out too that the configuration shows bandfilter properties. 

Besides the work of Bosma, the investigation of Frank 4) 
should be mentioned. Frank considered the case of two symmetrical 
inductive windows where the interaction of the slits is not negligible. 
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Finally Szepesi 5) mentioned an unexpected increase of the trans- 
mission coefficient for an H,-type wave in a circular guide when 
the distance between two ring-shaped filter elements becomes small 
compared with the wavelength. His remark indicates the possibility 
of constructing compact microwave filters. 

Especially with regard to the filter properties, the case of the 
transmission in a rectangular waveguide loaded with an arbitrary 
number of capacitive windows, spaced at arbitrary distances and 
with different apertures, though all situated symmetrically with 
respect to the half height of the waveguide, will be treated here as 
a natural extension of Bosma’s investigation. Thus, criteria for 


full transmission will be derived. 
Fahl! oer (k+1) = qs 


Fig. 2. Coordinate system; configuration of a screen. 


The configuration of the screens and the waveguide, as well as 
some obvious notations are given in figs. 1, 2, 3. An incident wave 
of the TEo1-mode comes from z= — oo; so with k2 = wen, 


E = Er€0, fh = Mylo: 
(x /a)? < k2, (naa)? > k?, (ma/b)2 > k2, (1 >1,m>0). (1) 


Using the time dependence e~##t and setting fo2 = k2 — (z/a)?, 


Py. ee (hae 
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the incident electric fieldstrength Eé can be written as 
Et = iy sin(xx/a) ef, 

Introduction of the Fitzgerald vector II according to 

E = — wcurl(é/et) 1, H = curl curl 0 


and substitution in Maxwell’s equations leads to the wave equation 


[(€2/@x2) + (22/dy2) + (62/a22) + AZ) — 0. 


S.o0 So, | Sr2 Skak| Sxuet G15 | °s.p 
T ea See pri pencAbae 
| | 1 | 
a Zo 1 22 Zk-1 2k ZK41 25 2p 


Fig. 3. Notation of the domains. 


Since Ez =—0, IT= Iliz. Assuming J = 9(y, z) sin(mx/b), the 
following relations hold: 


Ex a, ¥, z= Hy(sa, y, z) =z ho, 
Ey(3a, y, 2) = Jom Oy/éz, Hy(3a, y, 2) = 0, (2) 
E(34, y, 2) = —jop oy/ey, H,(34, y, 2) = 0, 

[(02/Oy2) + (02/022) + ho@]p = 0. (3) 


The boundary conditions EF, = Oat y = 0, band Ey = Oat z = zx, 
yetx, can be expressed as 


dp/oy = 0, y = 0, b; Cyjdz = 0, x = 2x, Yerr. (4) 


The two-dimensional problem is to find a function vy, 2) satisfying 
(3) and (4). In solving that problem, Green’s theorem will be applied 


to the domains Gyo, Gr,xui(k = 0,1, ..,5— 1), Gs,p, indicated 
in fig. 3. 


§ 2. Derivation of the Green’s functions. The Green’s functions 
Gk, k+D)(y, z; y’, 2’), proper to the domains G;,x+1, have to satisfy 
[(82/Ay2) + (82/022) + ho?] Gk) — —d(y — y’) dz — 2’); (9) 
OG'EE+L) By = 0, y = 0,0; 0G RH) /Oz = 0, z = 24(k = 0, .-, 8). (6) 
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The Green’s functions G'",0(y, z; y’, 2’) and G:P)(y, z; y’, 2") have 
to satisfy, in addition to the conditions (5) and (6), the “radiation 
conditions’. Let 


co 


Gtk, k+l) ai GS Ln bet) EG y", Bn cos(nary/b) 


hod 
n=0 


be substituted in (5). Multiplying the result by cos(may/6), then 
summing over #1 == Oj] jciuaiavex , co, the integration of the outcome 
with respect to y from y = 0 to.y = 6 will give a contribution for 
m =n only. The equation for gy‘*.**)) now appears as 


d (blen)[(02/dz2) + ha?) ene) = — d(z — z’) ¥ cos(nay'/b), 
n=0. n=0 


with Neumann's. number 6, = 1, #=0 and) 2, = 2) 7-20, 
moreover hyn? = ho? — (na/b)?. The supposition 


SniBek+V(z; 9", 2’) = (€n/d) cos(nay’/b) fn *(z; 2’) 
will give the following expression for G‘¥.k+)); 
Gk, k+1) — 3 (en/b) cos(nay’/b) fn kt), (7) 
n=0 
with fn(*+), also in connection with (6), satisfying 
[(2/622) + hy*lfn et) = — d(z— 2’), (k=Q,1,...,5 — 1); (6) 
Of a MRT Op ea O, crete (Rea O de. oy S). (9) 


The analogous functions /,'"-, f,'8:) must obey the relations (8), 
(9) and the “radiation conditions’’. To this purpose, let 


fni™ = [Cyi%% + Dy\™®} eslnl2'—%) gc zl < 20; (10) 
ini? = Cy(™,9 eihnle—2") + Dy eshnl2’—%y) 2’ cz 20: (1 1) 
Clearly f,»'% meets the “radiation’’ requirements; moreover 


fn'™(z; 2’) is continuous at z = 2’. On the one side, integration of 
(8) between z= 2'—e and z=2’ + « yields on taking the limit e > 0: 
Of g'.0) |e te 

lim 


e>0 & 8 


——s 


On the other side evaluation of this limit, using (10) and (11), 
will give 2jinCy'™ ; thus Cp\™ = 7/2hn. 
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Using (11), evaluation of Ofn'™ © /dz taken at z = zq will give 
in connection with (9) 

[Ofn'®>/dz],, = Cp,'%0) thn eIhn(%g—2") __ Dy'%9) ihn eIhn(2’—%)) — OC, 
As Cy, = 4/2hn, Dn'™® can be determined. Then fn'™® is 
determined from (10), (11); in conclusion, substitution in (7) yields 
Gin,0) — 

=] & (€n/2b/in) cos (navy/b) cos (nary’/b) [etnl2’—2l 4. efhn(22q-2’—2))_ (12) 

n=0 
Symmetry considerations immediately give 
G‘8:P) — 7S (en/2bhn) cos(nay/b) cos(nay’/b) . 
n=0 
: [eshnle’—al + eilnlate’—229)], (13) 
For the determination of Gi#.4+)) (k = 0, 1, ...,s — 1), let 
fn(BeRAD = [Cy hkl) 4 Ey (ksk+1)] edhal2’—2) 4 


_ DykiktD ehn(Z—2’) Zi =e. 2! ZS Bers (14) 


fn Beet) — [Cy'¥ e+) + Dy ktV] eihn(2—-2") + 
— Eb kt) edhn(2’—2) | thr <i 2! ELON PSS Cer. (15) 


The method for the evaluation of C,‘*.*+)) is identical with the 
one used for Cy‘; the result is Cy(**t)) = 7/2hy. The determi- 
nation of Ofn‘*.**)/éz, once at z = z, and once at z = 2x41, using 
(14) and (15) respectively, will give in connection with (9) two 
linear equations in C,%*tD, DH kD, By k+D, With Chik) = 
= j/2hn, the other constants can be determined. Then /n*-*+)) is 
determined from (14) and (15). In conclusion, the Green’s functions 
G‘k.k+)) can be written as 


Gk k+l) — 7 3) (en/2bhn) cos(nay/b) cos(nay'/b) . 
n=0 


Tes Pa ra Sel aoe oe lal GT 
sin[hn(Ze+1 — 2x)] J 


Formulae (12), (13), (16) give the Green’s functions needed. 


§ 3. The integral equations. In applying Green’s theorem 
| (GV2p — pV2G) do’ = f (Gép/én — yeG/en) ds’ (17) 
v 


S 
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to the domains Gyo, Grn (F = 0,1,..+,5— 1) and Gs,p, the 
assumption (temporarily omitting the indices n, O and k, k + 1 
and s, p) a 
gy = [Cm edhmz + Dy eFhm?| cos(may/b) (18) 


m=0 
meets all the requirements (4). These functions gy and the Green’s 
functions (12), (13) and (16) are independent of x and x’. Thus the 
contributions to the surface integral, where 0/én equals + 0/éx’, 
are zero. Then (17) can be integrated with respect to x’ over the 
interval (0, a) and the result divided by a. On substitution of (3) 
and (5) the result is 

oly, 2) =f (G aglan — @ aG/en) de’ (19) 

oO 

for every y, z of the chosen domain; elsewhere g(y, z) = 0; C is the 
perimeter of the intersection of the plane « = $a with the chosen 
domain. According to (4), (6) and the symmetry-property of G with 
relation to y and y’ for every element on C with y = 0, b, we have 
ép/én = + Ay/éy’ = 0 and éG/én = +.eG/dy’ = 0. Taking care of 
the sign in 0/én = + @/0z’, (19) now can be written as 


Py, 2) = [ (— G Op/éz’ + —p OG/éz') dy’ + 
+ (G ap/éz' — y &G/az') dy’. (20) 
Cr 


C, is the ‘‘left’’ part of the boundary of the correct domain at 
x = 4a and C; the “right” part of it. Bearing in mind the boundary- 
conditions (4) and (6) at z= z% (Rk =0,1,..... , Ss), the relation (20) 
suited for the domains Gn,o, Grrii(k = 0,1, ...,s — 1) and Gs,p 
yields , 

Agp(n,0) 


gn,0) = {- Gin,0)(y, 2; yy Zn) feel 


02" 2 =2n 
0 


“ 


oG(n,0) WS ie 2! 
+ g'%(y', Zn) E me | 
2’ =2, 


dz’ 
+ [Gr (y, a: an z0) [qp',0) 02") 64 dy’, (21) 
90 


T. 


hay + 


(k,k+1) — | _ Gk k+) Stayt 2, pene ' 
pik: = GERM yy, 25:9)! ) 2x) . dy’ + 
Oz 2 =2 
Ok 


Apes k+1) 
+ [cwrny, Zz; y, ZK+1) Renee dy’, (22) 
«eR de! =2hs1 


CK+1 
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POP) = f — GPy, 2; y', 25) [0p%.P)/z']p_,, dy" + 


Os 


b 

i Og's>P) 

| 0 ’ ») Oz" 2 =e, 
0 


: OAL I Ce a ee 
= gp'sP)(y , Zp) i (v y | fay (23) 


De! 


CZ 


In (21), (22) and (23) the formulae (12), (16) and (13) and the 
formulae (18) must be substituted. Before, assigning to the incident 
TEoi-wave an amplitude | and assuming the waveguide to be 
matched at z > zy, the constants Cy»'".° and D's”) appearing 
in (18) are fixed as Co”, = 1, Cy‘, = 0(m £0), Dm's?) = 0. 
Now it is easy to show that the first integral in (21) will give the 
contribution e/%o? + efto!220-2), and that the last integral in (23) will 
vanish. 

E must be continuous in the apertures; according to (2) this 
means that ép/éz’ is continuous at z = z;(k = 0,1, ..., s). Thus the 
following functions M,;(y’) can be defined: 


M;(y’) a Lo EN OR ia 
= [ap'*.ktD/o2"),_,., (k=0,1,...,8; —l=n,s+1= 4), (24) 
and (21), (22) and (23) can be rewritten as 


g2,0) = eilot 1 ejhg(22-2) + [Gn,%)(y, z y", Zo) Moly’) dy’, (25) 
90 


Pk — — fGUERWy, 2; y', 24) Maly’) dy! + 


. + [GERD (y, 2; y', Ze+1) Merrily’) dy’, (26) 
Ok+1 
gs?) = — [Gs,P(y, 2; y’, Zs) Mes(y’) dy’. (27) 


Os 


But H, too, must be continuous in the aperture, so that according 
to (2) the gy-functions yield the (s + 1) relations 


2 eflozo + [Gin (y, 20; y’, 20) Moly’) dy’ = 
> = — [G(y, zo; y’, 20) Moly’) dy’ + 


90 


+ fGOD(y, zo; y’, 21)Mi(y’) dy’, (28) 
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— f GEL (y, 245 y', 20-1) Mealy’) dy’ + 
On-1 
ge hcuare zn; 9’, Zr) Maly’) dy’ = 
= ica K+ (y, 243’, Zk) Maly’) dy’ + 


Lf GERD (y, 2059", ress) Meer "Vay? (k=1,2,....,8—1), (29) 


On41 


— [ Gs-1,5)(y, Aa Nike Zg~1) Ms-1(y’) dy’ S| = 


+f GE19(y, 26; 9’, 26)Mo(y') dy’ = 


= — [GP (y, 25,9", 25) Moly’) dy’. (30) 


Os 


Lastly on substitution of (12), (16) and (13), there follow, after some 


— 


elementary calculations, the (s + 1) integral equations 


atl S (¢n/n) cos(nay/b) cos(naty’/b) . 
. [ctghn(z1 — 20) — 7] Moly’) dy’ — 


= y (en/bhn) cos(nzy/b) cos(nzy’ /) . 


O71 n=0 ce 


_ [1/sinkin(zx — 20)] Maly’) dy” = 2 Mom, Gn 
—f y (€n/bhn) cos(nzry/b) cos(ny’| [b) . 


on1 n=0 a ito 


a Reece — %-1)] Mealy’) ay’ 4 sp aoe va mage 
a > (en/blbn) cosy) cosy) 


Ee 
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Anticipating the method of Schwinger !2,3.) in solving these 
equations and observing that in ho = [w2eu — (x/a)2]! and 
hn = Jy¥n = j[(na/b)2 — ho?]*, (n > 0), the factors fo and Yn are 
real, it is advantageous to split the summations over » into a term 
for m = O and the rest, from which is separated the “‘static’’ part 8). 
Moreover all the equations (31), (32) and (33) are divided by 2; 
for n > 0 


(en/2bhn) [1/sinhn(zp — 2q)}) = — (1/byn) [1/shyn(zp — 2g)], 
(En/2bhn) ctgha(zp — 2) = — (1/byn) ctghyn(zp — Zq)- 


Hence, the integral equations to be solved are 
+ / (1/2bho)(ctgho(z1 — 20) — 7] Mo(y’) dy’ + 
© +S 3 {Q/nn) — (1/by0) foteby alex — 0) + 1 
: oe aa cos(nay’/b) Mo(y’) dy’ — 
— f ¥ (2/nz) cos (naxy/b) cos (nzy"|b) Moly’) dy’ — 


oo n=1 


— f (1/2bho)[1/sin ho(z1 — 20) Maly’) dy’ + 


4 f 3 (1/byn) [/sh paler — 20)] - 
1 


Crh 


. cos(nay/b) cos(nay’/b) My(y’) dy’ = eFhoeo, (34) 
— f (1/2bho)[1/sinho(ze — 2x-1)|Mx-1(y’) dy’ + 
"ttf S (1/bya)C1/shy alee — 4-2) - 


Ory n=1 
. cos(nay/b) cos(nay’/b) Mz-1 (y’) dy’ + 
+ f/(1/2bho) [ctgho(ze — 2x1) + ctgho(zn+1 — 2x)] Maly") dy’ + 


+f S{(2[nn) — (1/byn) [ctghyn(ze — 2-1) + 


+ ctghyn(ze+1 — 2x)]} cos(nary/b) cos(nay’/b) Mz(y’) dy’ — 
—f s (2/nz) cos(nay/b) cos(nay’/b) My(y’) dy’ — 


Op W—1 
— f (1/2bho)[1/sinho(ze+1 — 2x) |\Man+i(y’) dy’ + 
4 f S(1/bya)[t/shynleees — 2) - 


. cos(nay/b) cos(nay'/b) Mr+i(y’) dy’ = 0, 
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— f (1/2bho) [1/sinho(zs — 2s-1)] Me-a(y") dy’ + 


Os—1 


+ JE (1/by0) (1/shy (26 — 2] 


. cos (navy/b) cos(azy’ /b) Mgs-1(y’) dy’ + 
an 4 (1/2bho) [ctgho(zs — #1) — 7} Ms(y’) dy’ + 


he 2 {( 2/nx) — (1/byn)[ctghyn(zs — 25-1) + 1} - 
ay: bostoiney! /b) Ms(y’) dy’ — 


—f (2/nz) cos(nay/b) cos(nay’/b) M a(V’ pdy==, 05 11 (36) 


os n=1 
«84. coe of variables 8); transposition of integral equations into 
algebraic equations. Defining wu and wu’ by 
cos(xy/b) = = ag CoS, cos(my’/b) = a, CosU’, aE = gle (37) 
y (analogously by y’) and dy/dw will be 
y = (b/x) arccos(az cosu), dy/du = (b/x)[1 — (ax oe) Mtns sinu. (38) 


The y domain Ae — d‘®) to $(b + d)) is transformed into the 
u « domain 0 to a, independent of zg. Moreover, let 


Cs) =) Mat ai 
then on substitation of (7) and ge A 


ta a. 


Ree dy’ = a) Oe ae (39) y 


oa 
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Now, if Ux(w) is represented by the series 


co 
Ux(u) = > erar® cos(ru), 
r=0 


ér being the Neumann-number, (41) can be written as 


~ J ¥ (2/nz) cos(nay/b) cos(nzy"|b) Mx(y") dy’ = 


or n=1 


— m= 
The second type of integrals can be transposed by 
: J cos(nay/b) cos(nay’/b) Mi(y') dy’ = 
OK 


= bho cos|narccos(«zcosu) | . 


y (€r/z) / = Pe iuhinifeiectie )] ae cos(ru’) di’. 
r=0 
Now the he 
Let: Int (ax) = (erl) / cos[marccos(a,Ccose )] cos(ru’) du’ 


= Gig? (big|zx) Inazy, — (bho/zt) 5.1/8) am'P en cos(onu). 
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(42) 


(43) 


(44) 


(45) 


is known 2) (note that here all Im differ by the factor 2 from the 


_ definition of Miles; here Im(x) = «”). Hence the In"(ap) are the 
pee tients of the expansion of sieinaccnlo ssid in 
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In particular 
I rae 0, p > 4. (48) 


Bearing in mind (43), (47) and (48), the above-mentioned: substitu- 
tion of (37) and (39) into the integral equations (34), (35) and (36) 
can be carried out and will give the algebraic equations: 


+ 4[ctgho(z1 — 20) — 7] o°(«o) Zao) ao + 
fare 3 ( Qbho|nx) — (holyn) [ctghyn(z1 — zo) + 1} . 
se ™ (xg) COSmU ArT nT (ao) + 


i =0 
— =b ag! (bho/st) Ina — (bho/z) > (1/m) am &m cosmu — 
i m=1 
— [1/2sinho(z1 — 20)] Lo%(e1) Lo%(a1) ao + 
ag = (holyn)[1/shyn(za — 20)] . 


~ X In™(a1) cosmu = yD) Ent (oy) elles, = (49) 
m=0 — 
— [1/sinho(zx — zx-1)] icine To%(ax-1) ao®—Y + ead 
‘ " 4 i. pmersereaay, 


ape Elyse ~ Fea) 


re Te ee 


oe 
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= age sinho(zs = Zs—1) | L°(a«s—1) T°(«s—1) ++ 


ereDy (Ao/yn)(1/shyn(zs ae) le: 
1 


= 
= 


M8 
hy 


co 
n™(a%s—1) Cosmu DY) ap'S-DIn"(ag—1) + 
r=0 


= 


nie || 
Ta) “&S 


: ctgho(zs _- Z5—1) _ 7|10%(«s) 10%(as)ao'® 4+ 


+ + 
1048 


= 
= 


(2bho/x) — (ho/yn)[ctghyn(zs — Zs—1) + 1]} . 


== 


co 
In™(axs) cosmu ¥) ar®) In%(as) + 
r=0 


sae 


ll 
o 


+ a9'®) (bho/z) In«s—(bho/x) S (1/m) em cosmu = 0 .(51) 
m=1 
Before equating the coefficients of cosmu of the left and the right 
members of the identities in w (49), (50) and (51) for all admitted 
values of m, use can be made of the symmetry properties of the 
electromagnetic field in the apertures about y = 3), ie. about 
u = 4, Hence in (46), m and m may assume only even integral 
values; according to these properties, in (42) all a,“ with odd 
indices 7 are zero; thus for m, m and 7 only even integers are allowed. 
Moreover, with regard to Ig? = 0 if > q, the symbol [m, 7] is 
introduced, [m, 7] meaning the greatest of the values of m and 7. 
Noting J9°(«) = + 1, the above mentioned identifications yield: 
a) if m= 0: 


+ ao {(bho/x) Inap + 4[ctgho(z1 — 20) — 7]} + 


oe S Ay) y Tn°(axo) Tn (xo) {(2bho/x) == 
0 


r= w=([237) 


— (ho/yn) [ctghyn(2z1 — 20) + 1]} 


— ap 1/sinho(z1 — 20)] + DY ar? SY Incr) - 
r=0 n=[2,r] 


| In (ce1) (holy n)[1/shyn(z1 — 20)] = eho , (52) 


— ag*¥-)[1/2 sinho(z~e — 2x-1)] + 


4S ag*D Y Ty 0 cena) Ln? (eet) (holy’n)[1/Shry (2% — 2x-1)) + 


r=0 n=([2,r] 


+ ao®{(bho/z) Inag + $etgho(ze — 2x1) + ctgho(ze+1—Zx)]} + 
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Sap! SY Ly(cex) Int(cex){(2bho/nz) — 


r=0 = n=[2,r] 
— (holyn)[ctghyn(zx — 2e-1) + ctghyn(ze+1 — 2«)]} — 
— ag*+)f1/2sinho(ze41—Zn)] + DY art) Y In(onst) In” (we+1) - 
r=0 n=[2,r] 


. (holyn)(1/Shyn(ze+1 — 2e)] = 90, (R= 1,2...,5— 1), (53) 


ao'*-))[1/2 sinho(zs — Zs—1)] + 
= I aye) z 1n0(2e-1) Tn"(6s-1) (hola) (1/shyn(2 — 24-2] + 
+ ao'® {(bho/2) Inas + 4[cteho(zs — za) — j]} + 3 
a S ay!) S In°(xs) : 
r=0 n=([2,7r] 
» Int (08){(2bho/na) — (ho/yn)[ctghyn (2s — 2s-1) + 1} =0, (54) 
b) if m #0, ie. m=2,4...... , 00! ] 
— (2bho|mer)am' + 3 a,(0) > In™(xo) In™(a0) - 
r=0 n=[m,7] 

vial te — (ho/yn)(ctghyn(z1 — 20) + 1]} + 

eae SS 5a Fam) Tao hla shy a — 29)] = 0, i) : 
(otal be iat ty ds Ine) nit ay ~ 
. oor 3 z tame Iron a7 a iby alee a ot ae 


r=0 


. | nl (ocx) a e a i - 


7 
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The equations (52) up to (57) inclusive can be put in a surveyable 
form by introducing the constants A m,,‘3"), Rete ON, emia 6)5 Uaaie 
Am,rSh2), (3k + 1 = 1,2,4,5,7,....,3s — 1). Introducing apart 
from the symbol [m,r] the symbol [2, m, 7] meaning the greatest 
integer out of 2, m and y and using the Kronecker symbol 
Og?(g? = 0 if Pb AQ, dg? = + 1 if p= 4), the constants A are 
defined by 


Arm r® = 6060" {(bho/z) Ineg + d{[ctgho(z1 — 29) — 7\} — 


— 8,aq™*(2bho/mn) + S In (a0)Lnt (ce) - 


n=[2,m,r] ‘ 
_ {(2bhg/nzt) — (ho/yn)[ctghy (ta — 20) + 1}, (58) 
An,r3") ea 60”60"{(bho/z) Ina, + d{[ctgho(z% — 2-1) + 
+ ctgho(zr+1 — zx) ]} oe or" °(2bho|mz) of 


+L In(cex) Int (ocx) {(2bho/nz) — 


— n=([2,m,r,] 


— (ho/yn)[ctghyn(ze — ze-1) + ctghyn(zer1 — ze) (59) 


Amn '8°) = dg do"{(Bho|z) Ins + Hetgho(zs — ze-1) — 7} — 
= bg 9(2bhofmer) + = 1 Lamas) nto) 


= ran (és — ta) + 1}, 
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co co 
Y ap FDA gy pBk-D + YD) Ap) A my, BH) + 
r=0 r=0 
co 
+y Ap kt) Am,r'3kt) == Q, (64) 
r=0 
co co 
ba ays) Am,r32—) + ea Ay'®) A m,r'38) = 0. (65) 


r=0 r=0 


The equations (63), (64) and (65) represent $m(s + 1) linear 
algebraic equations; there are 47(s+ 1) unknown amplitudes 
a,‘*) to be determined; but m and 7 may grow beyond all limit, 
so with m = r-> coall amplitudes a, can, at least in principle, 
be calculated. 

Now it is of prime importance to derive, which of the amplitudes 
a, Ah == Ol ween. ge -petyoe ae ae, , co) will enter in the 
formulae for the transmission coefficient 7 and for the reflection 
coefficient R. 


§ 5. Reflection coefficient and transmission coefficient. Using 
z’ = zg in (12), and substituting this result in (25), furthermore 
splitting the summation over ” from 0 to co into a term for = 0 
and a sum over ” from 2 to oo, the following expression for 
g'2,0)(y, z) is found: 


g\%,0) = esl? 1 efho(22 9-2) + jag’) edhg(Z—2) + 


+2/ s (1/byn) e-Yn'%0-®) cos(nay/b) cos(nay’/b) Mo(y') dy’. (66) 


oy n=2 


For sufficiently large positive values of z9 — z the integral in (66) 
will vanish. This means that in the undisturbed field, the potential 
g'®0) = myy'",0-satisfies 


Pun'%9) = edhe 1. ejhg(22 9-2) = jag) edho(Z-2) , (67) 
In a similar way by substituting (13) with z’ = z, in (27) and by 


splitting up the summation over n, the potential p's.?) in the region 
of the undisturbed field becomes 


Pun?) = — qag's? edho(2—2o) , (68) 


According to (2) the y-component of E in the undisturbed field 
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regions of the end domains can be calculated with aid vf (67) and 
(68). The results are 


Ey,un'™® = — wpho edo? + cphy eo? [e2Ihoz 4. Gag() eJho%o], (69) 
Ey,un'?) = aie joulhg ag's) eihy(@—zs) (70) 


The first term in (69) represents the incident wave, the second term 
the reflected wave. In (70) the right member represents the trans- 
mitted wave only. Hence the principal-mode transmission coefficient 
T and the principal-mode reflection coefficient R are 


T(z) —— 7ag'®) eshig(Z—Z,) (71) 
R(z) edie Zoe) pees jag e-Ihoz}, (72) 


Because the structure studied is nondissipative, the relation 
|R|? = 1 — |7\? must hold. So the conditions for full transmission 
can be expressed either as RK = 0 or as |7| = 1. It will be shown 
explicitly that these formulations are equivalent. 


§ 6. Conditions for full transmission. The determinant D of the 
equations (63), (64) and (65) in the unknown amplitudes a;‘*) can be 
written in (m x r) blocks of (s + 1)? elements each. Such a block 
is the subdeterminant D,,,,‘*¥8) of D, containing zeros and the 
constants 4,7), m and.y fixed, p = 0,1, ...., 3s, Le. 


Amr Amr) 
Am? ~Am® - Amy 
Amr x ~ : 
Dy. 848) = 73) 
; Mares 4X x 
x x A m,y'38-?) 
Am,r8-)) A m,p'38) 


The dots represent zeros, the crosses constants Am,r'?’. The elements 
Ao,o and Ao,03%) of D are complex, all other elements are real,. 
as can be verified by inspection of (58) to (62) inclusive. In particular 


Ao,o = — 4 + Re(Ao,0), 40,0%" = — 47 + Re(Ao,0). (74) 


Let the rows and columns of D be numbered 0,1, ..... avid ke a gee 
s’,0’, 1”, ..., 8’, etc. Moreover let Dpgr,sty denote the determinant 
obtained from D by the suppression of the rows #, g, 7 and the 
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columns s, ¢, #. Finally let D‘”’ mean the determinant obtained from 
D by suppressing the term — 47 in the elements Ao,0 and Ao,0'%. 
Then 

ao) = eIho% Do,o/P, aos) = (— 1)8 eIloz Do,</D. (74) 


Substitution in (71) and (72) yields 


T = (— 1)8+1 edhole—(@.-29)] (Do, 5/D, (75) 

R = — e2ihglm-2) (1 + {Do,9/D). (76) 
The condition for full transmission can be formulated either as 
|T| = 1 or as |R| = 0. In connection with (75), |7| = 1 means 
Deyel-==9D| or 


Do,s-Do,s = (Re Do,o + Re Ds,s)2 + (D™ — 4Dos,0s)?. (77) 


In connection with (76), |R| =O means Do,o = 7D or, splitting 
up the equation in real and imaginary parts, 


O a 4(Re Do, = Re Ds,s), 0) — DD”) o +Do0s,0s- (78a, b) 


Summing up the right member of (77) and the quadratures of the 
right members of (78a) and (78b), equating this result to the 
analogous sum of the left members of those equations, the following 
result is obtained: 


Do,sDo,s — Re Do,o Re Ds,s ae D™ Dos, 0s- (79) 


Because the structure studied has reciprocity properties, (75) gives 
Do,s = Ds,o. Then (79) is an identity ’), so the condition |T| = 1 
is equivalent to |k| = 0. It is to be noted that subtraction of (79) 
from (77) would give the condition 


#(Re Do,o — Re Dg,s)? + (D™ — tD0os,0s)” = 0, 
which is realizable, only if (78a) as well as (78b) holds. 
§ 7. Approximations. The constants Am,,'P) defined by (58) up 


to (62) inclusive contain series over n from m => 2 to n > oo, either 
of the type 


Sy ‘sy “hamieey Teen Uae 


n=[2,m,r] 


. [ctghyn(z% — ze-1) + ctghyn(ze+1 — Zx)]}, (80) 
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where, to obtain the series of (58) and (60) respectively, the distances 
2k+1 — Ze and z% — z%-1 respectively may grow beyond all limit, 
resulting in ctghya(ze+1 — 2x) = 1 and ctghyn(z_y — zx-1) = 1, or 
of the type 


Seen Tn (a%41) I n®(«x-41) (Ao/yn) [1/shyn|zra1 SR (81) 
2,m,r] 


co n=2 


The series }) {(bho/x) — (ho/yn) ctghyalznir — Zz|} as well as the 
) 


series }} (Ao/yn) [1/shyn|zx41 — 2x|] are strongly convergent. More- 


n=2 
over, the products In™(ap) In"(ap) will have, as can be shown, 
absolute values < 1. Hence the series (80) and (81) still have 
strongly convergent properties. 

Thus it is plausible to define the zero, the first, ...... , the gth 
order approximation, the approximation obtained by omitting in 
(58) up to (60) inclusive the terms with m = 2, resp. n= 4, ..., 
resp. m > 2(g + 1). In the gt" order approximation (55), (56) and 
(57) give for every m => 2 (q + 1) 


— (2bho/mz)am'©) = 0; — (2bho/ma) am” =0; — (2bho/ma) am? = 0. 


poet! =O (Ps ON x ,s) if m=>2(¢ + 1), meaning that 
in the gt® order approximation only the amplitudes a‘? with 
m < 2q may be non-zero. 

The system determinant D‘® of the equations (63), (64) and (65) 
in the gt order approximation will then be obtained by retaining 
only the subdeterminants Dm,,‘8¥) with m,r < 2q of the infinite 
system determinant D and moreover extending the series over n 
in the elements of every Dm,r‘8¥®) only up to m = 2g@ inclusive. 

Hence, the nondiagonal elements of D‘% appearing in the sub- 
determinants Dm,-6¥) with m= 2q or r = 2¢(¢ #0) consist 
only of terms of the series (80) or (81) for 2 = 2g. On account of 
the strongly convergent properties of the series, the just mentioned 
nondiagonal elements are small compared to all other elements. 
Then it can be shown by elementary calculations on determinants 
that the order of approximation of DY is not altered by omitting 
these nondiagonal elements. 

Thus, representing the mentioned nondiagonal element by dots, 
the remaining non-zero elements by crosses and the zero elements 
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EEE EEEEEEEEEEEEE EEE 


by empty spaces, the following relation holds in the first order 
approximation: 


xix (ears xX 
Keer PP Fee K TeX 
ee Ae, feel ~ KK 
a ie ; * KK 
Koes obs 
YAY ar ee eee een ee eter eee ter Bee arcavascsscctacesecebretn25sate he teatans ontptishibes Sac eeastee eee 
‘ iX. x 
ip te x = 
8 @ . x . > 4 » 
i 
pre State H OX Pe i e 4 ¥ 
tah! ibaa 3 i sak , 


Now the determination of the amplitudes ao) in the first approxi- 
mation depends only on the ratio of minors of elements of the 
subdeterminant Do,o"®) to D®, As the subdeterminant Dp, yews? 
contains only main-diagonal elements, the mentioned ratio can as 
well be calculated as the ratio of the analogous minors of the 
determinant Do,o's”®) alone (written in first order approximation) 
to Do,o's¥® to the same approximation. In this respect the relations 


Gee be het full transmission will be reviewed for 0G first order 
yX1 Ay % ’ ws % “ < ne? “ 
d me ; 


58 Conditions er fat transmission mn the frst onder ode . 
written as hv ide sii 5 ne ip daecsaetiag ae * ee r ¥ re Mm isa = 
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Maete: ay (pel. 2) os. , 3s — 1) stands for Ao.o'”) in the first 

order approximation, ao and ag, stand for Re Ao,o and Re Ag,.°, 

respectively to the same approximations. With these notations 
(82a, b) will give 

Do,0/Dos,os = Ds,s/Dos,os, (84a) 

D/Dos,os + + = 0. (84b) 


As is well-known 8), the determinant ratios of the equation (84a) 
can be expressed as continued fractions. Indeed 


D = apDo,0 — 41Do0,1; Do,1 = a42Do1,01 — 44D 01,12; 
Do1,12 = 47D 012,123. 
Repeated substitution of the recurrence formulae yields 


D a1a3| a4a5| A35—203s—1| 
= ao — —— ae te SS SF 
Do,0 | a3 ag a35 


Defining 


a a | 3 _ 943 | 
K,.= i 3KtIN3K+2) OL 3A= 230-1 (85) 


ne ees ge ; 


Asn43 


(84a) can be written as 
Ks,1 = Ko,s-1. (86) 


The calculation of a similar expression for the equation (84b) is 
a bit more involved. Starting with 


D = aoDo,0 — 4142D 01,01, 
Do,o == a3sD0s,0s = A3s—143s—2D 0(s—1)s,0(s—1)s> 
Do1,01 = 43sD018,01s — %3s—143s—2D 01(s—1)s,01(8—1)s) 


the substitution of the last two equations in the preceding equation 
will give, upon dividing the result by Dos,0s, 


D/Dos,os = 4043s — 4043s—143s—2/Ks—1,1 — 4394142/K1,s—1 + 
+ 4142433-143s-2D01(s-1)s,01(s—1)8/Do0s,0s- (87) 
The last term of equation (87) can be transformed into 


(a142/K1,s—1)(43s—143s—2/Ks-1,1) - 


: (Dos,os)01(s—1)s,01(8-1)s/D 018,018) 0(s—1)s,0(s—1)8) - 
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Using the identity *) 
Dos, Dore, 01(s—1)3, = 
— Dors, 01s o(s— =1)8,0(s—1)8 Do1s, aifea toe Ols, 

this last term can be written as 
(a1a2/K1,s-1)(ags—143s-2/Ks-1,1) . 

. [1 — (Dots, ocs—1)sP0(s—1)s,01s01s,01s0(s—1)s,0(s—1)s) | 
Now 
Do1s,0(s—s = 4548... @3s—7435—4, D6(s—1)s,01s = 4447 . . . €3s—843s—5, 


~and with the help of these expressions the last term of (87) can be 
made equal to — 


(@1@2/K1,s—1)(43s—243s—1/Ks—1,1) — 
— [ad2a4d5 ... 43s—443s—243s-1/)Dos,0s)”)- 
Finally, (87) becomes | 
D/Dos,os = Ko,s-1Ks,1 — [a1a2aa . . . 351] (Dos,os)1,. 


and by virtue of (84b) the saan condition for full cctecnitale 
_ becomes : PAS 4p 
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If «9 = «4, Le. if the configuration is symmetrical about z= 4(21—Z0) 
(89a) holds for every frequency. In this case of two anne 
screens, the case considered by Bosma}), «9 = aj = a, ao = ag 
and a; = ag. Then condition (89b) requires that ap2 — a;2 + 4} = 0. 
Let 2; — z9 = ¢ and 


B® = (bho/x) In« + 4 ctghol, (90a) 

610) — (a2 — 1)2[(bho/x) — (ho/y2)(ctghys € + 1)], (90b) 
BW = — (1/2 sinhol), (90c) 

BD) = (a2 — 1)2(Ao/y2)(1/shye26), (90d) 


@ 


Ab 
screen 7 


distance “ 
NI\SIMD- 


a 
measurements 


“extrapolation 


2009 22* 2k 25228 


resonant frequency, kMHz —> 


Fig. 4. The resonant frequency for two identical screens; d large; a: config- 
uration in accordance with theory; b: configuration in accordance with 
measurements. 


so that |b), |b| are small compared with |B, |B), then 
(89b) requires to the first approximation that 


(BO)2 — (BM)2 + f+ 2(BHHO — BMD) = 0. 
Upon substitution of (90), the following results: 
ctg hot = (bho/z) In (1/«) + (2BOb — 2B) /(bho/s) In (1/«). (91) 


The zero order approximation would give 
ctghol = (bho/z) In(1/«). (92) 
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<— screen distance §,mm 


Sue 2 a Le 


slit height d —~ 


mm 7 
| 2.0 


T aes) lL 
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ca 
extrapolation 


S04 
—— —_ ZIZIZL 
02 
0.0 . 


20 22 24 26 28 3.0 3.2 34 36 38 40 


resonant frequency kMHz —> 
Fig. 5. The resonant frequency for two identical screens; d small; a: config- 
uration in accordance with theory; b: configuration in accordance with ‘ 
measurements. 
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Using (92) for the determination of the second (the smallest) term 
of the right member of (91), the condition (91) can be expressed as 


: (/bho) ctghot = In(1/x) + C, (93) 
C = (1 — a)? {1 — (a/bye)[1 + (chysd — coshot)/shyat]}. (94 


Figs. 4 and 5 give plots of the theoretical dependence of the ‘‘reso- 
nant frequency” on the height of the slits and the distance of the 


? Reflection 
coefficient 

|r | i) 19 
screen thickness 


SS ~~ & 
S 


er inane en av | 


178 F. A. W. VAN DEN BURG 


screens of zero thickness, calculated for a conventional S-band 
waveguide, with a=7.2l1cm, b =3.41cm. The dashed lines 
indicate experimental results for screens of 0.3 mm thickness. 
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Fig. 6 gives a plot of the theoretical dependence of the “resonant 
frequency” on the screen distance ¢ for d) = d) = | mm. The 
dashed line is found by experiment, for screens of 0.3 mm thickness. 

The arrows in figs 4, 5 and 6 point to a region, where in agreement 
with the measurements in fig. 7, the extrapolation for measurements 
with screens of zero thickness must lie. This extrapolation is accom- 
plished by measuring |R| as a function of the frequency for screens 
with different thicknesses; figs. 7 and 8 show the results. It can be 
concluded that the measurements confirm the theory fairly well. 
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Fig. 11. Filter characteristic for d‘ = d = 0.05 mm. 


Finally the fig. 9, 10 and 11 give filter characteristics obtained 
for the configuration with two identical screens. 


b) Full transmission through three screens; s= 2. 
In this case (86) and (88) will give 


OO = a1a2/a3 = a6 — a4a5/a3, (95a) 
(a9 — @1a2/a3)(ag — 4445/43) = [a1424405/(a3)?| — ft. (95b) 


Considering the case with symmetry about z = }(z2 — 20), we have 
ag = a3, SO ay = dg and according to (95a) a1d2 = a@aas5; then 
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(95b) requires 
ao2 — (2a9a1a2/a3) + £ = O. (96) 

Let z1 — zo = 22 —21 = ¢, then in a zero order approximation 
(96) gives rise to 
(ctg2hol) [4(bho/s) In«e + 4$(b/0/x)In«1) + 

+ (ctghol)[(bho/2) In«o + (b/0/z) Ino) + 

+ [(bho/z) In«o|?|(bho/z) In«1| — 

— 4(bho/z) Inxp + 4(dAo/z) Ina, = 0. (97) 
In the zero order approximation one resonant frequency is obtained 


this being the case when the discriminant of the equation (97) in 
ctghof vanishes or when 


In(1/c) = 2 In(1/e0) V[(bA0/) In(1/ao)]2 + 1. (98) 
Under condition (98) the common root of (97) will be 
ctghol = In (1/ao){1 + 1/[1 + 2 In(1/o9)/In(1/a)]}. (99) 
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The theoretical interdependence of the single resonant trequency, 
¢, 4 and d@ in the zero order approximation according to (99) 
is given in fig. 12 for screens with zero thicknesses, again calculated 
for an S-band waveguide. These calculations were used as a rough 
guide for the construction of filters. Figs. 13 and 14 show the results 
of some measurements with screens of 0.3 mm thickness. It can be 
seen that the zero order approximation gives only a rough design 
procedure. 

c) Full transmission through four screens; s = 3. For 
this case some measurements only are given in the figs. 15 and 16. 


§ 10. Final remarks. The theory developed in this article and the 
measurements given indicate that the construction of compact 
bandfilters for microwaves using capacitive screens with relative 
small interspaces is possible. Accurate results can be obtained by 
using a first order approximation. 
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A SIMPLE METHOD FOR PHOTOGRAPHING 
TRANSPARENT OBJECTS 
ADDENDUM 
by L. J. F. BROER, A. DEELEMAN and J. A. RIETDIJK 


Laboratorium voor Aero- en Hydrodynamica van de Technische Hogeschool 
the Delft, Netherlands 


Recently, some time after the publication of our note 1), we have 
found that the method given there has been described already 
by Schardin 2), who apparently did not realise its advantages 
over the ordinary schlieren technique for many applications. 


Fig. 1. Rake of small total head tubes in a supersonic flow. 


_ We use this opportunity to point out that the pictures shown 
in our note !) are somewhat blurred due to vibrations of the waves 
connected with the noise of the jet. Since then we have obtained 
a powerful flash lamp (Microflash 1530-A from General Radio). 
With this light source we can make sharp pictures with an expo- 
sure of a few microseconds. An example is given here, showing 
a rake of small total head tubes in a supersonic flow. Turbulent 
density fluctuations show up clearly at this exposure. 

Received 21st October, 1957. 
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FERROMAGNETIC RESONANCE IN 
POLYCRYSTALLINE FERRITES 


by J. SNIEDER 


Physical Laboratory of the National Defence Research Council T.N.O., Waalsdorp, 
The Hague, Netherlands 


Summary 


An experimental and theoretical study is made of the propagation. of 
TE 1-waves of wavelength 3.2 cm in a round wave guide containing a con- 
centric round rod of Ferroxcube IV magnetized by a static magnetic field 
in a longitudinal direction. The Faraday rotation and the ellipticity when 
the wave has passed a given length of rod is determined as a function of the 
static field strength through resonance and of the temperature over a range 
from —30 to 100°C. On the basis of the theory of ferromagnetic resonance 
with damping the elements of the gyromagnetic permeability tensor are 
computed. With them the rotation angle and ellipticity can be expressed in 
terms of the angular frequency of the wave, the radius of the wave guide, the 
radius and length of the rod,the static field strength, the static magnetization, 
the gyromagnetic ratio and the damping constant. The gyromagnetic ratio 
is determined from resonance measurements on spheres of Ferroxcube while 
the damping constant is chosen so as to give the best agreement between 
theory and experiment. An interpretation of the values of the gyromagnetic 
ratio and of the resonance width in terms of the porosity of the ferrites is 
given. The behaviour of the damping constant as a function of porosity is 
briefly discussed. 


CHAPTER I. INTRODUCTION 


The purpose of the present investigation is on the one hand the 
experimental determination of a number of quantities which are 
characteristic for the behaviour of various ferromagnetic ferrites 
under the influence of high frequency electromagnetic fields, and 
on the other hand the interpretation of the data thus obtained in 
terms of the theory of ferromagnetic resonance. 

In Chapter II the phenomenological description of ferromagnetic 
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materials in the simultaneous presence of a static and a high frequen- 
cy magnetic field with the aid of a gyromagnetic permeability 
tensor is briefly summarized. The possibility of losses is explicitly 
taken into account. With a view to the experiments to be described 
in Chapter III the theory governing the propagation of electro- 
magnetic waves in a round wave guide, containing a concentric 
round rod of ferromagnetic material under the influence of a static 
longitudinal magnetic field, is gone into in greater detail. By 
generalizing earlier work of van Trier) a relation expressing the 
rotation of the plane of polarization and ellipticity of a TE;;-wave, 
after traversing a given length of the guide, in terms of the perme- 
ability tensor of the ferromagnetic material is given. 

In Chapter III two kinds of experimental arrangements are des- 
cribed. In the first of these the rotation of the plane of polarization 
and the ellipticity referred to above can actually be measured at 
a wavelength of 3.2cm, for a static longitudinal magnetic field 
ranging from 0 to 5 x 105 A/m and at a temperature between —40 
and 120°C. The second arrangement serves to study the absorption 
of high frequency electromagnetic energy in small spheres of the 
materials investigated, contained in a cavity, for three frequencies, 
corresponding to wavelengths of 3.2, 1.6 and 1.25 cm, as a function 
of a static magnetic field ranging up to 8 x 105 A/m and of the 
temperature in the interval already mentioned. By varying the 
magnetic field the value can be found for which the absorption is 
a maximum, corresponding to resonance. The ratio of the angular 
frequency and the field strength at resonance is the so-called 
gyromagnetic ratio of the material. 

In Chapter IV the experimental results are collected both for the 
rotation and the resonance experiments. Several sources of error 
which may affect the measurements are discussed, together with 
the precautions necessary to avoid them. The degree of accuracy 
of the measured values is also estimated here. 

In Chapter V the theory of ferromagnetic resonance with a 
damping term in the fundamental equation is reviewed. The elements 
of the gyromagnetic permeability tensor introduced in Chapter II 
are computed from this theory for a ferromagnetic medium in the 
presence of a static magnetic field and in the case that magnetic 
saturation is completely or almost completely attained. They can 
be expressed in terms of the gyromagnetic ratio, the damping 
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constant, the angular frequency, the static field strength and the 
static magnetization. After a survey of ferromagnetic resonance in 
spheres, the theoretical values of the elements of the permeability 
tensor are substituted into the expressions derived in Chapter II 
for the rotation angle and ellipticity of a TEj;-wave traversing a 
longitudinally magnetized ferrite rod in a round wave guide. By 
choosing a suitable value of the unknown damping constant, the 
theoretical curves can be made to conform to the experimental 
curves. In this way the damping constant can be determined for 
the various ferrites as a function of the temperature. The tempera- 
ture dependence is found to be relatively slight, but there appears 
a strong influence of the porosity, in the sense that the greater the 
porosity the larger the damping constant. Using the damping 
constant giving the best fit, the computed values of the resonance 
field strength are compared with the observed ones, extrapolated 
to vanishing radius of the rods. A reasonable agreement is found. 

In Chapter VI it is investigated why the gyromagnetic ratio as 
determined from resonance measurements on small spheres of the 
same ferrites used in the rotation experiments has values depending 
on the temperature and on the wavelength. It is shown that the 
inhomogeneity of the material arising from its porous structure 
accounts essentially for this dependence. 

The porosity of the ferrites is accompanied by an inhomogeneity 
of the static field inside the material. As a consequence a broadening 
of the resonance frequency takes place in addition to broadening 
due to other causes. In Chapter VII an estimate of the width 
due to porosity is made under some simplifying assumptions and 
compared with experiment. We also give a brief discussion of the 
mechanism operative in ferromagnetic damping as manifested in 
the ferromagnetic damping constant and its dependence on porosity. 


CHAPTER II. THE PHENOMENOLOGICAL DESCRIPTION OF THE HIGH 
FREQUENCY MAGNETIC BEHAVIOUR OF FERRITES 


§ 1. The permeability tensor. If in an isotropic ferromagnetic 
material, or one which by reason of its polycrystalline structure 
may be considered as isotropic, a static magnetic field Ho is applied, 
then, as discussed e.g. in the thesis of van Trier}), the reaction 
of this material to a high frequency magnetic field can suitably be 
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| fa =a ie 0 | 
ell =|) 7#2 mw =O I, (2.1) 
| Oo 0) M3 1 


relating the components of the high frequency part of the magnetic 
induction B to the components of the high frequency part of the 
magnetic field strength H. In the thesis of van Trier, who was con- 
cerned with the behaviour far below resonance, 1, “2 and ug were 
considered as real quantities, signifying the absence of magnetic 
losses. Here we shall take into account from the beginning the possi- 
bility of such losses, and we shall hence assume 1, 2 and y3 to be 
complex: 


pa = wa’ — Jur", be = fe! — JM2", ws = ba’ — Jus"; (2.2) 


where p41’, 1", “2, 2", 3, 3” are real. These quantities will 
depend on the kind of material, the value of Ho, the temperature T 
and the angular frequency of the alternating field. Following 
van Trier we assume the dielectric behaviour of the ferrites to be 
describable by one dielectric constant 


€= 6 — Je", (2.3) 


independent of direction, which, however, in contrast to him we 
also allow to be complex. 


§ 2. Propagation of electromagnetic waves in round wave guides 
containing a concentric round ferromagnetic rod. We consider now 
a round wave guide with a wall that may be regarded as perfectly 
conducting, containing a concentric round rod of a ferromagnetic 
ferrite which can be characterized by a gyromagnetic permeability 
tensor (2,1), (2.2) and a dielectic constant (2.3) as discussed in § 1. 
In particular we give our attention to a TE,;-mode in the empty 
wave guide and the changes in its propagation arising from the 
presence of a ferrite rod with radius p; very much smaller than the 
radius po of the wave guide. The TE;;-mode in the empty guide may 
be resolved into two circularly polarized modes, depending on the 
azimuth # around the axis of the guide through the factor exp (+ 79). 

As shown by van Trier the propagation constant yo = 7fo of 
the TE1;-mode (which is purely imaginary since in the empty guide 
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no losses occur) is altered in a different way for the two circularly 
polarized modes by the introduction of the rod, becoming (see his 
equation (2.118)) 


Hi + M2 — Ho é — £0 
+ = Yo — C1yo | ———-——_ oe ore mren ee (2.4) 
fa =E M2 + fo P8 
Here the constants c; and cg are given by 
ogy’ 00 0) weg 0 
== 8 : Ce earn at 5) (2.5) 
4p0J 1" (G0po) vo" 


with ¢9, “o the dielectric constant and permeability of vacuum, 
oo follows form J1’(copo) = 0 as first root, yo from 


yo2 = O02 — ego, (2.6) 


and N, and /; are the Neumann- and Besselfunctions of order 1, 
the primes denoting differentiation with respect to the argument. 
By an approximation method in which they started from an empty 
wave guide and computed the first order perturbation produced 
by the presence of the thin rod Suhl and Walker?) could confirm 
the result of van Trier. 

As was mentioned before, van Trier was primarily interested in 
the practically lossless case at frequencies far below resonance. It 
appears, however, that his derivation applies unchanged in case 
41, #2, “3 and e are complex as supposed in (2.2) and (2.3). As a 
consequence of (2.4) ys will then also be complex. Writing 


Ys = on + IPs (2.7) 
and equating real and imaginary parts in (2.7) and (2.4) we find 


Mo(ua” + M2") 
(4° + plo’ + po)? + (u1” + pe")? 


ee” 
+ ce (ep eo)? be ] pis (2.8) 


a, = 2c1P 0 | 


Bs = Bo — ¢18 | (a a ae ea eee) 
OT al E po” + po)? + (ua + pe")? 


eas £07 ees 
ate (e’ + e0)2 + 2” | i. ae 
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§ 3. Faraday rotation and ellipticity. The electric fields of the 
two circularly polarized components orginally constituting the TE1,- 
wave in their dependence on the time ¢, the coordinate z measured 
along the guide in the direction of propagation and the azimuth # 
around the axis of the guide, can be written as 


E, = E, exp (— a,2) exp 7(wt + 3 — 6,2), 


(2.10) 
E_ = E_ exp (— a_z) exp j(wt — 0 — p_z), 


E,, E_, Ee E being perpendicular to the axis of the guide. Let 
us assume that for z = 0 we have equal amplitudes so that E, = 


— E_ = E. The result of the superposition of the two expressions 
(2.10) can then be written as 


E=E, + E_ = 2E exp (— 4(ay + az] exp jlot — 4(8, + B)é1. 
| {cosh[— (a4: — a-)2] cos[o — 4(B+ — B_)z) + 
+ j sinh[— 4(c, — a_)z] sinfo — (8, — Bz}. (2.11) 


From the factor in brackets { } in (2.11) it appears that for a given 
z the vector E consists of two components, 90° out of phase in time, 
the first of which has its maximum value for § = 3(6, — f_)z, 
the second for ® = $(6, — B_)z + da. We see thus that on passing 
through a distance z the direction of maximum E for both com- 
ponents turns through an angle 


= HB — Bz. (2.12) 
The rotation over unit distance 
= 4(8+ — B-) (2.13) 


is called the Faraday rotation. The ratio of the maximum values 
of the two components is suitably called the ellipticity and is 
according to (2.11) given by 


n = coth Foy — a)z. (2.14) 


By means of (2.8), (2.9, (2.5) and (2.6) # and 7 as given by (2.12) 
and (2.14) can be expressed in terms of the elements of the gyro- 
magnetic permeability tensor and the dielectric constant of the 
ferromagnetic material, together with the angular frequency «, 
the propagation constant yo of the empty guide and the radii 
po and p, of guide and rod. 
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From substitution of (2.8) and (2.9) in (2.12) and (2.14) it appears 

that due to cancellation of terms the dielectric behaviour does not 
enter into the quantities # and 7. 


CHAPTER III. EXPERIMENTAL ARRANGEMENTS 


§ 4. The materials used and their preparation. The materials 
studied were the same as those used by van Trier), viz. Ferrox- 
cabesk VycAQMB;G, DE; prepared at the Philips Laboratories in 
Eindhoven. They are nickel zinc ferrites with nickel and zinc in 
different proportions, produced by a sintering process which gives 
rise to a certain porosity. We repeat in table I the data on the 
chemical composition, specific gravity and porosity which have 
already been given by van Trier. 


TABLE I 
Chemical composition aes . 
Ferrox- ‘ a Specific Porosity 

cube eh PEC gravity a 

| NiO ZnO ‘a 
IVA 17.5 reel 4.45 16.6 
IVB 24.9 24.9 4.80 11.0 
LViG O1.7 16.5 4.52 16.2 
IVD 39.0 9.4 3.98 26.2 
IVE 48.2 0.7 3.80 29.5 


In the Faraday rotation experiments the rods of ferrite were the 
ones investigated by van Trier. The method of their preparation 
has been described by him in detail. 

The ferrite spheres for the resonance absorption experiments 
were obtained as follows. Samples of roughly equal dimensions in 
all three directions were cut from the material. These samples were 
placed into a vertical cylinder, the side wall of which was covered on 
the inside with emery paper. The bottom of the cylinder was closed, 
the top contained an orifice covered with gauze, permitting the 
passage of air. The samples were introduced into the cylinder 
and by means of a strong air jet, blown tangentially into the cylinder 
through the side wall, were violently thrown about, finally obtaining 
a spherical shape. On continuing the process the spheres could be 
ground down to smaller diameters. By observing the rolling of the 
spheres on a slightly inclined plane glass plate their roundness 
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could be checked, imperfections manifesting themselves by devia- 
tions from rectilinear motion. 


§ 5. Electronic equipment for the study of the Faraday effect im 
rods of ferrite. Fig. 1 represents the apparatus employed in the 
form of a block diagram. The klystron was of the type 723 A/B, 
working in the 3cm-band. The electromagnetic wave emitted 
passed a wavemeter, furnishing the frequency, a calibrated variable 
attenuator and a uniline which provided the decoupling of the 
klystron. The wave then entered a rectangular wave guide of such 
dimensions that only the TEo1-mode can be propagated. This wave 
guide gradually changed over into a round wave guide, called the 
rotator, in which the TEo;-mode becomes a TE;1-mode. The round 
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TRANSITION 
RECTANGU - ROUND TO 
LAR TO 


UNILINE 


SOLENOIDE 


KLYSTRON 


Fig. 1. Block diagram of the Faraday rotation equipment. 


wave guide was composed of two identical parts which could be 
rotated with respect to each other around their common axis. The 
second part changed continuously into a rectangular guide of the 
same dimensions as the one preceding the first part, bearing a 
crystal detector at its end. The detector is connected to a galvano- 
meter. The angle through which the second part of the rotator was 
turned with respect to the first part could be read on a scale. 

In each part of the rotator near its outward end a plate of con- 
ducting material (paper covered with carbon black) through the 
axis and parallel to the long side of the attached rectangular wave 
guide was present. This plate absorbed any component wave of 
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which the plane of polarization coincided with it, thé component 
wave polarized perpendicular to the plate not suffering any damping. 

In the middle of the rotator along its axis the rods of ferrite to be 
investigated were situated. They were supported by a wedge of 
(rigid) foam plastic attached to the inside of a hollow cylinder of 
the same material which was then introduced into the guide as 
shown in fig. 2. In mounting the rod on the wedge care was taken 
by means of a special metal fitting to place the rod precisely in a 
concentric position. The electromagnetic behaviour of the foam 
plastic is identical with that of air (or of free space) within the accu- 
racy of our measurements. The method of supporting the rod was 
so chosen as to have a free channel along it through which air could 
be passed. By pre-cooling or pre-heating the air current the temp. r- 
ature of the rod could be varied. A solenoid around the rotator 
could furnish a longitudinal magnetic field. The construction and 
the field of this solenoid will be considered in § 6. 


Fig. 2. Attachment of the ferrite rod to the foam plastic cylinder. 


Before the rod was introduced into the rotator, the zero reading 
of the rotator scale could be determined by turning the second half 
into such a position that a maximum signal was read on the galvano- 
meter. The position 90° further on where the signal is a minimum 
could be fixed still more accurately because for it the power entering 
the rotator could be chosen larger, giving a big deflection of the 
galvanometer already for small deviations from the minimum 
position. After the rod had been introduced, it was first demagnetized 
by an alternating current through the solenoid. Then the rotation 
angle to which the rod gave rise when a static magnetic field was 
generated parallel to it by means of a direct current through the 
solenoid could be measured by finding the new position of minimum 


reading. 
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With the aid of the variable calibrated attenuator we could 
determine the intensity ratio for the positions of maximum and 
minimum reading and thus the square of the ellipticity, convenient- 
ly expressed in decibels. Similarly by measuring the intensity ratio 
for the empty guide and the guide containing the magnetized 
ferrite rod for the position of maximum reading we could obtain 
the insertion loss in decibels. 


§ 6. The solenoid and its magnetic field. The static magnetic field 
to be applied to the ferrite rod in the rotator was produced by a 
solenoid consisting of two separate parts which were placed end to 
end as shown in fig. 3, where also the dimensions are indicated. The 
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Fig. 3. Watercooled solenoids for the Faraday rotation experiments. 
Distances in mm. 


end plates of each part, made of brass, were joined by a brass 
cylinder. They were water-cooled, no further cooling being used. 
The windings of insulated copper wire, 3mm in diameter, were 
placed around the cylinder without additional insulation. A thermo- 
couple, introduced in the region of the coils which became warmest, 
allowed to measure the temperature there. 

The magnetic field strength along the axis of the solenoid was 
measured by turning a small test coil quickly through 180° from a 
parallel into an antiparallel position and by taking the reading of 
a ballistic galvanometer connected to it. The scale of the galvano- 
meter had been calibrated with magnetic fields of known strength, 
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very accurately determined by means of proton-resonance. Fig. 4 
represents the axial field strength for a current of 12 A through the 
windings along the central 12 cm of the pair of solenoids when in an 
adjacent position. 
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Fig. 4. Axial field strength in the solenoid of fig. 3 at a current of 12A. 


The field strength could be varied continuously from 0to5 x 105 
A/m. At the higher values the time available for measurements was 
limited by the heating of the coils. With a view to the insulation 
a maximum temperature of 120°C was permissible. 

By separating the solenoids and introducing iron cores inside, 
fairly homogeneous magnetic fields of considerably greater strength 
could be produced in a limited region between the end surfaces of 
these cores. 


§ 7. Arrangement for measuring the magnetization of the rods. In 
connection with the theoretical interpretation of the Faraday 
rotation and ellipticity observed in our experiments on ferrite rods 
a knowledge of the magnetization produced by the static magnetic 
field is required. The arrangement for determining this consisted 
of two short coils in series with a galvanometer. The two coils were 
identical, except in being wound in opposite direction. In each of 
the two parts of the solenoid described in § 6 one coil was placed 
coaxially at the centre, the two parts being sufficiently separated 
from each other so that no magnetic coupling between the coils 
occurred. If the same current was passed through the two parts of the 
solenoid, then on varying this current or on reversing its direction 
the galvanometer did not show a deflection by reason of the opposite 
sense of winding of the coils. 
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On introducing a ferrite rod into one of the coils an additional 
flux proportional to the magnetization of the rod passed through 
this coil, and when the current through the parts of the solenoid 
was reversed, a deflection of the galvanometer was caused. Repeat- 
ing the procedure with a nickel rod of the same dimensions as the 
ferrite rod, the ratio of the galvanometer deflections gave the ratio 
of the magnetizations in the two cases. From the known magnetic 
properties of nickel 3) the magnetization of the ferrite rod could 
then be computed. 


§ 8. Equipment for regulating and measuring the temperature. For 
measurements above room temperature the air that passes the ferrite 
rod through the channel in the foam plastic mounting mentioned 
in § 5 was pumped through the interspace between two concentric 
tubes, on the inner one of which an electrically heated spiral was 
wound. By adjusting the heating current of the spiral and the 
speed of the air, the temperature could be varied from room 
temperature to about 150°C, the softening point of the solder con- 
necting the sections of the wave guide. For measurements below 
room temperature the air was pumped through a helical tube in a 
heat exchanger connected to a frigidaire cooling-machine. The 
temperature of the cold air could either be varied by changing 
its speed or by admixing air of room temperature, the temperature 
range being from —40°C to room temperature. 

The temperature of the ferrite rods in the rotator was measured 
with two calibrated constantan-copper thermocouples, one placed 
at the entrance, the other at the exit of the rotator. The average of 
the two temperatures was taken as the temperature of the rod. 
This procedure was justified by some test-runs in which a third 
thermocouple was placed next to the rod near its centre. 


§ 9. Electronic equipment for the study of resonance in spherical 
probes of ferrite. The electronic set-up for the measurements in ques- 
tion is shown diagrammatically in fig. 5. The klystron was sawtooth- 
modulated in its repeller tension. The modulated signal passed a 
wavemeter, a variable attenuator and a uniline, arriving in the 
magic tee. One of the other guides of this magic tee was closed by 
a shortcircuit piston, the other two were respectively connected 
to a crystal detector and a half-wavelength cavity. The coupling 


FERROMAGNETIC RESONANCE IN FERRITES 197 


of this cavity to the guide was achieved by means of a coupling hole. 
The small sphere to be studied was supported in the cavity on a 
slab of foam plastic in such a position that the high frequency 
magnetic and electric field there had a maximum value and the value 
zero respectively. The static magnetic field could be applied to the 
cavity by means of the solenoid already described in § 6. Without 
this field the mode of the klystron appeared on the oscilloscope 
when its base was modulated in the same way as the klystron. 
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Fig. 5. Block diagram of the resonance equipment for measurements on 
spheres. 


When in the absence of a static magnetic field the frequency was 
adjusted so as to make half the wavelength equal to the length 
of the cavity, a dip could be seen in the mode of the klystron which 
is due to the absorption of the cavity. Care was taken to have this 
dip at the centre of the mode on the oscilloscope. On gradually 
applying the static magnetic field in a direction perpendicular to 
that of the high frequency magnetic field at first a decrease of the 
dip and a shift to one side were observed as ferromagnetic resonance 
in the sphere was approached. Indeed, under these conditions the 
presence of the sphere will noticeably alter the resonance frequency 
of the cavity as well as its quality factor. On increasing the static 
field the dip attained a minimum value, at the same time returning 
to its original position. On still further increasing the static field the 
dip passed to the other side and gradually increased again. The 
minimum of the dip corresponds to the maximum of ferromagnetic 
resonance absorption. 
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The value of the static magnetic field at which this occurs will 
be denoted by H,. By the relation 


o = 1H,, (3.1) 


where w is the angular frequency of the wave used, as determined 
by the wavemeter, we can introduce the gyromagnetic ratio [’ which . 
thus can be found experimentally. 

Measurements similar to the ones described could be performed 
with a transmission cavity having a coupling hole at either end and 
replacing the magic tee in fig. 5. The length of the cavity must be 
an integral number of half wavelengths. Actually it was equal to 
one wavelength. The procedure was otherwise the same as in the 
previous case. 

It should be noted that the dielectric behaviour of the sphere was 
immaterial for the resonance phenomenon discussed. In the first 
place this behaviour is not influenced by a static magnetic field, 
but besides, as already stated, the position of the sphere in our 
measurements was so chosen as to make the high frequency electric 
field near it practically zero. 


CHAPTER IV. THE EXPERIMENTAL RESULTS 


§ 10. Faraday rotation and ellipticity measurements on ferrite rods. 
With the electric equipment described in §§ 5 and 6 the Faraday 
rotation and ellipticity produced in the TE;;-wave of a round 
wave guide by concentric ferrite rods of length / = 3.45cm as 
mentioned in § 4 were investigated at a wavelength 4 = 3.2 cm and 
as a function of the static longitudinal magnetic field Ho, for various 
radii pi; of the rods and at three temperatures JT — —32°C, room 
temperature (20—22°C), 120°C. 

In figs 6-11 the results for the dependence on Hp at room tempera- 
ture are represented for rods of the various kinds of ferrite, having 
respectively radii of 0.5 (in case of rod IV C, this was 0.6), 1.0 and 
1.5mm. Figs 6, 8 and 10 show the rotation angle # as defined in 
§ 3 in degrees, figs 7, 9 and 11 the ellipticity 7, or more precisely 
2010 log 7 in decibels. In the last three figures the insertion loss as 
discussed in § 5, i.e. the intensity ratio at the position of maximum 
reading for the empty guide and the guide containing the magnetized 
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rod, is also given, expressed in decibels. Actually this intensity 
ratio was found by first measuring once and for all the ratio for the 
empty guide and the guide containing the demagnetized rod, and 
thereupon the ratio for the guide containing the demagnetized rod 
and the guide containing the magnetized rod. 

From these figures we see at once that the value of Ho at which 
the curve for the Faraday rotation crosses the axis (# = 0) in all 
cases is the same (within the accuracy of the curves) as the value 
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Fig. 6. The rotation angle # vs. the static magnetic field strength Ho for 

rods of the ferrites A(x), B(co), C(A), D(@), E(. ) at a wavelength A = 

= 3.2cm and a temperature T = 22°C. Length of the rods 1 = 3.5cm, 
radius p1 = 0.05 cm for A, B, D and E and 0.06 cm for C. 


at which the ellipticity curve for the same rod has a minimum. 
This is also true for the other temperatures, —32°C and 120°C, for 
which the curves have not been included here since they are of the 
same type as those of figs 6-11. We may hence call this value Hy 
of Ho the effective resonance value. 
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Fig. 7. The measured ellipticity vs. the static magnetic field strength Ho 

for rods of the ferrites A(x), B(oo), C(A), D(©) and E(.. ) at a wavelength 

A = 3.2cm and a temperature T = 22°C. Length of the rods 1 = 3.5cm, 
radius pi = 0.05 cm for A, B, D and E and 0.06 cm for C. 


Tig. 8. Same as fig. 6, but for pi — 0; ems 
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Fig. 9. Same as fig. 7, but for pi — 0, em, 


Fig. 10. Same as fig. 6, but for p; = 0.15 cm. 


It appears from our measurements that H; is a function of the 
radius p; of the rods. In figs 12, 13 and 14 H; is shown for the 
different kinds of ferrite as a function of pi; for T = — 32°C, room 
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temperature and 120°C. For some rods with a radius smaller than 
0.5mm no complete resonance curves have been obtained, but 
only the immediate neighbourhood of the resonance value H, has 
been investigated in order to find H,. These values of H, have been 
included in figs 12, 13 and 14. 
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Fig. 15. The magnetic field strength at resonance H,, extrapolated to 
vanishing radius pi of the ferrite rods, vs. the temperature. The brackets 
indicate the uncertainty of the extrapolation. 


The phenomenological treatment of Chapter II is an approxima- 
tion, valid only in the case of small radii p;. In order to be able in 
Chapter V et seq. to relate the atomistic theory of ferromagnetic 
resonance to our measurements we have extrapolated H, in figs 
12, 13 and 14 to p; = O and represented these extrapolated values 
of Hy as a function of the temperature in fig. 15. 


§ 11. Sources of error in the rotation and ellipticity measurements. 
The phenomenological theory of Chapter II for the Faraday 


FERROMAGNETIC RESONANCE IN FERRITES 205 


rotation and ellipticity is based on the assumption that both the 
wave guide and the concentric rod are infinitely extended. The 
rods used by us were of finite length, and it is hence conceivable 
that end effects would introduce an error. It is to be expected that 
the relative size of this error will increase with increasing radius of 
the rods. Measurements of the Faraday rotation were therefore 
carried out for rods of the same radius and different lengths to see 
in how far the rotation angle was proportional to the length. For 
the rods ultimately used by us strict proportionality was found 
within the accuracy of the angular readings of about 0.1° if the 
radius did not exceed 1.5 mm. End corrections may then be neg- 
lected. 

The error in the readings of the attenuator used to determine the 
ellipticity and insertion loss is about 0.1 db. 

As can be seen from fig. 4, the static longitudinal magnetic field 
produced by the solenoid is not quite constant over the length 
1 = 3.45cm of the rods used. Since the rods were placed at the centre 
of the solenoid, the deviation from the average is about 1%. 

The accuracy with which the temperature was defined was about 
1°C. For this reason the data collected under the heading “‘room 
temperature’ have been considered together, although actually 
this temperature lay between 20 and 22°C. 


§ 12. Measurements of the magnetization. The magnetization for 
the various ferrite rods has been measured as a function of the 
magnetic field strength in the way described in § 7, for tempera- 
tures of —27°, 20° and 100°C. The results are given in fig. 16. The 
magnetization at saturation following from this figure is represented 
as a function of the temperature in fig. 17. 

Some measurements of the initial permeability have also been 
made, the results being collected in table II. 


TABLE II 
a 
Bi eran ee a ig ee | Oe ft ae 
Initial permeability. .. | 736 | 342 | 286 | 138 | 54.1 | 166 


§ 13. Resonance measurements on ferrite spheres. Spheres of the 
ferrites mentioned in § 4, prepared in the way described there, 
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were studied for their behaviour in the presence of a static and a 
high frequency magnetic field by means of the apparatus discussed 
in §9. At the wavelength 4 = 3.2cm a sphere of radius 0.2 mm, 
at 2 = 1.6cm and 1.25 cm.a sphere of radius 0.125 mm was used. 
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Fig. 16. The measured magnetization Mo for the rods of ferrite A, B, C, D, 
E vs. the static magnetic field strength Ho at temperatures T = —27°C, 
+20°C and 100°C. 


From the known angular frequency w and the value H, of the 
static magnetic field at which resonance occurred the gyromagnetic 
ratio J” as defined by (3.1) could be determined. 

In view of the theoretical discussion in the following chapters 
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we have expressed the /’thus found in terms of the quantity uo e/2m 
as unit, where e¢ is the electronic charge and m the electronic mass: 


(Ay ea (4.1) 
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In figs 18-22 some of the results of our measurements with 
reference to gery have been represented graphically. Figs 18 and 19 
show gert for the various ferrites as a function of the temperature 7, 
the wavelength used being 2 = 3.2 and 1.6 cm respectively. Figs 
20, 21 and 22 show the dependence of ger on A for the three temper- 
atures T = —30°, 20° and 100°C. This dependence has also been 
observed by Okamura and his collaborators 4). 


—— T 


Fig. 18. The effective g-value for the ferrites A, B, C, D and E vs. the temper- 
ature at a wavelength 4 = 3.2cm, determined for spheres of radius 0.02 cm. 


§ 14. Sources of error in the resonance measurements. In the 
resonance measurements on spheres reasonable care has to be taken 
to mount the spheres in the proper position on the axis inside the 
cavity. We have investigated how the value of ger, as defined in the 
preceding paragraph, is affected when the sphere is placed very 
close to the bottom of the cavity. Fig. 23 illustrates what happens 
for the case of a sphere of radius 0.125 mm. The explanation must 
be sought in the formation of images 5) 6). Reference *) reports 
similar effects for a case of dielectric measurements. 
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Experimentally we also found that the value of ger; depended 
somewhat on the diameter of the coupling holes both for reflection 
and transmission cavities. Fig. 24 illustrates this. The g-values 
obtained for different diameters of the coupling holes should 
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Fig. 19. The effective g-value for the ferrites A, B, C, D and E vs. the 
temperature at a wavelength A = 1.6cm for spheres of radius 0.0125 cm. 
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Fig. 20. The effective g-value for the ferrites A, B, C, D and E vs. the 
wavelength at a temperature T = —30°C. 


therefore be extrapolated to zero diameter for very accurate 


determinations. 
On account of the small dimensions of the spheres the skin 


effect played no réle in our measurements and the inaccuracy in 
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the values of the static magnetic field was less than in the 
rotation experiments, say 0.5%. The inaccuracy of the temper- 
ature T was-the same in both cases, that is to say of the order 
of 1%. The values of gerr are subject to an error of the same 
SIze. 


Fig, 22. Same as fig. 20, but for T = 100°C. 


It may be mentioned here that we checked our results for H, 
with a Pound stabilized measuring equipment. Within an error of 
0.5% agreement was found. With this apparatus the half-width 
AH oe of the resonance curve (width at half the height of the maxi- 
mum) could also be determined. The results are shown in table 
III. The measurements at 2 = 3.2 cm were made on a sphere of 


0.2mm radius, those at A = 1.25 cm on a sphere of 0.125 mm 
radius. om 
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TABLE III 


Acm C2 ee 
T °C | 2 4g0 cy ll Re we 
Ferrite | AHoe® ALLO WElAR. oO” 
IVA 376 415 iT heooltise: 
IVB 294 259 570 
IVC 521 458 845 
IVD 694 669 1265 
IVE 910 856 


CHAPTER V. INTERPRETATION OF THE ROTATION AND ELLIPTICITY 
MEASUREMENTS IN TERMS OF FERROMAGNETIC RESONANCE 


§ 15. The permeability tensor. The theory of ferromagnetic 
resonance starts from the fundamental equation, first given by 


Geff. 
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Fig. 23. The effective g-value for a sphere of ferrite A of radius 0.0125 cm at 
a temperature T = 20°C and a wavelength 4 = 1.25 cm as a function of the 
distance between the centre of the sphere and the wall: “Wall effect’. 


Landau and Lifschitz ”), for the time dependence of the magnet- 
ization M 
dM 


KD’ 
a a ( ) 


where I" is the gyromagnetic ratio, already referred to in § 13, H 
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the local magnetic field strength acting on the magnetization and 
x a damping constant. Without the damping term (5.1) formed the 
basis of the original considerations of Kittel 8). 

In the thesis of van Trier1+) previously mentioned expressions 
for the elements of the gyromagnetic permeability tensor (2.1) have 
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Fig. 24. The effective g-value for a sphere of ferrite A of radius 0.02 cm ata 
temperature T = 20°C and a wavelength 4 = 3.2cm as a function of the 
radius of the coupling hole in the resonance cavity. 


been derived from (5.1) for the case of no losses x = 0. The procedu- 
re followed by him can be generalized to the case x 4 0. 

If in a given region of the ferromagnetic medium we choose a 
local coordinate system such that its z-axis, carrying the unit 
vector k, coincides with the static part of the magnetic field Hok 
there, then the magnetic field may be written as 


H = Hok + HM, exp jot, (S.2) 


the second term on the right-hand side being the high frequency 
part of the magnetic field. Similarly we may split the magnetization 
into its static and high frequency parts: 


M = Mok + Mj, exp jot. (5.3) 
On the assumption, always realized in our experiments, that 
H, < Ho, Mi< Mo we may on substitution of (5.2) and (5.3) in 


(5.1) neglect terms of second and third degree in quantities bearing 
the index | and get thus 


70M = I'(HoM,— MoH) xRk+k I|(HoMi— Mo M;) Xx k}| xR. (5.4) 
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Writing the high frequency part of the magnetic induction with 
the aid of the gyromagnetic permeability tensor peet'y; <(2-2)ras 


By = wo + Mi = |\u|| i 
or in components 
Byg=MoHiz+Mig=(ur' — fur") Hig — 7j(u2’ — jug") Hy, 
Biy=“oH y+ Miy=j(u2’ — jue") Hig + (ur’ — jus") Hiy, } (5.5) 
Byz ="oHiz+Miz=(u3' — jus”) A112, 
we find by solving (5.4) for the components of M;, substituting into 


(5.5) and equating the coefficients of Hi, and Hy, on the right and 
left 


I?M oHo{(1 + x?) [(1 + 2) L2H? — w?2] + 2x22} 5 
[(1 + «?) L2H? — w?]2 + 4x2m2I2H 9? Oe) 
Kol 'Mo|(1 + «2) [2H 02 + w?] 


re es [(1 + 2) D2H 92 — w2]2 + 4x202T2H (2 ’ (5.7) 


fa = Ko + 


" aE Mo[(1 + x2) F2Ho? — w2] 
2S AL ey 2g? = w2? 42a L2H?” 


(5.8) 


: 2xw?2l2M oH 
jie” = . (5.9) 
[(1 + x?) L2H? — w?]? + 4x2w2I 2A? 


The quantities (5.6)-(5.9) may be termed the local values of the 
elements of the permeability tensor since they refer to the local 
coordinate system introduced. Let us now suppose 

a) that the ferromagnetic medium is subjected to a homogeneous 
external static field Hoe of such magnitude as to give rise to mag- 
netic saturation, 

b) that the specimen used is of ellipsoidal shape and that in 
consequence the demagnetizing static field is also homogeneous, 

c) that the fields due to crystal anisotropy and magnetostriction 
are negligible, 
then both Hp and Mp will have the same magnitude and direction 
everywhere in the specimen and the expressions (5.6)—(5.9) may be 
regarded as the elements of the permeability tensor with respect 
to one and the same coordinate system with the z-axis in the direc- 
tion of Ho at all points of the medium. 
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Both in our experiments on the Faraday rotation in rods and on 
ferromagnetic resonance in spheres the fields in the resonance 
region, of the order 1000-8000 oerstedt, were such that magnetic 
saturation was at least approximately realized, as can be seen by 
inspection of fig. 16. Also the rods used were so thin compared with 
their length that they may be identified with the limiting case of a 
very elongated ellipsoid for which the internal static field Ho is 
practically equal to the external static field Ho, applied in a longi- 
tudinal direction, the demagnetizing field practically vanishing. 
Finally the anisotropy fields may indeed, at the field strengths of 
interest, be considered as small corrections. 

A feature which we shall forget at present is the fact that the 
materials investigated, due to their porosity, actually are not homo- 
geneous. The influence of the porosity will form the subject of the 
following chapters. 

§ 16. Ferromagnetic resonance in spheres. Inside a sphere placed 
in a homogeneous external magnetic field the resultant magnetic 
field is equal to the external field diminished by one third of the 
magnetization divided by wo. Thus if the sphere is small compared 
with the wavelength of the high frequency field we have both 


HjiSiy — Mises Hy Mises 


Let us take Ho, in the z-direction, Hj, in the x-direction. Then we 
find from (5.4) 


joM yy, = PHoeMiy — «0 HoeMyz + KP MoH ie, 
joMyy = —D'HoeMig + [MoH ie — cI'HoeM 1 y. 


Solving for Mj, and Mj, from these two equations, expressions are 
obtained with the denominator 
[(1 + x?) P2H 62 — w?|2 + 4x2m2I2H 9,2, 
showing that resonance occurs for a value H, of Hoe given by 
wo = TH, V1 + 2. (5.10) 


Since we shall find later that « in the ferrites studied averages 
about 0.05 and is never more than 0.1, we see that the damping 
correction influences (5.10) at most by }% and may hence be neg- 
lected in view of the accuracy of our measurements. The experi- 
mental definition of J” as given in (3.1) is thereby justified. 
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§ 17. Determination of the damping constant « from the rotation 
and ellipticity measurements. We proceed now to compute numeri- 
cally from (5.6)—(5.9) the quantities w1’, wi", 2", u2" for the frequency 


Fig. 25. Measured (---) and calculated (—-) rotation angle # as a function 
of the static magnetic field strength for a rod of ferrite B of length 1 = 3.5 
cm and radius pi = 0.05cm at a wavelength 4 = 3.2cm and a temperature 
T = 20°C. In the calculation the following values were used « = 0.032, 
ere = 2.12, Mo = 0.456 Wb/m?. 


Fig. 26. Measured (---) and calculated (—) reciprocal ellipticity 1 /n for the 
case of fig. 25. 


9375 MHz, corresponding to the wavelength 4 = 3.2 cm used in the 
Faraday rotation experiments, for various temperatures and for 
various values of the external field, which, as previously mentioned, 
may here be identified with the quantity Zo in the above equations. 
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For I’ we employ the value of the gyromagnetic ratio found from 
measurements of the resonance field H; in a sphere of the same 
material and.at the same frequency and temperature, as described 
in § 13. For Mo we introduce the value of the magnetization at the 
temperature and magnetic field strength under consideration. 
Finally we assume a tentative value for k. 

The values of pi’, “1”, M2’, 2” thus obtained are then substi- 
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Fig. 27. Influence of the choice of « on the calculated rotation angle # for 

a rod of ferrite C of length 1 = 3.5 cm and radius p; = 0.06 cm at a wave- 

length 2 = 3.2cm and a temperature T = 20°C. In the calculation the 

following values were used x1 = 0.05, xg = 0.045, x3 = 0.04, xa = 0.03, 
Serr = 2.244, My = 0.456 Wb/m?. 


tuted in the expressions (2.8) en (2.9) for the quantities «. and fx, 
which in their turn determine the value of the rotation angle # and 
the ellipticity 7 according to (2.12) and (2.14). 

Figs 25 and 26 show for a rod of ferroxcube IV B both the 
measured curves for # and 1/n and the curves calculated in the way 
just described, using the value x = 0.032 which gave the best fit. 
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It is seen that the theoretical and experimental curves agree very 
well except that the theoretical curves at resonance are shifted over 
a distance of about 70 oerstedt to the left with respect to the ex- 
perimental curves. This can be understood if it is remembered that 
(2.8) and (2.9) hold strictly only in the limit of vanishing radius of 
the rod. Indeed, experiments with rods of different radii show that 
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Fig. 28. Influence of the choice of « on the calculated ellipticity, same case 
as fig. 27. 


the shift decreases toward zero with diminishing radius. Also it is 
found that « is practically unaffected by variations in p1. 

An impression of the sensitivity of the computed curves for the 
choice of « is given by figs 27 and 28 which refer to rotation and 
ellipticity measurements in ferroxcube IVC. Here too the shift 
already mentioned manifests itself. It is clear that the value 
xa = 0.045 gives the best fit and that the adjustment is rather 


critical. 
Figs 29 and 30 represent the values of « thus obtained for the 
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different ferrites as a function of the temperature and the porosity 
respectively. Fig. 31 shows that there is no very simple connection 
between « and the percentage NiO contained in the ferrites. To the 
interpretation of these results we shall return in Chapter VII. 

It is interesting to compute the resonance value H, of the field 
at which the rotation angle ? vanishes. According to (2.12) this re- 
quires 6, — B_ = O. Using (2.9) we thus find the condition 


[(ua’ +40)? — 2’? — "2? — 2") pag’ +-2(ur’ + fo) f1"w2" =O. (5.11) 


With the expressions (5.6) to (5.9) for wi’, “1”, 2’, 42” it is verified 
by substitution that (5.11) is satisfied if we put for Ho the value 


M 
oe rod rae aed (5.12) 
V1 4+ #2 20 
TABLE IV 
T | : (Hy) (Hr) cate (Hr) cate : 
ferrite ee Mo at H; Mo at saturation 
“¢ @ 
13) 16) 

A 1190+ 9 1228 + 24 1166 + 24 
B 525 + 17 652 + 28 484 + 28 
— 27 G 405 + 13 539 + 27 371 + 27 
D 728 + 13 910 + 22 880 + 22 
E 1490 + 14 1438 + 20 1428 + 20 
A 1639 + 10 1617 + 22 1589 + 22 
B 874 + 33 916 + 26 824 + 26 
20 G 695 + 17 913 + 26 648 + 26 
D 890 + 24 1021 + 23 899 + 23 
E 1510 + 10 1503 + 20 1478 + 20 
A 2331 + 16 2344 + 20 2317 + 20 
B 1391 + 27 1384 + 25 1377 + 25 
100 G 1123 + 18 1202 + 25 1072 + 25 
D 1168 + 19 1366 + 22 1161 + 22 
E 1580 + 17 1608 + 20 1603 + 20 


The third column in table IV gives the experimental values of H, 
in oerstedt, extrapolated to zero value of the radius pi of the 
ferrite rods as shown in figs 12, 13, 14 and 15, the fourth column the 
values calculated from (5.12). In the majority of cases the experi- 
mental values are equal, within the experimental error, to the 
theoretical ones or somewhat lower, the difference increasing with 
decreasing H,. This can be understood if we remember that at the 
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lower field strengths we have not yet attained full magnetic satura- 
tion (see fig. 16). As we have mentioned before, our theoretical ex- 
pressions in-the first place hold strictly only when saturation is 
attained. But besides, as we shall see in the following chapter, the 
porosity actually makes the magnetic field inhomogeneous in the 
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Fig. 31. The damping constant « for the ferrites A, B, C, D, E as a function 
of the percentage NiO at a temperature T = 20°C. 


material and lets the field strength take on local values greater 
than the average. The values of Mo which ought to be substituted 
in our equations are hence larger than those corresponding to the 
external static field Ho. By using for Mo the magnetization at 
saturation, we should get a lower bound for H; as computed from 
theory. In the fifth column of table IV these values have also been 
given. 


CHAPTER VI. THE INFLUENCE OF POROSITY ON THE RESONANCE 
CONDITIONS 


§ 18. Outline of the problem. In view of the available measuring 
equipment and because of its simplicity we have studied the re- 
sonance phenomenon in spheres of ferrite over a wider range of 
conditions than the Faraday rotation in rods. For a sphere we found 
in § 15 the resonance relation (5.10), which on account of the small 
value of « (< 0.1) practically reduces to the relation (3.1). As 
mentioned already in § 13 it is customary for purposes of theory to 
express J” in the unit “oe/2m by means of (4.1), leading us to the 
spectroscopic splitting factor g. 

If the magnetization of a substance is entirely due to electron 
spins, one expects the value g = 2. As discussed e.g. by Van Vleck 9), 
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g may become larger, say 2 + 0, if the electronic orbital motion 
also contributes to the magnetization. In most ferromagnetics 6 
lies below 0.1. Besides g another quantity g’, the magneto-mechani- 
cal factor plays a role in magnetized media. It represents the ratio 
of the magnetic moment to the mechanical moment of momentum 
manifesting itself in the Einstein-de Haas effect, again expressing 
this ratio in the unit joe/2m. For small values of 5 theory 19) 11) 
shows that g’ = 2 — 6, so that we have the relation g — 2 = 2 — ¢’. 
In conformity with this relation also g’ in general is found to differ 
from 2 by less than 0.1. By reason of its fundamental physical 
significance g should be essentially a constant characteristic of the 
material and hence independent of the wavelength used in the 
resonance experiments and of the temperature. 

In contrast to other ferromagnetics our figs 18 to 22 show effective 
g-values ranging up to 2.5. In addition the values gers are seen to 
depend noticeably on the temperature and strongly on the wave- 
length employed. It is the purpose of this chapter to investigate the 
causes of these discrepancies. 

The dependence of gerry on wavelength had already been noted by 
Okamura and his collaborators 4) 12). This author introduced into 
the resonance equation an internal field H;, which he assumed to be 
temperature-dependent, by writting instead of (3.1) 


eT get. H,. 


By measuring H; at two different frequencies, /’ and H; could then 
be computed. Suggestions were made about the physical origin of 
the field H; without leading to definite conclusions. 


§ 19. The influence of porosity on the g-values. Polycrystalline 
ferrites are sintered materials always showing pores. It is impossible 
to prepare them with the same bulk behaviour, but without porosity. 
Having arisen in a partially melted material of a ceramic nature, 
the pores may reasonably be assumed to have in general a spherical 
shape due to the effects of surface tension, a hypothesis confirmed 
by microphotographs of polished sections. A polycrystalline ferrite 
may hence be considered as pure ferrite with inclusions of air. 

In this section we shall proceed as if the ferrites used in our 
experiments were homogeneous substances for which the magneti- 
zation due to a given static external field Ho-, and hence also the 
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demagnetizing field, has a value differing from that in an ideal 
ferrite without air inclusions. We shall then calculate the external 
field Ho,’ that would have to be applied to the ideal ferrite in order 
to make the internal field the same as in the real ferrite. 

For a homogeneous sphere of the real ferrite the external field 
Hoe, the internal field Hp and the magnetization Mo are related by 


M 
Pipe ae (6.1) 
3140 
For the ideal ferrite at the same internal field Ho we have similarly 
i Mo’ 
Hoe’ = Ho + ; (6.2) 
30 
Hence from (6.1) and (6.2) 
Hoe’ = Hoe + Hp, (6.3) 
the corrective field Hy, due to porosity being 
Mo —M 
Bowe a a (6.4) 


30 


Since the magnetization Mo in the real ferrite, on account of the 
presence of air, will be less at the same internal field strength Ho 
than the magnetization M9’ of the ideal ferrite, Hy is positive. If we 
could have performed our resonance experiments on a sphere of the 
ideal ferrite, we would have found a larger resonance field strength 
H,’ for a given frequency w and accordingly from (3.1) and (4.1) a 
smaller g-value provided the effect of the pores on the high frequency 
field can be neglected. 

There are two cases for which the difference Mo’ — Mo in (6.4) 
can be calculated exactly. The simplest is the one where the magneti- 
zation may be assumed to have everywhere the same fixed value Mo 
in the direction of the external field, irrespective of whether the 
sphere be solid or porous, so that on removing the ferromagnetic 
material from the solid sphere in the regions occupied by the pores, 
the magnetization remains ‘‘frozen in’’ in the rest of the material 
both as regards magnitude and direction. Then evidently the mag- 
netization Mo of the real ferrite is (1 — qg) times the magnetization 
Mo’ of the ideal ferrite, g being the fraction of the volume occupied 
by the pores. Hence 


l 
My = Meares ere aa eines 
hry ae | 
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and from (6.4) 

P Mo 
100 — p uo. 
if we express the porosity = 100q in per cent. Clearly this ex- 
pression is a lower bound, for even at saturation the introduction 
of the pores will disorientate the magnetization and thereby increase 
Mo’ — Mo above the value (6.5). 

The second case amenable to exact treatment is that of a linear 
medium in which the magnetization is everywhere proportional to 
the local magnetic field strength and parallel to it. Then the law of 
mixtures due to Maxwell 1%) can be applied, leading to 

My’ — Mo Mo’ 
Se i eg sug OMG” 
Mo and Mo’ being the values of the magnetization at the same 
internal field strength Ho for the real and the ideal ferrite. Now the 
external field strength Ho, for a sphere of the real ferrite is related 
to Ho by (6.1). Introducing Ho¢ instead of Ho in (6.7) this becomes 


Mo —Mo My a 
Malin = Me. Silay — Mab Mo’ 
For the quantity AMp = Mo’ — Mo we get from (6.8) the quadratic 
equation 
2(1 — q)(4Mo)* + 
+ [(1 — q)3uoHoe + (1 — 4q)Mo| AMo — g(3H0H oe +2Mo)Mo =0. 
Its positive solution, expanded in powers of q up to the second 
power is 
Mo’ — Mo = 
tual bieatesiae aS (SuoHoe —Mo)Mo 
—1—q 3u0Hoe + Mo (3u0H oe + Mo)? 
Using again p = 100 q to describe the porosity in per cent, we have 
from (6.4) and (6.9) 

AS: (3u0H oe + 2Mo)Mo 

OL. | 1 Sie9( one + Mo) 

fi ree es (3u0Hoe — Mo)Mo 
f (3uoHoe + Mo)? 


Hy = (6.6) 


(6.7) 


ae of (6.9) 


sna ik (6.10) 
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For the high field strengths Hoe = H, of more than 2500 © at 
which in our experiments resonance occurs the real ferrite may be 
expected to behave in good approximation according to (6. 10). The 
magnetization, it is true, does not vary linearly with Ho, being near 
saturation, but the effective susceptibility Mo/Ho changes only 
slightly in the small range of values taken by the local field in the 
neighbourhood of the pores. The direction of the magnetization 
on the other hand, will everywhere be parallel to that of the local 
field, as assumed in the derivation. 


3 
600+ t 


of 
| 
| 


Fig. 32. The corrective field Hy» according to (6.10) vs. the wavelength at a 
temperature T = 20°C. 


In fig. 32 we have represented the field Hy as given by (6.10) for 
the various ferrites at resonance as a function of the wavelength 4, 
the temperature being T = 20°C. As 4 goes to zero, the value of the 
external field Ho, at which resonance occurs increases indefinitely. 
Since Mo does not exceed its saturation value, it then follows 
from (6.10) that H» for A — 0 approaches the value (6.6) as a limit. 
In fig. 32 this value is hence represented by the intercept of the 
curves with the ordinate axis. The figure shows that the amount by 
which Hy exceeds this lower bound in general is less than 30 per cent 
at the wavelengths considered. In figs 33 and 34 the field Hy follow- 
ing from (6.10) is shown for the various ferrites as a function of the 
temperature 7’, fig. 33 referring to resonance at 4 = 3.2 cm, fig. 34 
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to resonance at 4 = 1.6cm. The order of magnitude of Hy runs 
from about 100 to 600 oerstedt. 
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. Fig. 35. The g-value corrrected for porosity vs. the percentage NiO. 
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TABLE VI 
jee Te a A 
| A = 1.25 cm 
whe T He \ Mulally 
Ferrite | C oO | fa} | i on 
IVA 20 8331 | 2990 | 224 | 2.00 
IVB | 8316 4490 | 216 | 2.01 
ER Caen | 8144 4500 | 340 | 2.02 
= | | | 

IVD | 7887 3550 | 486 | 2.05 
IVE 7704 E90 are eete 


values of g» le much closer to 2 than the values gers shown in figs 
18 — 22 and moreover are independent of T and 4. In fig. 35 gy is 
shown as a function of the percentage NiO. 


CHAPTER VII. THE INFLUENCE OF POROSITY ON THE LINE WIDTH 


§ 20. Outline of the problem. Consider a sphere of ideal non-porous 
ferrite placed in a homogeneous external static magnetic field of 
sufficient strength to produce approximately saturation. The field 
inside the sphere will then be homogeneous. A cavity, introduced 
into the ferrite, will give rise in its neighbourhood to a distortion 
of the internal field, both as regards magnitude and direction. On 
applying an alternating magnetic field of given angular frequency, 
the different volume elements of the ferrite around the cavity will 
hence be in resonance at different values of the external field. The 
resonance absorption, when represented as a function of the 
external field will consequently show a broadening, suitably termed 
porosity broadening. 

In the next paragraph we shall try to arrive at a rough estimate 
of this broadening under the following simplifying assumptions. 

a) The ferrite is supposed to behave as a linear medium in the 
sense discussed in § 19, meaning that the magnetization is everywhere 
parallel and proportional to the local field. In § 19 we saw that at 
the high field strengths necessary for resonance in our experiments 
on ferrites this assumption is reasonably close to reality. 

b) The cavities in the ferrite are supposed to be spherical in shape. 
In § 19 we also discussed the justification of this assumption in 
our case. 

c) The porosity f is supposed to be so small that the distortion of 
the field by a given cavity is practically zero at the distance where 
on the average the neighbouring cavities are located. The effects 
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of the different cavities on the field are then essentially independent. 
This condition is also inherent in Maxwell’s law of mixtures which 
we used in $19 and which led to satisfactory results for the g-values 
there. It is best realized for ferrite IV B (p = 11.0 per cent), least 
for ferrite IVE (pf = 29.5 per cent). 


§ 21. Estimate of the line width. If in a piece of ferrite without 
cavities a homogeneous magnetic field Ho acts in the z-direction, 
then the modification of this field produced by a spherical cavity of 
radius a can be described outside the cavity as the field A of a 
dipole, located at the centre of the.cavity and having a magnetic 
moment opposite to the direction of Ho equal to 
, HoM 

3uoHo + 2M’ : 


where M0’ is the magnetization at the field strength Ho in the ideal 
ferrite. If we employ polar coordinates 7, # with the centre of the 
sphere as origin and the z-axis as polar axis, then the components 
of the field due to the dipole (7.1) in the xz-plane are 


m = — Ang a (7.1) 


3m sin # cos 3 m(1 — 3 cos? #) 
hyve oe Wy pr ae EE Es 
Aur? A4auor? 


In view of the roughness of our estimate we shall henceforth restrict 
ourselves to terms linear in m and we thus find that the total field 
strength at a point outside the cavity is simply Ho + h;. 

We next inquire in what fraction of the volume occupied by the 
ferrite the field hz has a value between hz and h; + dh,. To make 
this problem definite we imagine the cavities to have equal radii and 
to be arranged in a cubical array. Then we may take each cavity as 
surrounded by a concentric cube of such size that the ratio of the 
volume of the cavity to that of the cube just corresponds to the 
porosity of the ferrite. It is in this cube that the volume fraction 
in question must be determined. Since the orientation of the cube 
with respect to the field Ho may be chosen at random, it seems 
reasonable to average over all orientations of the cube. 

The actual calculations were made by drawing in the xz-plane a 
set of curves on which the quantity 

4mpoa? a 3uoHo + 2M’ ( a 


3 
“= — ———h ———_— h, =| — — < 
ue ae =) (1 —3cos?8) (7.3) 
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has a constant value (see fig. 36) and by computing the volume of 
the solid obtained by revolving a zone between two adjacent curves 


O 


—+ ¥ 


Fig. 36. Curves of constant u around a spherical cavity. The values of u are 
found by dividing the numbers at the curves by 125. 


around the z-axis. Proper weights must be given to those parts of the 
zones (between the inscribed and the circumscribed sphere of the 
cube) which do not fall inside the cube for every orientation of the 
latter. The probability P(w) du of u lying between u and u + du is 
then a function of the porosity # only. 

In fig. 37 the function P(u) is shown for p = 16 per cent. The 
curve is asymmetrical and has a halfwidth (width at half the height 
of the maximum) Au = 0.26. We compare this theoretical curve 
with experimental data for the ferrite IV C for which # has the 
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same value. According to (7.3) 


HOH, | | (7.4) 


Au. 


Ah, = ————_ 
a . 3uoHo + 2M’ 


P(u) 


1505 


* 


ros ¥ 
4 
7 
; ihe Ft 


Cokes 


Ak di 


y a ' v4. il | 4 fi 
Ee PO RAE POY Ys 


FERROMAGNETIC RESONANCE IN FERRITES Deil 


zation Mo of the porous ferrite and of (6.1) to express Ho in terms 
of Hoe, we finally get 


Hoe(SuoH » + Mo) 
Suo(Hoe + 2H») + Mo 


With the values of Hog = H;, Hy» and Mo at resonance for 4 = 3.2 
cm and 7 = — 40 and 20°C (see table V) and with the value of Au 
given above we find from (7.5) values of AHoe of 292 and 275 
oerstedt respectively. The experimental values which we obtained 
with the Pound equipment !4) referred to in table III at the end 
of § 14 are 521 and 458 oerstedt respectively. For 4 = 1.25 cm and 
T = 20°C the theoretical and experimental values are 378 and 845 
oerstedt. 

Similar calculations can be made for other values of the porosity. 
They show that the line width for a material of given composition 
and for a given wavelength and temperature is approximately 
proportional to the porosity, in qualitative conformity with the 
empirical results shown in table III of § 14. 

We may hence conclude that certainly a large part of the line 
width is accounted for by the porosity broadening. The many 
approximations in our estimate make it impossible at this stage to 
decide whether additional mechanisms of broadening are operative 
besides the one considered. 


AHos = Au. (7.5) 


§ 22. The damping constant x. In the discussion of the Faraday 
rotation experiments in Chapter V we introduced a damping con- 
stant « to account formally for our results. It is clear that just as the 
resonance in spheres of ferrite the phenomena considered there will 
be affected by porosity broadening. We found in particular (see 
fig. 30) that « increased markedly with porosity, and this is quite 
in line with our expectations. Here too, however, a more quantitative 
interpretation would require a very careful analysis of the influence 
of the cavities in the ferrites as dependent on their size, shape and 
spatial distribution. 
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A FOCUSING AID FOR THE X-RAY PROJECTION 
MICROSCOPE 


by ONG SING POEN and J. B. LE POOLE 


Technical Physics Laboratory, Technological University, Delft, the Netherlands 


Summary 


Part of the electrons reflected by the target of an X-ray microscope pass 
the demagnifying lens in opposite direction and form a magnified image of 
the focus in the electron source. This secondary image can be caught on a 
fluorescent screen and observed. The position, shape and size of the image 
give information on alignment, focusing conditions and image errors. The 
brightness is a factor 10% to 104 higher than that of the X-ray fluorescent 
image under normal focusing conditions. If a magnetic objective is used, 
centering can be done very accurately (angle of tilt < 1/600 radians). In 
practice this method proves to be very satisfactory, even for voltages as 
low as 6 kV and less. At these voltages the depth of penetration of the 
electrons in gold is less than 500 A, so that for a 0.1 w resolution there is no 
need for a thin target. 


§ 1. Introduction. An X-ray projection microscope !) 4) mainly 
consists of an electron source, a demagnifying electron lens and a 
vacuum sealing target. A highly demagnified image of the electron 
source is formed on the target in which X-rays are produced. The 
specimen is mounted near the target and an enlarged X-ray image 
will be projected on a photographic plate. The resolution depends 
on the size of the X-ray source and consequently on the accuracy of 
focusing. 

To obtain focusing conditions the specimen is replaced by a fine 
metal grid and the film by a fluorescent screen. The image on this 
screen is observed through an eyepiece and the lens current adjusted 
until the sharpest image has been obtained. Besides being incon- 
venient this method of focusing has some shortcomings: 

1) focusing and exposure are two separate operations, 

2) the image cannot be viewed during exposure, 

3) changes, either electrical or mechanical, cannot be detected 
nor corrected. 
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Due to the poor contrast of the fluorescent image, small lens 
errors cannot be seen. For low voltages critical focusing becomes 
impossible since the X-ray energy is proportional to the third power 
of the voltage used. 


§ 2. A new focusing aid. The focusing aid which will be described 
here makes use of the fact that part of the electrons striking the 
target are elastically reflected. The energy distribution of the total 
secondary emission for a primary energy of about 155 V is given 
in the literature 3) 5) 10) 11), see fig. 1. It has a sharp peak for an 


°O 50 100 150 
—— Energy (eV) 


Fig. 1. Energy distribution of secondary electrons for a primary energy of 
155 eV according to Rudberg 19) 11), 


energy equal to that of the primary electrons. The secondary 
electrons enter the lens in opposite direction. Part of them pass the 
aperture, and those which are elastically reflected form a magnified 
and sharp secondary image at the electron source. 

If the instrument is perfectly aligned, this image will be exactly 
at the electron source. By introducing a transverse magnetic field 
(fig. 2a) the returning beam can be separated from the primary 
beam, thus allowing observation of the secondary image on a 
fluorescent screen. If a magnetic lens is used, the transverse field 
can be obtained conveniently by slightly tilting the objective lens 
(fig. 2b). If the lens has no errors and the target is in focus, the 
secondary image will be equal in size and shape to the electron 
source. As its diameter is about 40u, an optical magnification of 
some 10 times is required to obtain the necessary information from 
this image. 


§ 3. Separation of the beams. The separation of the primary and 
the returning beam by tilting the lens can be considered as caused 
by the rotation of the lens and will now be examined more closely. 


FOCUSING AID FOR X-RAY MICROSCOPE 235 


In fig. 3 the magnetic lens is represented by a cylinder. The direction 
of the magnetic field is indicated by the arrow B. The image rotations 
for electrons coming from C and T are in the directions indicated 
by De and Dy respectively. As can be derived from fig. 3, De 
and Dy have the same sense of rotation. 


aa TARGET- Z 
"PRIMARY IMAGE—— 


ELECTROSTATIC OR --— 


MAGNETIC LENS <~ > MAGNETIC LENS 


———AP E RTURE. 


TRANSVERSE Y 
MAGNETIC FIELD ¥ 


PRIMARY ELECTRONS 


ELASTICALLY REFLECTED 
ELECTRONS 


SECONDARY IMAGE. 


“ELECTRON GU eae ae eae 


a b 
Fig. 2. Separation of the primary and returning beams. 
a. in case of a transverse magnetic field. 
b. in case of electrons directed obliquely to the magnetic lens. 
aT 


Fig. 3. Elucidation of the beam separation caused by image rotation. The 

lens is represented by a cylinder with magnetic field B. The image rotations 

for electrons coming from C and T are indicated by De and Dy. Projected 

on a plane perpendicular to the optical axis Dc and Dy will have the same 
direction. 


To elucidate the separation of the rays caused by this rotation 
we examine the projection on a plane perpendicular to the optical 
axis (fig. 4b). The lens is now represented by a circle and the optical 
axis by the centre A. Instead of tilting the lens the electrons are 
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directed obliquely to the lens. On doing so, the electron source 
is represented by C, not coinciding with the optical axis. If there 
were no rotation, the primary image on the target would be repre- 
sented by P, CA/AP being the demagnification. Due to the rotation 
over the angle 6 the projection of the primary image comes in C’, 


Fig. 4. Construction of the projection diagram (fig. 4b). 


Without rotation the elastically reflected electrons coming from 
C’ would give a secondary image in Q. With rotation in the same 
direction and over the same angle # the secondary image now comes 
in S, SA/AC’ = CA/AP being the magnification. 

In our projection diagram the angle CAS = 2pm = 2(180° — 6). 
Further we can derive that 


CS = 2CA sin g = 2 CA sin (180° — 6). (1) 


CS will be zero, that is, the secondary image S coincides with the 
electron source if CA = 0 orsif: Ose: 1180750 = Oke Det 

CA = 0 means that the electron source is situated on the optical 
axis and consequently that the lens is exactly aligned. Since it can 
be proved that 0 < 6 < 180°, the beams are always separated when 
the lens is not exactly aligned. If in this case the lens power is varied, 
the secondary image 5 besides getting blurred will describe an arc. 
If S coincides with C, that is, if the lens is centered, the displacement 
according to (1) is zero and the image is only blurred. 
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§ 4. Accuracy of alignment. In order to avoid inadmissible image 
errors the angle of tilt « between the optical axis of the lens and that 
of the electron source must be kept small. From fig. 4a it can be 
derived that ; 

a == CA/v = CS/2y sin 9. (2) 


At a given rotation angle @ and distance v between source and lens 
the distance CS between electron source and secondary image must 
therefore be small. To realize this the focusing screen must be placed 
in the primary beam and provided with a hole to allow the primary 
electrons to pass. The smallest distance CS is then determined by 
the radius of this hole. At a given value of CS the tilting angle is 
a minimum if sin g = | or mg = 90° and thus 6 = 90°. Furthermore 
(2) shows that the alignment improves with increasing v. Note that 
the projection diagram as shown in fig. 4b can in fact represent the 
focusing screen if we assume C to be fixed at the hole in the screen. 
In this case the centre A is displaced by tilting the lens. 

In our microscope CS = | mm, v = 400 mm, » & 60° 2), sing = 
= 4/3. So a < 1/600 radius. Note that this angle is much 
smaller than can be obtained by centering by means of the X-ray 
image in the conventional way. In our apparatus this critical 
centering characteristic is used also for alignment of the condensor 
lens. See also § 10. 


§ 5. Focusing accuracy. As in this device the errors are repeated 
on the return, the focusing accuracy can be high. Let us investigate 
what happens if the target is not in focus. In fig. 5 C represents the 
electron source, T the target, B the paraxial focal plane and L the 
objective. If the focal distance of the lens is /, we may write (see 
fig. 5) according to the paraxial lens equation 


v = fo/(b — f). (3) 
The radius of the blur on the target equals 
h t 
SAEs (SAS 1p 4 
e=¢-)4+=(5-1) (4 


The secondary image of the blur is sharp in M at a distance v’ from 
the lens, in which 


v! = fil(t — 7). (5) 
Apart from the effect of changes in the intensity distribution, the 
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blur at the electron source will have a radius 
h 
eat emma aa 
Pa \Uieae) Tare > 
Substitution of (5) gives 


se 


Fig. 5. The unsharpness of the secondary image due to incorrect focusing. 

FS = focusing screen, C= electron source, M = image plane of the 

secondary image, L = objective lens, B = image plane of the primary 

image, T = target, p = radius of the unsharpness on the focusing screen, 
é = radius of the unsharpness of the primary image. 


Putting the expression in parentheses equal to zero gives the well 
; sage lens Squeation 


qt muse naff Capen tnt 
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According to (8) 


Gp). 4/2 hv 
a f? 
With (7) this becomes 
ee 4 1/2 h(t + 2tv + v2) 
of /o vt? 

In general v > t; so we may write 

Cp —/2 hv — /2hM 
(+), A eee i 
in which M = dit (13) 


(12) 


is the demagnification for the primary image and magnification for 
the secondary image. Further MS 1 and ¢ ~ f, which gives for (12) 


op 

— ] = — V2hM}/} (14) 

of /o 

and for (10) p= — V2MM Aff. (15) 
Putting the resolution 6 equal to the diameter of the primary 

image d we get according to (13) : 

M = clad = Clo, (16) 
in which c is the diameter of the electron source. Equation (15) can 
then be transformed to 

p h Af 
= 2 
@ ve Ok 
Inserting 6 = 0.1 wu, h = 80 p, p/c = 1 we get !A}/7| = 10-8. 
The radius of the blur in the primary image amounts to (fig. 5) 
e = hAjlf. (18) 
Inserting this in (17) gives 
pic = — 2/6, (19) 
in which p/c is the relative error in the secondary image and ¢/6 the 
relative error in the primary image. For focusing we have to satisfy 
the condition |e/d| <1 and so the condition for good focusing 
becomes 


(17) 


lple] < /2. (20) 


As shown, this is independent of the resolution 6. The minimum 
value of |p/c| is determined by the lens errors only. 
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§ 6. Position of the focusing screen. It was shown that the se- 
condary image is in the plane of the source. As this place is inacces- 
sible, we shall investigate the admissible distance Av between 
source and screen. In fig. 6 FS represents the focusing screen. With 
the target in focus the radius of the blurring at FS equals 


(21) 


Fig. 6. Position of the focusing screen. Due to the great depth of focus it is 
not necessary to place the focusing screen at the electron source level. 
T = target, C = electron source. 


The half-angle aperture of the objective is y = h/f. Further v/f » MW 
and M = c/0d. So 


Av 
fet otra oy. (22) 


We have to ensure that ps/c < 1 and thus 
Av < c2/6y. (23) 


In our microscope we use y ~ 0.08 for 6 = 0.1m and c » 40 u. 
So the condition (23) becomes 4V < 200mm. With increasing 
6 a more correct position of the screen is required. 


§ 7. Brightness of secondary image. In practice the secondary 
image has proved to be sufficiently bright, even when the X-ray 
intensity is so low that focusing by the conventional method is 
impossible. This however is only partly due to the fact that the 
reflection coefficient for the electrons is greater than the X-ray 
efficiency. The main reason is that the electrons are focused to a 
small spot while the X-rays diverge to illuminate a large plane. 

In fig. 7 T represents the target, RS the X-ray fluorescent 
screen, G the test grid, P the primary electron image and FS the 
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focusing screen. The current density in P amounts to 
Jp = ny*B, (24) 
in which B is the brightness of the electron source. If the reflected 


electrons follow Lambert’s law, the brightness for the secondary 
radiation is 


Bs ae ney?B, (25) 


RS 


ES 


Fig. 7. Comparison of the intensities on the X-ray screen and focusing screen. 
iota vasctcen, lia tects CTridaa | = farset, P= primary. image, 
D = diaphragm, FS = focusing screen. 


in which 7, is the reflection coefficient. The current density of the 
secondary image on the focusing screen FS therefore amounts to 


Js = mMHey?y'B, (26) 
and with y’ = y/M and M = d/c this becomes 
js = mmey*(6/c)?B. (27) 
The half-angle y is determined by spherical aberration to be 
y = (26/Cs)4, (28) 


C, being the spherical aberration constant. 
Equation (27) then becomes 
, med 3B 
b= thc a 
Hence the current density is inversely proportional to the 4/3 rd 
power of the spherical aberration constant Cs. As far as we know this 


(29) 
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is the only example in electron optics where the spherical aberration 
constant plays such an important réle. Assuming a current density 
in the primary image of jp = ay2B = 0.5 A/mm? we get by inserting 
into. (27)% 4. = 2.3.x 10-3), y=0.08, 0= 01 pc 404, 
js = 4 X 10-11 A/mm2. Assuming an efficiency of the fluorescent 
screen of 7; = 30Im/w, the brightness of the visual secondary 
image becomes B; = 7.2 nt. A rough calculation shows that this 
is some 103 to 104 times higher than that of the X-ray image. 

It is true that the intensity of a plane and that of a spot are not 
strictly comparable and that we have neglected the effect of the 
background. On the other hand the X-ray image is lacking contrast 
too, especially when using the thin test grid, while the reflection 
method yields a more critical indication. 


§ 8. Influence of lens errors. At this stage of the investigation 
we cannot yet judge the influence of lens errors on the focusing 
accuracy. The results and optical analogon experiments, however, 
have proved that correct focusing can be obtained if the lens 
aperture is adapted to the demagnification M and spherical aber- 
ration constant Cs. It is even more difficult to estimate the effect 
of astigmatism as the error need not be the same for the primary 
and the returning beam as a result of the image rotation. Investi- 
gations are in progress and will be published in the near future. 
Curiously no trace of astigmatism has been detected in our best 
X-ray pictures (see fig. 15), although a comparatively large aperture 
was used (y = 0.08). Although the pole pieces have been manu- 
factured with great care, there is no reason to believe that the 
astigmatism is smaller than 1 yw. 


§ 9. Magnetic stray field. In § 4 it was shown that correct align- 
ment can be obtained by having the secondary image coincide 
approximately with the electron source. This, however, is only 
true if there is no transverse magnetic field between electron source 
and objective lens. 

We shall now calculate the maximum field intensity which gives 
a negligible effect. Assuming there is a weak magnetic field B 
perpendicular to the plane of the diagram (fig. 8) and acting from 


*) The value of 7¢ depends on the electron energy and target material. According to 
Rudberg 1®)11) we get for gold at 150 V, y7e= 2.5to5% 2). We here take the value 
of He a factor 10 lower for 6 kV. 
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the source C over a distance / we may write (see fipeS) CS yseFt 
and & = 1/R with R = 3.38 x 10-6) "2/B, where CS, 7 and R are 
inm, V in V, Bin Wb/m2. So CS = /2B/3.38 x 10-6V/2. We require 
CS < 10-3 m and get the condition 


B < 3.38 x 10-9V"/2/12, (30) 


In our case / = 0.4m, V = 6.103 V, we have to fulfill B < 1.6 x 
x 10-6 Wb/m2. 


Ss Ch Cc 
Fig. 8. Computation of the admissible transverse magnetic stray-field. 
C = electron source, Cy = the apparent electron source, S = secondary 
image, R = radius of the electron beam curvature. 


In the presence of a stray field it is still possible by correctly 
tilting the objective to have the secondary image coincide with the 
source. This means that no conclusion as regards the alignment can 
be drawn from this coincidence. 

§ 10. Practical performance. An improvised arrangement proved 
the intensity of the secondary image to be amply sufficient for 
focusing. One of our first photographs, using this focusing aid, 
was taken with such a low X-ray intensity that for correct exposure 
it takes 1 to 2 hours at 4kV and 6 mm film distance. 

From this provisional apparatus valuable information has been 
obtained for an experimental microscope in which this focusing 
aid is incorporated. Fig. 9 shows a simplified cross-section of 
this microscope (a more final design is under construction now). 
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Immediately under the focusing screen there is an aperture allowing 
only a narrow beam to enter into the microscope. This is necessary 
to suppress the background caused by reflection at the diaphragm. 


camera 
upper pole piece 


film 


aperture 


objective 


f : 


removable intermediate target 


intermediate screen 


viewing window 


ll 
KS RES 
N 


condensor 


10cm 
ZLLLLLLLLLLLL LL WY, 
ae NV 


fa <i 


Lh Be 


LLLLLLA 


+p 


Y eS viewing window 
. 
(> 


o focusing screen 


~~ 
H 
H 
| 
H 
1 


st 
jw Ny 


2 ie adjustable aperture 


boc KKK« cht | \\ E 
i I\e 
ra ISS MIHNSS 
7 + i HN N LLL ZZIZZZ 
i i 
H MN J i glass insulator 
AN EH 
l i 
ON SHE 
UN NE 
AAS Ne 


electron gun. 
anode and 


i 
| 
\ 
i 
\ 
\ 
\ 
| 
\ 
\ 
1 
= 4 H 
\ 
| 
| 
i 
filament adjustable 


Fig. 9. Simplified cross-section of the experimental X-ray microscope. 
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An intermediate screen and a removable intermediate target are 
provided between objective and condensor. The screen enables us 
to catch the secondary image even when the lens is tilted too much. 
The intermediate target is used to centre the condensor. Electrical 


pe tuen’ 


Fig. 10. The Delft X-ray projection microscope, constructed early in 1957. 
Binocular observation of the focusing screen. In its present form the tilting 
is omitted and a 30 x monocular microscope is used for focusing (cf. fig. 9). 


insulation makes it possible to measure the electron current if 
necessary. So these two parts are only used for preliminary align- 
ment. The objective aperture can be centered during operation as a 
high accuracy is required. Previously the objective could also be 
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tilted (see fig. 10), but this proved impractical since tilting and 
shifting in fact have the same effect. In our present apparatus the 
tilting therefore is omitted, as shown in fig. 9. It was found that 
positioning of the pole pieces during operation is more convenient 
than tilting the objective (see fig. 11). 


Fig. 11. Close-up of the upper pole piece. 


Great care was taken to minimize the spherical aberration of the 
objective lens (Cs » 0.5 mm) ®) 7). 
At first the secondary image was observed through a 10 x 


binocular. Later on it was found that a 30 x magnification gives. 


much better results. 


§ 11. Experimental results. Centering the condensor according 
to (2) can be done very simply. Due to the small distance of this 
lens to the electron source and the small rotation angle 0, however, 
the accuracy is not high. It is advisable to choose the position of 
the intermediate target so that 9 ~ 90°. In our present apparatus 
this was not taken into consideration. 

To align the objective and center the aperture stop the projection 
diagram as described before has proved very valuable. When the 
microscope is correctly aligned, focusing is achieved very easily 
since the focusing point is very critical. In fig. 12a a through-focal 
series of the secondary image is shown, taken directly from the 
screen. From left to right the lens power increases in regular steps. 
The asymmetry of the focusing curve is obvious. The hole in the 


ae 
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screen is faintly distinguishable. The border of this hole is con- 
taminated by fluorescent material which lights up strongly under 
irradiation by electrons, scattered at the diaphragm below. Fig. 140 
shows a through-focal series of the secondary image with the lens 
aperture not correctly centered. Focusing is impossible in this case. 

It proved that carbon contamination is not directly serious. A 
target which was previously covered with a discharge carbon film 
of about 500 A at first gives a vague reflection image. When the 
microscope is nearly in focus, the brightness and sharpness increase 
until after 1 or 2 minutes the final brightness is attained. After 
electron bombardment during a long period the target roughened. 
Prolonged high-loading of the same area leads to crater formation. 
The roughness is visible in the secondary image if the lens is slightly 
under focus. In this case the apparatus acts as a reflection micros- 
cope and vague spots appear. When the microscope is focused, the 
brightness of the secondary image highly depends on the irradiated 
part of the target. Neither this nor the distinct increase in in- 
tensity of the X-ray output with the brightness of the secondary 
image is understood. These effects should be borne in mind in 
those cases where the X-ray intensity must be constant during long 
periods. Fig. 13 shows electron micrographs of a pre-shadowed 
carbon replica of an irradiated target. The craters caused by intense 
electron bombardment during long periods are clearly distinguish- 
able. The maximum distance between the craters amounts to some 
10 u. Since the focal distance was ~ 1 mm, the maximum tilt used was 
some 1/200 radians. At larger tilt angles the effect shown in fig. 125 
appears. Around the craters an area of some 50 mw in diameter is very 
rough. Fig. 14 shows an electron-micrograph of a part of such an area. 

It thus appears that the maximum admissible tilt angle for correct 
focusing amounts to ~ 1/200 radians. If the target is fixed with 
respect to the objective, this implies that only an area with radius 


r = [200 (31) 


can be utilized, / being the focal distance of the objective. In view 
of the roughening and crater formation it is advisable to make the 
target movable with respect to the pole-pieces of the lens. If 
necessary a suitable part of the target could be selected for each 
exposure. Refocusing, of course, offers no difficulties at all. Finally 
we show some microradiographs, demonstrating the resolution that 
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has been obtained. The anode voltage used was always 6 kV, except 
for the picture shown in fig. 16. At this tension the depth of pene- 
tration of the electrons in gold according to the Thomson-Whid- 
dington law 12) amounts to approximately 500 A. So for a 0.1 yu 
resolution we do not need an unsupported target of 0.1 ~ thickness 
as Nixon§)9) does. The target we use is an evaporated 5 w Al-foil, 
coated with a gold layer of 0.1 w. The exposure time is some 20 
minutes at a film distance of 1cm. The resolution seems to be 
limited by insufficient stability (electrical, mechanical and thermal) 
during long exposure. To demonstrate the focusing accuracy, we 
show two pictures of the well-known 1500 mesh (17 y) silver test 
grid in fig. 15a and 15d. Fig. 15d is taken after defocusing and re- 
focusing again. Both pictures show the first Fresnel fringe. Fig. 16 
shows the 1500 mesh silver testgrid mounted on a 200 mesh copper- 
grid, taken with a Cu target at 12 kV, at which voltage the depth 
of penetration is some 0.5 w. It proves that at higher tensions the 
focusing aid also works satisfactorily. Figs 17a and 17b show two 
microradiographs of gold-shadowed bull sperms. The heads are 
approximately 10 «long. The tails show details reminding of electron 
micrographs. Fig. 17c shows untreated bull sperms. Although the 
contrast is very poor, particularly in the flat head, the first Fresnel 
fringe is still visible. Finally fig. 18 shows a transverse section of 
wood, 
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Fic. 12. Through-focal series of the secondary image directly photographed 
from the focusing screen. From left to right increasing lens power. 
a. instrument aligned, b. aperture not well centred. 


1516 


1519 


Fic. 13. Electron micrographs of irradiated targets. 
Craters are formed in places which have been used 
as X-ray source. Pre-shadowed carbon replicas. 
(Courtesy electron microscope division of the 
Technical Physics Department T.N.O. and T.H.) 


Fic. 14. Electron micrograph of the rough area around 

the craters. Pre-shadowed carbon replica. (Courtesy electron 

microscope division of the Technical Physics Department 
aN. Osan EL.) 


Fic. 15. X-ray micrographs of 1500 mesh (17 uw) silver grid demon- 
strating the focusing accuracy. b. is taken after defocusing and 
refocusing again. Both pictures show Fresnel fringe. Anode voltage: 
6 kV, exposure time: 20 min., film distance: 10 mm. Target: 
evaporated 5 » Al- foil, coated with a gold layer of 0.1 ». Magni- 
fication on film: 200 x, total magnification appr. 2000 x. 


Fic. 16. X-ray micrograph of 1500 mesh silvergrid mounted on 
200 mesh copper grid. Cu target 12 kV, total magnification appr. 
900 x. 


Fic. 17. X ray micrograph of gold shadowed bull sperms. Total 
magnification appr. 2000 x. Exposure conditions as fig. 14. 
a. heavily shadowed, b. slightly shadowed, c. X-ray micrograph 
of untreated bull sperms. Total magnification appr. 2000 x. 


Fic. 18. X-ray micrograph of a transverse section of ashwood, 
50 uw thick. Au target 6 kV, total magnification appr. 400 x. 
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CERTAIN TWO-DIMENSIONAL SOLUTIONS 
TO POISSON’S EQUATION 


by G. POWER 


Nottingham University 
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Summary 


A method is presented which derives the solution to Poisson’s equation in 
two dimensions, subject to boundary conditions of sufficient generality to be 
applicable to many branches of mathematical physics. In the first instance, a 
circular boundary is considered, and by means of conformal transformation 
an indication is given showing how the solution can be adapted to other 
boundary shapes. 


§ 1. Introduction. A large number of problems in mathematical 
physics involve the solution of Poisson’s equation, subject to certain 
boundary conditions. Where the boundaries that appear have 
intricate shape, any accurate solution is impossible, but in many 
cases with less complicated boundary form a general type of solution 
can be found. : 

We shall here consider two-dimensional problems with only one 
finite boundary which, in the first instance, will be taken as a circle 
of unit radius, and results will be obtained by employing complex 
variable technique. 

The use of conformal transformations can extend these results to 
cases where non-circular boundary shapes are involved. If these are 
not whole-plane transformations, a certain amount of care has to be 
taken, and often problems involving only one region, either 
exterior or interior to the boundary, may be solved by this method. 


§ 2. Circular boundary. Consider functions ¢1(x, y), ¢2(*, y), defined 
respectively in the regions |z| < 1, |2| >1, z= + 14, satisfying 
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the differential equations 
V?b1 = fix, y), V?be = fale, 9). (1) 


where /1(x, ), f2(x, y) ‘are known functions. 
Let us assume that the following conditions have to be satisfied, 
d(x, ¥) = $2(x, 9). | 
od (x, Y) ~ Ope (x,y) ¢ When |z}=1, (2) 
ky ———— = kg ——_—— 
or or 


where 7 = |z|, and ky, kg are constants. These are the boundary 
conditions that obviously apply to the theories of hydrodynamics, 
magnetism and electricity. 
By making the substitutions 
P1(x, y) = 1%, ¥) — g1(x, 9), 
Po(x, y) = $a(x, 9) — gale, 9), 
where gi(x, y), g(x, y) are particular solutions of the differential : 4 


equations V2gi(x, y) = fi(x, y), V2ga(x, y) = fa(x, y) respectively, 
() becomes V2@1(x, y) = 0, V?@2(x, y) = 0. We thus see that 


— galx, y) = enl(x, y) + ale, 9), dale 9) = gelx, ») + haley), a 
read h(x, y), ha(x, y) are harmonic funatidns yet to be determined. 
_ Since Pibahies sacs Sistine stew, ws: syste sheila 
Oo. aorrchomasd Telcom tit? aka Ps, 
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mib-at grt B08 2 Ss 


wry tolteicey arse 


a ee 


sry hare Yong? Lagi se oi 
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on the boundary 22 = 1. Now substitute 7 = 1/z and assume 


] ] 
Beata) al.) on sa(!) 

] ] ] l 
ms, —) = Hole) + #a(—), Hal, —) = Hl) + He(+), 


any term independent of z or 1/z being ignored. Equation (3) shows 
immediately that on the boundary 


Ga(z) + Ga(z) + Ha(z) + Ha(z) = Gs(z) + Ge(z) + H5(z) + Holz). (4) 


The second of the boundary conditions (2) can be written 


Cg oh og oh 
ar ( TENE 1) — be ( ee 4 4) when |z| = 1, 
or or Or oY 


and since 
hy(x, v) + Bi(x, y) = Ai(z, 1/2), hex, y) + aBa(x, y) = Ha(z, 1/2), 
this is 


Og1 Op1 ) ( 0ge2 ope ) 
eabsh 2 Wed iiceey Tanta ne per wna ONE ied h ='1) 
m( or T Os he or mi os saeco ol 


where s = 0 represents arc length of the unit circular boundary. On 
integrating, this becomes 


ki(g3 + Bi) = kea(ga + Be) when |z| = 1, 


where 0g3/00 = 0g1/0r, Og4/00 = Og2/ér, that is to say 


l 1 
kyIm | Pale, z)+ Ay (:, Hai = kolm | Pete, 2) + He (-, ~)| (5) 
on the boundary 22 = 1, where 
Pi(z, 2) = igs(x, y) and Pa(z, Z) = tga(%, 9). 


On substituting Z = 1/z, and assuming 


ri(ot) rao-+P(2).Po(«£) =n +72) 


(5) yields 
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From this we obtain immediately, on the boundary, 
ky [Pa(z) — Pa(z) + Ha(z) — Halz)] = 


= ke [Ps(z) — Pe(z) + Hs(z) — He(z)]. (6) 


We have so far considered the boundary conditions which lead to 
the two equations (4) and (6), involving the four unknowns H3(z), 
H4(1/z), Hs5(z), He6(1/z). Two more equations are needed, and these 
are obtained from the form of ¢1(%, y) near the origin and of ¢2(x, y) 
at infinity. Assume that near the origin ¢1(x, vy) ~ y1(x, y), and at 
large distance from the origin ¢2(x, vy) + y2(x, y), the functions 
xi(x, V), x2(%, vy) being known. We thus see that 


l 
ReH, (=) + g10 (%, Y) = x1(%, 9), 


Refs (2) + oc0(%, y) = x2(x, 9) 


where gio(x, y) is the form taken by gi(x, y) near the origin, and 
£200(%, vy) that taken by ge(x, y) at large distance from the origin. 
The condition (7) will usually determine the choice of the particular 
solutions g(x, y), go(x, y). 

Equations (4), (6), (7) constitute the solution to the problem, 
with 


bi = eilv,y)+Re | Hale) + Ha(—)], 


(7) 


$2 = ga(x, y) + Re Ee Lr (—)| 


Logarithmic terms can easily be incorporated. 
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Examples. (a) Let gi(x, y) = go(x, y) = 0. Equations (4) and (6) 
yield 
H3(z) aL H(z) = H5(z) ok H(z), (8) 
ki[H3(2) — Ha(2)] = helHs(z) — Ho(2)]. 
Let the condition at the origin give H4(z) = 0; the condition at 
infinity shows that H(z) represents an unperturbed complex 
potential. Solving (8) 


= ko — ky 2ko 
Hf ¢(2) = ( ak +) Fis{2)\iits(2) = (3) H5(2). 


From this result one obtains immediately the external circle 
theorem in electricity and magnetism 1). The internal circle theorem 
can be obtained similarly. 

(0) The problem of a circular cylinder in an incompressible flow 
of constant vorticity can be deduced by letting fe(%, v) = a, a 
known constant, and by ignoring the internal field. From (4) the 
boundary condition is simply 

Gs5(z) + Ge(2) + Hs(z) + He(z) = 0. (9) 
We now have to state the form of 4(x, y) at large distances from the 
boundary. Let us assume that it is one of constant shear parallel to 
the x-axis, so that from (7) ReHs5(z) + go,.(*, vy) = Uy + 4oy?, 
where U is known. It is easy to see that the general form of go(x, y) 
is given by 


——"___ (ax2 + by2 + hay + Ign + Hy), 

a + b) 
where a, b, h, g, f, are constants yet to be determined. 

The above condition shows that we may take f= g=—/=0O, 
together with 


£2(%, ¥) = zi 


H iz Uy awz 
5(2) =>—?1 ee Dd 4S Bye. 


Then, since 


£2059) = ggg py eta — 8) + Ble — b) + 2eHle + 5) 


we obtain, on setting Z = 1/z, 


w(a — b)2z? _ (a — 6) tiles 
G5(z) — “Ba +5)’ Ge(1/z) = Ba +b) 2 3 
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Equation (9) now gives 


= w(a — b) 2 aw(a — D) 2 : awz 
— H(z) = - - : — 1Uz — ————__,, 
8(a -+ b) 8(a + b) 2(a + b) 
so that He¢(1/z) = —1U/z+ to/z*. Thus ¢(x%,y), the stream 


function, is given by 
wy? w(x? — y?) 


| 
#e,3) =U9(1- ae) 2. Maa 2 


Note that this result is independent of the value of the constants 
a, b; moreover, it is easily seen that we could obtain the same result 
for values of /, g, other that zero. This indicates the uniqueness of 
the solution. 


§ 3. Non-circular boundaries. The method indicated in § 2 can 
be adapted for other boundary shapes by the use of conformal 
transformations. Suppose the function ¢ satisfies the differential 
equation 


OE iia es Bee (10) 


0€2 on? 
and let C, the given boundary in the ¢-plane, where € = & + im, be 
suitable transformed into the unit circle in the z-plane by z = 2(¢). 
It is easy to see that 


6 ad we (SE) (St a 
0&2 . én? =\ dae /\ db / \ x? = ay? ]’ 


so that (10) can be written in the form 


le a 
we Toye f(x,y), 


and this is precisely the problem that has previously been discussed. 

Care must be exercised with the mapping z = z(£) which normally 
is not a whole-plane transformation, in which case only the region 
either inside or outside the boundary C can be considered. 


Example. For an elliptic cylinder in an incompressible flow of 
constant vorticity, we consider the transformation 
A+B 5 A—B 


6 
= yz + — where y = = —_—_ 
¢ ee y oe ae 
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in which the exterior regions of the ellipse 


and the unit circle in the z-plane correspond. Now 
a) aeale sa) yo) 
dz/\az)— 0 a) ey 
so that we seek a solution to 
40> Op ard | ( l I ) 62 ] 
-_ = ee | 
O20z Ox Se) Oy? ang Ney ae : Pe 


where @ is constant, such that ¢, the stream function in this context, 
is constant on the unit circle. We may therefore take 


wy? 


2 2 9) 2) 
a+b (ax® + by? + 2hxy + 2gx + 2fy) + 


7) z z 62 
Sica v(242)4 5 


z Be 


g(x, y) = 


If the flow is one of constant shear parallel to the é-axis, at a great 
distance from the elliptic cylinder ¢ behaves like Un + 4an?, which 
in the z-plane becomes Uyy + 4wy?y?. In this case 


(60) 
ReH5(2) + 8900(%, ¥) = Uyy + ioe ae 


As in example (b) of § 2, we may take the constants /, g, 1 to be zero 
together with 


awy*z2 
H5(z) = — 1Uy2z — Ba+b) 
This leads to 
He(1/z) = — iUylz + doy? — 2y)]2°, 


and finally 


1 
oa viy( ire go 
(x2 — y?) [2 + 2yd(x? — y*)| 


yee ay0-4 2 2 — 290) 4 oe : 
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p=aly+ Saaele =9|7- Snot | 


the result if required may be obtained in terms of (, 7). We again 
note the uniqueness of the solution. 


Since 


a 
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ASPECTS OF ELECTRICAL BREAKDOWN OF 
LIQUID INSULATING MATERIAL I 


by J. A. KOK and M. M. G. CORBEY 


Philips Research Laboratories, N.V. Philips’ Gloeilampenfabrieken, Eindhoven, 
Netherlands 


Summary 


The electrical breakdown strength of insulating oil depends on the size of 
foreign particles which may form bridges in a place of maximum electric 
stress. This theoretical relation was verified with colloid suspensions of 
particles of known radius. Mineral oils may deteriorate if the particles unite 
by the process ot flocculation, the occurrence of which depends on the 
relative magnitudes of the attractive London-Van der Waals forces acting 
between the particles and the repulsive forces between their ion atmospheres. 
The possibility of using a mineral oil as an insulator depends on the existence 
of an upper limit of the size of particle complexes due to the rapid fall-off of 
the L.-v.d.W. forces at diameters exceeding 500 A. The latter value of 27 
corresponds to a breakdown strength of 1 kV/mm. If acids are being formed, 
the upper limit of 500 A will shift towards larger values, and correspond- 
ingly the breakdown strength may drop below 1 kV/mm. 


§ 1. Introduction. It isa well-known fact that contaminants may 
considerably lower the electrical breakdown strength of liquid 
insulators. In the first stage of a breakdown the impurities, which 
are assumed to be electrically polarizable particles of high dielectric 
constant, gather in a place of maximum stress by the action of 
transverse gradient forces and form a bridge along the lines of 
force, just as happens with induced magnetic dipoles (iron filings) 
in a magnetic field. 

If the radii 7 of the particles are equal and if their dielectric 
constant is assumed to be infinite, then the polarizability may be 
assumed to be 73. If the locally concentrated stress is thrice the 
average field strength, such as occurs on top of a hemispherical 
hump on one of the electrodes, then the breakdown strength Eo 
after a long time may be shown to depend only on 7 and the absolute 


temperature TJ 1): 
r3E (2 = LRT. (1) 
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With T = 300°K this formula gives for Ep = 20 kV/mm : 7 = 
30 A; Eg = 100kV/mm: 7 = 9.5 A. The order of magnitude of 
the particle diameter 2 7 in extremely pure oil may be as small as the 
length of the oil molecules, perhaps slightly larger. In these cases 
the breakdown may be caused by slightly oxidized oil molecules. It 
follows for instance from Watson and Higham’s ?) and Crowe, 
Sharbaugh and Bragg’s 3) measurements on very pure hydro- 
carbon oils that: Ej = 150 kV/mm, 27 = 15 A, which latter value 
is slightly larger than the length of a n-hexane molecule. This 
correspondence is rather close. 

It may be asked whether the experiments on the formation of a 
bridge in colloid suspensions are a true model of the electric break- 
downs of liquid dielectrics. 


§ 2. Formation of a bridge by colloid particles. The phenomenon 
of the formation of bridges by particles in colloid suspension was 
discovered by Cotton and Mouton 4) who used a well-defined 
suspension. Since this first observation a number of measurements 
on this phenomenon have been carried out either on specially 
prepared suspensions or on several commercial substances varying 
from insulating oil to lacquers and diluted milk. 

Hirobe and co-workers 5) investigated the breakdown of insulat- 
ing oil. They observed the breakdown to take place after a bridge 
between the electrodes had been formed. They assumed the bridge 
to consist of moist cellulose fibres. Muth 8) confirmed the formation 
of a bridge consisting of fat particles in diluted milk. Kruyt and 
Vogel”) observed the same phenomenon in suspensions of gold 
particles. Further measurements have been carried out by Gindin 
and co-workers 8) (suspensions of aluminium powder in gasoline), 
Brintzinger and co-workers 9) (pigments in lacquers), Stauff 1°) 
(suspensions of paraffin oil in water) and the authors 1) (aluminium 
particles, graphite powder and fuller’s earth in insulating oil). 


§ 3. Particles of high dielectric constant. Colloid particles are often 
surrounded by an atmosphere consisting of ions, but which may 
also contain dipoles and electrons (for a review see Brintzinger’s 
articles 9)). This atmosphere will not exist with particles of molecular 
dimensions. 

The electrical behaviour of colloid particles depends mainly on 
the presence of their ion atmosphere and is to a considerable extent 
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independent of the kind of substance of the particles (see § 4). 

Owing to the presence of the ion atmospheres the particles may 
acquire an induced electric dipole moment in an electric field by the 
motions of the positive and negative charges inside this atmosphere 
(see Kruyt and Kunst 14)). By this process their dielectric constant 
may become 7? as a maximum if the frequency of the field is not 
too high. In fields of low frequency the electric charges may be 
assumed to move in phase with the field, but in h.f. fields the ions 
may be unable to follow the field in phase. The polarizability will 
then sink considerably below the value 7? and the breakdown by 
formation of a bridge may become impossible or will be shifted 
towards higher field strengths. 

It will be clear that by absorption of traces of water the dielectric 
constant of cellulose fibres may increase considerably. Dry cellu- 
lose fibres in pentachlor diphenyl (clophen, aroclor) have the same 
dielectric constant as the fluid, show no polarizability and are not 
subjected to transverse gradient forces by which they might flow 
towards a place of maximum stress. They will not align in a bridge, 
but remain dispersed. Moist cellulose fibres, on the contrary, will 
have a high dielectric constant and thus they are strongly polarized, 
hence they will partake in the formation of a bridge and may 
become the cause of a breakdown. 


§ 4. Ion atmospheres. Colloid particles may be electrically 
charged by an adsorption of ions. Further they may be surrounded 
by an atmosphere consisting of ions of the opposite sign (counter 
ions, Gegenionen). 

Coehn 12) has empirically found for two phases in contact that 
the one with a higher dielectric constant tends to be positively 
charged, the other negatively charged. This rule holds, strictly 
speaking, for non-conductors, but it is of such wide applicability 
that, since the dielectric constant of water is exceptionally high, 
namely 80, almost all colloid particles, bubbles and suspensions 
in water are negatively charged. 

Together the adsorbed ions and the surrounding counter ions 
may form a double sheath. In fig. 1 such a so-called von Helm- 
holtz double sheath at the surface of a fibre has been represented. 
In some cases the situation is more complex by the presence of 
dipoles in the atmosphere of the particle (see fig. 2, which has been 
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copied, from Kruyt and Klompé }%)). In this case it is possible to 
distinguish the following layers when passing from the particle into 
the neutral liquid: a sheath consisting oi adsorbed negative ions, a 
layer of positive counter ions, which may be interchanged (together 
they form a double sheath), further a layer consisting of permanent 
dipoles, a diffuse double sheath and finally the neutral liquid. 
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Fig. 1. Von Helmholtz double sheath at a particle-liquid interface A which 

is charged by negative ions B. C is a diffuse sheath of positive counter ions 

(Gegenionen), F is the neutral liquid. The strongest electric fields are at the 
border line of B and C. 
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Fig. 2. Double sheaths according to Kruyt and Klompé. Owing to the 

precence of a dipole sheath D the double sheath B + C is more sharply 

defined. Outside D a diffuse double sheath E occurs which gradually merges 
into the neutral liquid F. 


§ 5. Flocculation. Small particles tend to unite by the attractive 
London- van der Waals forces. Between the atmospheres of the 
particles repulsive forces exist. Whether the resultant force is re- 
pulsive or attractive depends on several factors, i.e. the particle radii 
and the thickness, the composition and the density of the ion 
atmospheres. In the first case (repulsion) the suspension may be 
called more or less stable, in the second case (attraction) the particles 
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may stick together at every collision and form larger complexes at 
which the ion atmospheres unite to form a single atmosphere 
around the enlarged particle (flocculation). 

With Overbeek 14) we assume having a suspension consisting 
of foreign particles of say 10A diameter in insulating oil. This 
diameter is approximately the length of the elementary cell of a 
cellulose molecule. Proper repulsive ion atmospheres will not exist 
and thus the particles may adhere together at every collision by 
artractive London-van der Waals forces (rapid flocculation). 
Particles of a diameter larger than say 50 A may gradually have 
collected an ion atmosphere, thus the repulsive forces between those 
atmospheres come into existence. The energy of repulsion may be 
expressed by an energy barrier, which may be higher than kT 
and increases proportional to 7, even to values of 10kT or 20 kT. 
In that case collisions of two particles with a relative velocity of an 
energy kT willin general not result in a formation of larger complexes, 
the suspension hence being stable. 

However, by the presence of a trace of electrolyte or dipoles, the 
repulsive action of the ion atmosphere may be more or less neutraliz- 
ed, so that the energy barrier may sink below the value kT. After 
a collision the two particles will adhere, whereas their atmospheres 
unite to form a single atmosphere enveloping the enlarged particle 
This phenomenon is called slow flocculation. 


§ 6. Size maximum of flocculation. It is a necessary condition 
for flocculation that the attractive London- van der Waals forces 
acting between the particles proper should be more powerful than 
the repulsive forces acting between the ion atmospheres. 

The particle diameters will slowly grow but attain a certain upper 
limit of say 500 A. The slow flocculation is a self-retarding process 
for particles of that size, as the London-van der Waals forces fall 
rapidly off for particles larger than 500A, this according to 
Overbeek, who also pointed to the applicability of Casimir and 
Polder’s 15) calculations showing that an extra fall-off takes place 
by relativistic retardation effects not included in London's 
non-relativistic theory. Thus the upper size limit of 500 A may, 
in the absence of electrolytes, be rather sharp. Particles with a 
diameter of 500 A give a breakdown strength of 0.9 kV/mm. 

If the repulsive action of the ion atmosphere is neutralized by a 
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trace of acids, then the particles may grow further and the break- 
down strength drops below 0.9 kV/mm. 

It is interesting from a scientific point of view that this upper 
limit of the diameter-of 500 A for colloid particles, derived from 
considerations of colloid chemistry, has turned up in speculations 
on the breakdown strength of liquid insulators. To the fact of the 
rapid fall-off of the London-van der Waals forces at diameters 
exceeding 500 A may be ascribed the possibility of using mineral 
oil as an insulator. 


§ 7. Eo vs r for colloid particles in suspension. From the foregoing 
paragraphs it is evident that (1) may be verified by determining Eo 
and ¢ for particles in colloid suspension or by the values of 7 calcu- 
lated from Eo for pure insulating oil which may be compared with 
the known diameters of hydrocarbon molecules. The latter method 
has been described in § 1. 

Watson and Higham’s?) and. Crowe, Sharbaugh and 
Bragg’s 3) measurements of Eo for very pure insulating oil led to 
values of 27 which are slightly larger than the length of -hexane 
molecules. In the measurements on colloid particles carried out thus 
far the radii of the particles are generally not determined with 
sufficient accuracy. Moreover, the direct determination of the 
average particle size is not conclusive for the comparison with 
particle sizes calculated with (1). The gradient forces are propor-tional 
to v8, thus a bridge is preferentially formed by the largest particles 
of the suspension. The average size of the particles is not important. 

Determinations of 7 have been carried out by visual observation 
of the particles through a microscope, by the Debye-Scherrer X-ray 
method or by calculation from the observed velocity of sedimen- 
tation of the particles. These values may be compared with the 
values of y obtained by measurements of the breakdown strength Eo 
and (1). However, in general most of the previous data needed for 
our verification must be called fragmentary and incomplete. The 
most complete comparison could be obtained by using measurements 
carried out by Stauff!), Vogel 6) and Gindin 8), 

Stauff1°) observed the formation of bridges consisting of paraffin 
oil drops in water. The radii of the paraffin oil drops were determin- 
ed by microscopic measurements and ranged in several series of 
measurements from 1.3 to 0.33 4, corresponding to measured 


a ' = 
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breakdown strengths of 1.25 V/mm and 15.6 V/mm. With our 
formula (1) these breakdown strengths may be found to correspond 
to particle radii of 1.8 « and 0.34 « respectively, which values agree 
well with 1.3 4 and 0.33 w as determined by a microscope. It is 
pointed out here that the correspondence between the values of 
the radii of smaller particles is closer than with larger particles. The 
larger particles may have had a relatively extensive ion atmosphere 
which cannot be observed by visual means, but which may become 
important for the verification of our formula. With much smaller 
particles the ion atmospheres may be less extensive or even absent. 

Kruyt and Vogel”) measured the formation of bridges con- 
sisting of gold particles having initially diameters of 100A to 
200 A, which increased by flocculation to sizes of 2500-5000 A. The 
voltages they used were 3 to 10 V, the electrode gaps 0.5 to 2mm. 
The field strengths were not given exactly for every measurement. 
If it is assumed that the value of the breakdown strength was of 
the order of magnitude of 20 V/mm, then our formula gives a particle 
diameter of 6000 A or 0.6 w, which is of the same order of magnitude 
as 5000 A, the largest average particle diameter after the flocculation 
had taken place. Thus the correspondence may be considered to be 
satisfactory. 

Gindin and collaborators 8) observed the formation of bridges 
of aluminium particles in gasoline. The value of r= 2.54 they 
report do not correspond to the observed breakdown strength of 
400 V/mm, as our formula (1) gives a value of y = 0.02 w with Ey = 
= 400 V/mm. Gindin states that a five-fold decrease of the 
particle diameter results in an increase of Eg by a factor 3.25. 
According to our formula this proportion should be 11. In this case 
the correspondence is rather poor, which may be due to the petrol 
and the aluminium having very different specific gravities. As the 
bridge tends to be destroyed by the proper weight of its particles, 
the breakdown strength shifts towards higher voltages. 


§ 8. Deterioration of the oil. The insulating oil may deteriorate 
if it contains very small particles 

1. by rapid or slow flocculation which may take place even if no 
field is being applied. This phenomenon may be promoted by 
acids present in the oil, but will not be fatal except in oils in contact 


with the open air. 
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2. by slow flocculation if a strong field higher than 1 kV/mm is 
applied and acids are being formed. In this case the formation of 
particle complexes with a diameter larger than 500 A and a break- 
down strength below 1 kV/mm may follow. In every bridge which 
is being formed by gradient forces and destroyed by the Joule 
heat, discharges in a gas occur which may give rise to a local 
carbonization of the oil and the formation of acids. The carbon 
particles may flocculate, in the presence of an acid, to complexes 
larger than 500 A. 

In general it may be stated that, with fields stronger than 1 kV/ 
mm, we are working on a downhill slope for the insulating value 
of the oil. This effect may be aggravated by a deterioration of the 
oil by corona discharges, causing acids to be formed by which the 
particle diameter may increase to values larger than 500 A. The 
determination of acidity and formation of sludges may be considered 
a measure of the deterioration of the oil, as has been pointed out by 
Childs and Stannett 16), 

In another article the deterioration of the insulating oil by 
corona discharges will be treated. 


Reseived 12 April 1958. 
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A CRITICAL COMPARISON OF PROJECTION 
MICRORADIOGRAPHY AND THE 2X METHOD 


by ONG SING POEN and J. B. LE POOLE 


Technical Physics Laboratory, Technological University, Delft, Netherlands. 


Summary 

It is shown that Cosslett’s 1) criticism on the 2X method 2) is based 
partly on a misconception of the resolving power of the photographic film 
and partly on a fundamentally wrong comparison between projection and 
2X method. A generally valid comparison is given for the cases where the 
resolving power is not limited by Fresnel diffraction. Finally it is shown that 
Fresnel fringes are smaller in the 2X method than in a comparable projection 
system. 


§ 1. Grain size and resolving power of photographic emulsions. 
In our previous publication 2) the expression “resolution of the 
film’’ is used and in connection herewith no mention was made of 
the grain size. Admittedly the resolving power depends very much 
on the contrast in the image and consequently it is not the most 
suitable characteristic of the emulsion, but it is decidedly more so 
than the grain size. It is more or less generally accepted that the 
resolution of the best films is between }$ and 1 uw. Bohatirchuk 8) 
shows the grains of Lippmann film, the size of which amounts to 
some 500 A. Ehrenberg and White 4) quote a grain size of less 
than 500 A for Kodak Maximum Resolution. 

Obviously grain size and resolution are closely related. 


§ 2. Intensity distribution. It will be shown that under reasonable 
conditions the intensity distributions in the projection- and the 
2X method are exactly the same, be it on a different scale. 

Consider an X-ray source with an arbitrary intensity distribution 
F(p, q). A specimen at a distance a has a density distribution y(u, »). 
If the dimensions of the source are small compared to a + 6 (i.e. 
p<a-+b and g<a-+ 0), the intensity distribution g(x,y) on 
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the film may be written as 
+co +00 


g(x,y) =e f Sf pu, ») (Dp, 9) dp dq. (1) 


— CO —coO 


From fig. 1 it follows that 


x—>p ax bp 
— = , DY 
a Cae Bas a bas bila od ash (2) 
Vag ay bq 
——=} = 3 
ESIC aah Sere teary antag (3) 
Source Specimen Film 
F(p,q) ¥ (u,v) 9 (x,y) 


Fig. 1. Coordinate system for source, specimen and film. 


The new coordinates 1, yi and 1, gi will now be introduced 
according to 


‘ie a me a na 5 
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Us Necobermererr 5 rau Oo aad Vera rr: agen Crk F (5) 
Here 
1 at b 
ST ewigrae ne (6) 


where M denotes the magnification. Equation (1) then becomes 


£9 dio = \ Api dg 
o(Mx1, meiime| Jor qty) F ( are 2) ree 


The projection method with 7 <1 yields the intensity distribution 


Pp(Mx1, My) = cf fy(pi + x1, G1 + 91) Fp(p1, 91) dpidgi. — (8) 


Pi 1 
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In the same way the 2X method with n = 4 yields 
gax(Mx1, Myi) =e f f(b + 1, 91+ 91) Fax(2p1, 291)4dp1 dq (9) 
Py 1 

Clearly yp(Mx1, My) = vox(Mx1, My) for all values of x; and 
V1 if 

Fy(h1, 71) = Fex(261, 291) (10) 
i.e. if the intensity distribution of the source in the 2X method is 
that in the projection method scaled up by a factor 2. 


9 (x,y) 


—<x 
wu 
oo 


Fig. 2. New variables, introduced for the comparison of the projection 
method and the 2X method. 


Note: The introduction of new variables according to (4) and (5) 
has a simple physical meaning. Equation (4) means that the X-ray 
image is projected back into the object plane with # = O and g = 0, 
the centre of the source, as a projection centre. Equation (5) means 
that the intensity distribution of the source is projected on the 
object plane with x = 0 and y = O, the.centre of the film as a 
projection centre. The demagnifications are 4 = a/(a-+ 6) and. 
1 — = D/(a + bd) respectively (see fig. 2). 

From these considerations there follows the general law, valid for 
contact-, 2X- and projection method: The projection of the image 
on the object, as seen from the source, does not change if the 
projection of the source on the object, as seen from the film, remains 
unchanged. 


§ 3. Intensity considerations. A reasonable comparison of both 
X-ray microscopy methods can only be made if both images 
contain an equal amount of information. This means that the same 
area of the specimen should be covered in the images, and that the 
resolution should be equal, i.e. the conditions of the previous 
paragraph should be fulfilled. 
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To irradiate the same area, the specimen must be at the same 
distance from the source because the angular field of an X-ray 
microscope is limited, either by the pole pieces or by the angular 
intensity distribution. 

Consequently a film with ” times better resolution should be at 
1/n of the distance from the source. Such a film could register n? 
more information per unit area, but requires roughly m? times 
more exposure. With the same source the exposure time would 
accordingly be the same. 

This means that the advantage of the 2X method is a conse- 
quence of the larger source exclusively. The gain was established 
to be a factor 6.3 in our previous publication 2). 

Cosslett’s allegation that the shorter times of exposure were due 
to a smaller source to film distance (in preliminary experiments 5 
mm) has no ground. The corresponding distance in the projection 
method would be 20 x 5 = 100 mm, which even for the projection 
method is a large value. 


§ 4. Fresnel diffraction. Hitherto the diffraction effects have not 
been taken into account. Cosslett correctly quoted for the width 


of the first fringe 
Aab 


a+b 
and then, incorrectly, assumes a + 06 to be equal in projection and 


2X method. As shown above a should remain unchanged. We 
‘therefore have to compare 


p= (11) 


fp? = Aap (assuming ay <b, projection method), (12) 


fc? = Abe (assuming a > be, contact method) (13) 
and 


f?ex = tdagx = $Abox (assuming day = bx, 2X method). (14) 


The width of the first fringe is there 1/2 times smaller in the 
2X method, if ap = aox. 

Up till now the diffraction fringes have not been a limitation in 
X-ray microscopy. Should they become so, the image might be 
reconstructed following Gabor’s method. To avoid the diffraction 
effects, however, the object to source distance has to be kept 
below a certain value. 


ee ee 2 
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Putting 
Pox = fp? (15) 
we find 
a2x = 2ap. (16) 


Consequently the 2X method yields a field twice as large in diameter, 
thus containing 4 times more information, in a shorter exposure 
time. 

The authors think that some misunderstanding about the 2X 
method may have arisen because it was not made sufficiently 
clear that it is not meant to be an improvement on the projection 
method as regards resolution. Its advantage lies in the intensity 
gain, which might eventually be utilized for producing softer 
radiation. This is also facilitated by the small source to film distance, 
resulting in low absorption by the air. Clearly the 2X method gives 
better resolution than the contact method. 

The authors wish to express their gratitude to Dr. J. Bouman 
for the discussions which contributed especially to § 2. 


Received 14th April, 1958. 
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THE INFLUENCE OF MODULATION ON THE 
RECORDING OF RESONANCE PHENOMENA 


by F. BRUIN *)-and'D. VAN LADESTEYN **) 


Zeeman Laboratory, University of Amsterdam, Netherlands 


In nearly all sensitive instruments by which spectral lines are 
recorded a modulation technique is used. As a result the recorded 
curves have shapes which are approximately proportional to the 
first or second derivative of the original line shape. The exact 
derivative would be obtained only if the modulation amplitude 
were infinitely small, but it is clear that in this case the resulting 
signal and therefore the sensitivity of the spectroscope would be 
zero as well. It is important to know for which modulation amplitude 
the output signal will be maximum and what is the distortion 
of the line shape. 

Similar points of interest arise in other fields of research where a 
modulation technique is applied. In the case of frequency stabiliza- 
tion on a microwave cavity resonator for instance it may be im- 
portant to know for which amplitude of modulation the slope of the 
‘reactance curve’ is maximum. Because of the general application 
of data of this kind we have calculated a set of curves based on the 
Lorentzian lineshape, being the resonance curve of a simple harmonic 
oscillator. The reason that curves of this kind seem not to have been 
published before is probably that considerable labour is involved 
to obtain them. 

Our calculations are based on the standard resonance curve 
y = 1/(1 + x?), having a maximum height of 1 for x = 0, a total 
half-value width of 2 and a total area under the curve of z (see 
fig. 1). 

If the ordinate varies as x = Xo + A sin wt, the abscissa y(t) 


*) Now at American University of Beirut. 
**) Now at I.B.M., Amsterdam. 
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as a function of wt will be a periodic curve, which will have a shape 
depending on the values of Xo and A. In our procedure first 64 
functions (wt) were constructed. Then of each one a Fourier 
analysis at least as far as the third harmonic was made. In the 
simple cases that Xo was chosen equal to zero the curves (ct) were 
symmetrical so that they contained only the even harmonics with 
periodicity 2wt, 4wt, 6wt etc. The amplitudes C;,, of some of these 
harmonics as a function of the modulation amplitude A are plotted 


y (Wt) = yer Cein hut 


x=X +A sin wt 


Fig. 1. Transformation of the wave += X9+ A sin wt by means of the 
function y = 1/(1 + #2) into a wave y(wt) = Yo+ 2 Cy, sinh at. 
h 


in fig. 2. The curve Co, (4 = 0), which represents the mean value 
of the signal < y(wt) >; — Yo, as a function of A, reaches a 
maximum for A ~ 2. The same is true for the second harmonic Ce. 

Although the first harmonic C; of the signal has zero amplitude 
for Xo = 0, it is of interest to know the change in Cj as a function 
of A. When due to a small shift of the resonance curve 6x the modu- 
lation x = A sin wtischangedintox = 6x + A sin wt, the amplitude 
of the first harmonic is no longer zero but will reach a value 6Cy. 
It is important to know the slope S1 = (6C1/dx)z=0, because e.g. 
the sensitivity of a frequency stabilizer is proportional to S;. From 
fig. 3, in which S and S3 = (6C3/6x)z-0 are plotted as a function 
of A, one may see that the largest sensitivity is obtained for a 
modulation amplitude of about 1. | 

Two sets of curves which are of special interest in microwave 
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spectroscopy are given in the figs. 4 and 5. In fig. 4 the amplitude 
of the first harmonic Cj is given as a function of the position of 
modulation Xo for different values of A. From these curves one may 


Fig. 4. Amplitude of the first harmonic C, as a function of the position of 
modulation Xo for different values of the modulation amplitude A. 


Fig. 5. Amplitude of the second harmonic Cy as a function of Xo. 


learn how much the signal C will deviate from the pure derivative 
of the resonance curve dy/dx = — 2x/(1 + x?) when the modula- 
tion amplitude A is increased. It also follows that the range of 
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stabilization, i.e. the region of positive slope of the presented curves, 
increases with A, so that the stability and the flexibility of a 
frequency stabilizer may be controlled by the adjustment of A. 

In many spectrographs-of high sensitivity double modulation is 
applied. If this is the case, the curves of fig. 5 are of interest. A 
recorded spectral line shows maximum intensity (maximum differen- 
ce between maximum and minimum value of C2) if A is about 4. 
The line is then considerably broadened. 

In this short note we have only indicated some major facts which 
may be deduced from the curves of the figs. 2-5. It is hoped that 
these and further details may be useful for the construction of 
spectrographs and for the analysis of recorded spectra. 


Received 12th June, 1958, 
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ON THE POSSIBLE INFLUENCE OF ELECTRON 
INTERACTION ON THE REFLECTIVITY OF METALS 


by C. W. BENTHEM 


Laboratorium voor Technische Fysica der Technische Hogeschool, Delft, Nederland 


Summary 


The influence of the electron viscosity, introduced in an earlier paper 1), 
on the absorption factor of metals in the infra-red is further investigated. 
The superposition of the description used there and the anomalous skin 
effect leads to a paradoxical result, so that we have replaced the electron 
viscosity model by a relaxation time model. This new description leads to 
an integro-difterential equation of the Wiener-Hopf type, which is solved, 
the previous difficulties disappearing. 


§ 1. Electron viscosity. In an earlier paper by Kronig and the 
present author!) attention was drawn to the discrepancy between 
experimental and theoretical values of the absorption factor (1— the 
reflection factor) of metals for infrared radiation. This discrepancy 
exists even if one considers, with Reuter and Sondheimer?) 
and Dingle 8), the anomalous skin effect: i.e. the effect of the mean 
free path of the conduction electrons for collisions with the lattice 
becoming comparable with the skin depth; this effect is most 
pronounced at very low temperatures. 

It was suggested that better agreement might perhaps be obtained 
by taking into account the interaction of the conduction electrons 
with each other by means of a viscosity coefficient 7. The introduc- 
tion of such a coefficient was originally suggested by Kronig and 
Korringa4). Its magnitude was estimated indirectly by Kronig °) 


at 
n = 3Nh/16n, (1-1) 


where WN is the number density of the conduction electrons and h 


Planck’s constant. 
In the paper referred to1) we ignored the anomalous skin effect 
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in the first instance, assuming that the contribution of the electron 
interaction to the absorption factor would be independent of it. A 
differential equation*was obtained for the average displacement s 
of the electrons as a function of the depth below the surface of the 
metal. The boundary condition supposed to hold at the surface was 
that this displacement, and hence the current density, should be 
zero; this was meant to represent the conclusion arrived at by 
Dingle 3), viz. that the reflection of the electrons at the surface 
is diffuse. This, however, only means that the electrons reflected 
from the surface do not contribute to the current density; the elec- 
trons arriving there can contribute, so that the supposition that 
the current density should be zero at the surface is most probably 
not true. 

For the case of normal incidence on the surface of a semi-infinite 
metal it was found under these suppositions that the contribution 
Ae, arising from this effect, to the absorption factor A is 


2am ] 

C Ver! 
where a = (m/uoNe?)? is the high-frequency skin depth (m = 
= effective mass and —e = charge of the conduction electrons 
and wo = the permeability of vacuum, to which that of the metal 
is put equal), w is the angular frequency of the radiation, c is the 
velocity of light in vacuo and 7’ = m?/2uoe2n is a relaxation time 
related to the internal friction. This contribution to A would be 
about 2 x 10-8 at 2um and 1 x 10-3 at 10 um for silver, which 
is of the right order of magnitude to bridge the discrepancy. 


Aer 


(1-2) 


§ 2. Superposition of electron viscosity and anomalous skin effect. 
To investigate the superposition of the anomalous skin effect and 
the effect of electron viscosity, we may incorporate the internal 
friction force into Reuter and Sondheimer’s integro-differential 
equation, as follows. 

The original equation reads, when the distance is made dimen- 
sionless by taking a as the unit of length and when the reflection 
of the electrons at the surface is supposed to be diffuse, 


leer tala: | 
“yx = Maeve | El helt — 2) dt (z= 0), (2-1) 
0 
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with 
ie el : 

k-(¢ — z) = Ke — =) exp [—(1 + tee)ye |é — 2| e]de, (2-2) 
where E£ is the electric field strength parallel to the surface, ap = wre, 
Te is the relaxation time for the interaction of electrons with the 
lattice, ye = a/le, le = dre is the mean free path of the electrons 
corresponding to the relaxation time 7, and @ is the Fermi velocity 
of the electrons. 

In (2-1) the left-hand side is proportional to the current density, 
according to Maxwell’s laws, whereas the right-hand side gives a 
kinetic expression for this quantity, where E plays the part of a 
driving force per unit charge; i.e. —NeE is the force per unit 
volume. 

Now we add to this force a frictional force 

Gee ete (2-3) 
‘ 2wr’ dz4 k 
where the distance is not dimensionless; or with the distance in 
dimensionless form: iNeE™/28, where B = wr’ and E“™) is the fourth 
derivative of E. Equation (2-1) then becomes 


E°)(z) = Biceye f [E() ~ iE™(t)/2B ee(t — 2) dt (2 > 0). (2-4) 
0 


The important quantity for deriving the absorption factor is 
the surface impedance Z = E(0)/H(0), where E(0) and A(0Q) are, 
respectively, the electric and magnetic field strengths at the surface. 


By Maxwell’s laws, Z = — t@poE(0)/E (0). This quantity is 
connected with the absorption factor by 
A = 4Re Z/uoc = (4wa/c) Im LE(0)/E(0)], (2-5) 


as long as the value of this expression is small. 

Ina paper by Sparenberg, Braakman and the present author ®) 
the following solution, expanded in a series for small values of 
y = 1/(2f), was found for E(0)/E(0): 


EO) cise) Tt: apes he 
ay He Ba 


E 4 
i £2 (zs — ign n =) Jy 4 At (2-6) 
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where 7 = 3aey¢, € is the base of the natural logarithms and £4, Es, 
and Es are certain complicated expressions depending on #, and 
ye, whose definition is not important here and will come in more 
naturally at a later stage (see (6-23)). 


§ 3. Criticism of superposition result. Now the expression (2-6) 1s 
physically very unsatisfactory for the reason here to be explained. 
On expanding for values of /, small compared with a, 1.e. % > 0, 
Ve —> 00, &Ye = const., (2-4) assumes the form of a differential 
equation: 

Loe 
1+ ta¢ 
which is of the same form as the differential equation mentioned 
in § 1. The connection between (2-4) and (3-1) is, in fact, entirely 
analogous to that between (2-1) and the differential equation 


BONZ) = [E(z) — 1E (z)/26], (3-1) 


E®(z) = ——_-~ E(2), (3-2) 


which represents Ohm’s law with a relaxation factor (1 + dae), i.e. 
the classical skin effect. 

It might now be expected that the solution (2-6) of (2-4) would 
go over into a solution of (3-1) on passing to the limit /, + 0. Some 
boundary condition, whether or not that used in 1), would have to 
be applied to (3-1), No boundary condition, however, will produce the 
logarithm in (2-6), whose coefficient 4gv does not vanish for J, + 0. 

We think that this unsatisfactory state of affairs is due to the 
physical assumptions made in deriving (2-4): the collisions between 
the electrons and the lattice have been introduced kinetically, 
whereas the collisions of the electrons among themselves have been 
described by a phenomenological constant 7. 


§ 4. Description by means of a relaxation time. A description which 
is free from the unequal treatment of the two kinds of collisions and 
proves not to give rise to the above discrepancy has been found 
by supposing the collisions between electrons to be governed by a 
relaxation time te. This gives for Boltzmann’s equation 
pew of f= tolv)  fAplv—a) 


—_—E = i 
aera § ea re % » (4-1) 
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where / is the actual distribution function of the conduction elec- 
trons, fo is the equilibrium distribution function (Fermi function), 
v is the velocity of an electron, wis the drift velocity of the electrons 
(a function of position and time). The electric field is in the x- 
direction. The right-hand side of this equation describes the con- 
flicting tendencies of the electrons to come to rest with respect to the 
lattice and to assume a uniform velocity u, with relaxation times 
Te and te respectively. By expanding fo(v — u) in a power series 
with respect to u and stopping after the first-order term we get 


eee tag of f—folv) uw afolv) 


i ks v = — , (4-2 
where 
l l l 
= + : (4-3) 
un Te Te 
We introduce the current density J] = —Newu, write f(v) as 


fo(v) + fi(v) and suppose the time dependences of /1, EF, J and u 
to be of the form e*”’, which factor we will omit. By Maxwell’s laws 
J = E(z)/t@puo. Equation (4-2) now assumes the form 


hh of Bers E® ee 


te } = : ‘ 
TUz ( te laf nF Ovz Uz m tomo ere OVz 


(4-4) 


This equation differs from equation (5) in Reuter and Sond- 
heimer’s paper 2) only by the term containing E). Again as- 
suming diffuse reflection of the electrons at the surface, Reuter 
and Sondheimer’s treatment now yields, instead of (2-1), the 
integro-differential equation 


E)(z) = Biay f (E(t) — sE®()/Bela(t — 2) dt (2 = 0), (4-5) 
0 


where 


co 


k(t — 2) ={(— — 2) exp [— (1 + ta)y |t — 2] e] de. (4-6) 
1 


Equation (4-6) differs from (2-2) only by the absence of the subscript 
c. We define «, y, / by analogy to a¢, Ye, le, using 7 instead of 7. 
Evidently ay = weve = 49 = wa/d. In (4-5) and (4-6) the lengths 
have again been made dimensionless. 
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We write ve for 1/Be and s for (1 + 1a)y. (4-5) now becomes 
E°2)(z) = iq f (E(t) — ire (i) k(t — z) dt (z => O). (4-7) 
0 


§ 5. Solution of the integro-differential equation (4-7). We proceed 
to solve (4-7) in the same way in which (2-4) was solved in 6). We 
assume E(z) to belong to L(0, co) and E'?)(z) to L(— oo, oo). 
For z > — oo, E‘?)(z) is of the order eé. 

The following Fourier transformations are defined: 


V 2x F(A) = f E(z) &™ dz (5-1) 
0 
(regular in S;, defined by Im / > 0), 
—— 0 
V2nF" (4) = [ E®(2) e™ dz (5-2) 


(regular in S_, defined by ImA4 < Res), 
V/2nK (a) = f k(z) e™ dz. (5-3) 
By integrating (4-7) with respect to z from — oo to + oo after 
multiplying by e™, we find 
V2nF" (4) — E(0) + idE(0) — V2x 22F (A) = 
= igV 2x K(A){V 20 F(a) — ire [— E(0) + idE(0) — 
— V2ni2F ,(a)]}. (5-4) 


We rearrange this equation so as to have only one of the three 
symbols F4(4), F". (4) and K(A) in each factor: 
V/2n F" (a)(1 + ired2) — E'D(0) + idE(0) = 
= [2 + ig V2 K(A)(1 + ired2)] [WV 20 F(A)(1 + ied?) + 


+ tre (E™(0) — 1AE(0))]. (5-5) 
We note that 


aoe 2s ye s2 A+ 4s 
V 2a K(4) = —— e Sa - 
AK = —+s(> tse), G6) 
where the logarithm is normalized by 
A+? 
Ah ES ok he (5-7) 


Re A> +00 —ih + 1s nt 
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The asymptotical behaviour of K(A) for Re &4—+-+ oo and 
[Im a| < Res is 


V 27 K (A) = ad-1 — 454-2 + 524-3 — ay iene, Oe (5-8) 
We now write 
AZ + igV 2xK(A)(1 + irek®) = (12 + p2)®_(A)/®,(), (5-9) 


where the subscripts — and + indicate regularity in S_ and Sx 
respectively, as before, and # is an arbitrary positive number. By 
the Wiener-Hopf technique ”) we find 


62 + igV 2nK(6)(1 + ire62) 


62 + p? ) 
@(2)=exp & 5 | fon ao | (AC Ss), (5-10) 


—oco 


co 


where we have taken as common strip of regularity of ®(A), ®_(A) 

and their quotient a sufficiently narrow strip just above the real 

axis in the A-plane, containing no zeros or singularities of B_(A)/®+(A). 
Equations (5-5) and (5-9) now give 

V2nF" (A)(1 + t7-A?) — E(0) + 1AE(0) 


(A — 1p) ®_(A) 
%, (A + 1p) {VW 2nF (A) (1 + ard?) + tr) (0) — 2AE(0) }} = P(A), (5-11) 
(2) 
where P(A) is an arbitrary polynomial; or 
= P(A)®s(da) _. 
Vink (a= {ee — ire B40) —iak(0))} (1 + ired2), (5-12) 


V2nF" (A) =[P(A)®_(a)(4 — ip) + E® (0) —i2E(0)]/(1 + treA?). (5-13) 


In order that F(A) and F(A) shall be Fourier transforms, it is 
necessary that P(A) is of degree zero. We may choose P(A) = 1, 
since the problem is homogeneous. 

The regions of regularity of F(A) and F(A) contain poles, as a 
result of the factor (1 + iv42)-1. These must be compensated for by 
choosing values for E)(0) and E(0). The poles are 


Ay = =e te™*, Ap = — p. (5-14) 


For 7 0 the pole 4, lies in S;+ and Ag in S_. Therefore the pole 
Apll. sci. Res. B 7 : 
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4, must be compensated for in Fy(A) and Ag in F(A): 
EY (0) — mE (0) = —wP+(u)|(u + 1p) = 1, (5-15) 
EW (0) + iE (0) = ®(— p)(u + ip) = Ro. (5-16) 


Hence we find 
E(0) 1 Ri — Re 


‘E(0) me be Ri+ Re ee 


‘We shall need to investigate the behaviour of Rj and Rg for large 
values of 7-~?. For this we require the asymptotical behaviour of 
@.(A), or of 


#0) = In f(08 + tyV2nKO)0 + iroOP-t 


oe dd, (5-18) 


—oo 


where we ees taken p = O; this choice must also be made in (5-15) 
and (5-16). We shall avoid putting for 4 the special values + ym as 
long as possible. 


§ 6. Asymptotic expansions. For (5-18) we write 


Now we introduce ot lhe Mee Aeled T° pent 


| =, iecameue 
ee st. pee + Cunas Setar 


Ae ; _ > Re 


et 


a a 
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We may also expand the numerator: 


I= —2 y (v et?)-2n-1, 


n=0 
uy 


ais peel eae Vv anh (0) | 
fo2n{in (1 -+ig V2nK (0 0)6-2|— > | Eel J Yeo. (6-4) 
m=1% L | +i9V 2K (6)0-2 


0 
We introduce the expansions 


co 


In [1 + igWV 2xK(0)0-2] = ¥ b, 6-1, (6-5) 
ee t= 3 
f rent = Y Cm O-* (m > 1) (6-6) 
1 + igV 2nK (6)6-2 l=m 


and define the integrals 


B,= | {oe In [1 + 194/2nK (6)6-2] — Sb; Pebsaoge aa dd, (6-7) 
1=3 


0 


co 


In K (0 m Qn 
Con= | {0 Vv sini ) ] eps Aig at a ore d0, (6-8) 
g+ 1 
0 


1+191/22K (6)0-? l=m 


where the b and c terms serve to make the integrals converge at 


6 = oo. We further define 

co g@yu-2m 

Dyn = Bn —- & a Cine (6-9) 

m=1 m 
It is allowed to omit from the result of the integration all powers 
and logarithms of v¥, since the final result for H(4) must evidently 
be independent of y. These terms must therefore cancel out against 
terms in I7. Working out (6-4) with all this in mind, we have 


I = — 2) (ve!#)-2n-1 Da. (6-10) 
n=0 
For JI we write 
Dare es ; 
I] =2ve Be aos — ody’ (6-11) 
where 
l g@u—2m. 
ay = 63 — > Cn > 1). (6-12) 


m=1 m 
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For the purpose of (6-12) we define 


by = by = On cyt = wm): (6-13) 
Now in general 
| dé rr 
01(92 — a?) 
6 
aa 92 


a5 (>0, odd), (6-14) 


ZOD; —In 
n=0 (2n—l+ 1)q2n+29i—2n-1 Zatti (2 a a2 


eT 1 1 | O+a 
= » ob 


1> 0,even). (6-15 
n=0 (2n—1+ 1)a2nt2gl—2n-1 — Qqltl ay a ie ). { ) 


Here the logarithms are to be normalized by putting their limits for 
Re 0 + + co equal to zero. 
Hence (6-11) gives, on dropping powers and logarithms of vY, 


IT = — > (v e@?)—2"-1 donis In (v2¥ — v2 et?) + 
n=0 
co y el? 
SS) (se eda in ee re 
n=1 vy —ver 
The logarithms may be expanded: 
In (v2¥ — v2 e2”) = F az + In v2 + 21 + powers of v¥-1, 
vy + vel? . ws 
Te TT + at + powers of v¥-1, (6-17) 
Pe { O<p<a } 
O>oy>—-a2 
so that 
H(A) =1+ =X (ve?)-22-1 [— 2Dn + donsa(+ ai — Inv? — 2ig)] + 
n=0 co 
+ mt > (v ef)—22 dan. (6-18) 
n=1 


To calculate ®;(u) and ®_(— y) we first put v = wu. This requires 
a rearrangement of terms, to obtain a series expansion in u. We 
decompose Dy, and dy by (6-9) and (6-12) and obtain after some 
relabelling of summation indices 
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co n m 
H (u en) = 2 (u Seas 2 2Ba+ & as eo? 20 m,n—m + 


n=0 m=1 M™ 
[}(2n+1)] 1 gm 
—- | bans — > = e2mier Cm, 2n+1-— | (+at—In u2 = 2ig)\ +- 

m=1 m 

co (2n/3] gm 

esis ; ; 
+ & (u er oon —— \S ero Cm,2n—2m] (seat), (6-19) 
n= m=1 


where [4(2” + 1)]means the greatest integer contained in 3(2n + 1). 
We then put 9 = e™/4 or e-87#/4, so that e2/? — 7. It can now 
be proved that 


[n/3] (jq)m 
>> (eg) Cm,n—2m = O. (6-20) 


n 
m=1 7 


For: 


igV 2nK (0)0-2 ] he 


In [1 LigW 22K (6)0-2 +1n| 1 23 
Aes Oicias 1 + igV 2nK(0)0-2 


This gives, with (6-5) and (6-6), 
) 


py Ui 6 aes O-2m S) CmyO-*! = 0, 
1=3 m=1 ™ l=m 

co [n/3] 1g) m 

D1 bn = ( ) ae St G-h = 0, 
n=3 m=1 


This proves (6-20). Hence (6-19) becomes 


Hue? = 2 (ef?) Ar ie Bn + & . ee . (6-22) 
n=0 m=1 


We note that in substituting (6-7) and (6-8) into (6-22) the b and c 

terms cancel out, since for this too the condition is (6-20). Therefore 

n 1 Mm 

Eenti =Bn— d a" 
m 


m=1 


Cm,n—m= 


= | g2n {in [1 + igV 2K (6)0-?]— 
0 


igV 21 2nK(8)0-2 7m 
- 2 ieee 
m= = m 1+igV 2x. 2nK (0 )o-2 
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This leaves 


H(+.m) = 4287/4 S (— 1)" u- 2m) Fons. (6-24) 


n=0 
Now by (5-10) and (5-18), 
l 
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(+n) = exp| — H+ #) |. (6-25) 


By (6-24) this gives, on expanding the exponential, 
O(+ LM) Te 


E Ey? 
=} ym} e844 2 G+ yp 8 e—ti/4 
It 20? 


E,;3 Eg 
etait APE MO fo, 
623 x 


By (5-15), (5-16) and (5-17) 


ei Mek Mitaa 9! 2 Ebon SE (6-27) 
EMO) p x(n) — O(— p) 
Ler ee TX be E3 


We see that for 7, = 0 the solution, like (2-6) for y = 0, goes over 
into Reuter and Sondheimer’s solution. In contrast to (2-6), 
however, there is no 72 In 7g term. Evidently In re does not occur in 
any order of the expansion, whereas in (2-6) Inv recurs in every 
order. 


§ 7. Calculation of integrals. We now calculate the integrals Ey 
and E3. This may be done in the manner indicated by Gordon and 
Sondheimer 8). We will derive the expansions for small values of 
||, where ¢ = 7q/s; i.e. for infrared light, not for microwaves. 

We have 


E, = an [1 + igV 2xK (6)0-2] dd, (7-1) 
0 


aes { 92 { In [1-1 iga/2xK (0)6-2]— 


0 


igV 2K (0)0-2 
1+igVv | a 


Transformation by 6 = s/w yields 


ee fn {1 4 EG (u)} deufe?, | (7-3) 
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co 


[1 am EG(u) | EG(u) 
=f i She Picwh aw, (7-4) 
0 


where 


G(u) = su2V 2xK (s/u) == “8 E 2u + 7(1 + u?) In 7 al (7-5) 
ut 


4 4 
=15| 0 4u-tonu?— ae ue 4 w.| |w| small, Re w20, (7-6) 


3.5 
ee cae Jem 7 
he alles cen tet sid to avn el tee. 1a) 
Integrating by parts, we have e.g. for EF: 
EG) /(y , 
Ei=s 4) du. (7-8) 


ull + EG(w)] 


This integral may be calculated by complex integration. Inte- 
grating along the negative real axis, round the point + 7, along 
the positive real axis and along a very large semicircle in the upper 
half plane, we have 

0 


£ GY(u) du ef ef R ; 
Ss Bests Aint er ind .. +S ... (Rew < 0) + 


—oco 0 0 


0 
+ sé Jv (Rew > 0) = 2mséR, (7-9) 


where RF is the residue of the integrand at its pole in the upper half 
plane. The large semicircle and a small circle round 7 do not contri- 
bute to the integral. 

We note in passing that we might have taken § = su instead of 6 = s/u. 
The latter gives, according to Gordon and Sondheimer, a somewhat 
simpler expression, but there does not seem to be much to choose between 
the two procedures. In taking 6 = su, the contour must go round 7 from 7 oo 
instead of from the origin. 


Since G(v) is an even function, (7-9) ieee: 


2 eee (Re u < 0) +f. (Rew =o) |. (7-10) 
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Now R is the residue of G)(w)/u{1 + &G(u)] at the zero uo of 1 + 
+ &G(u). This residue is 1/Ew9; hence the first term of Ey (7-10) is 
ms/Uo. 

Using the expansion of w in descending powers of w = $G(u) 
given in 8), equations (7) and (8), and substituting w = — 3/(4é) 
to find u9, we have for this first term 


nis VE (14 2. 18 4g 1604 4g, 113798 ) ae 
Mien foe Wen Pel 178 oe Tat eer ee eae 


where 4/& means that square root of whose real part is positive. 
For the second term of Ey (7-10) we write 


1 
sé GD(iv).cdv 
2 ivf] + €G(iv)] | ka) pee 


Im v>0 Im v<0 


Now 


G(tv) = — 2v4 + v3(1 — 04(+ at + In 3 


it y (Im v £0), (7-13) 


G1) (iv) 
av 


= 10v2 + (— 30 + 503) (sai ren st): (7-14) 


l+uv 
Substituting (7-13) and (7-14) into (7-12) and expanding in ascen- 
ding powers of &, we get 


1 
sé f [g + &(gh — fj) + €*(gh? — gy? — 2fjh) +-...]dv, (7-15) 


where 
f = 10v2 + (—3v + 5v3) In (1 — v)/(1 + v), 
g = a(— 3v + 5v3), 
h = 2v* — v3(1 — v2) In (1 — v)/(1 + 0), (7-16) 
7 = av3(1 — v2), 

We use the integral 

1 
2 
[om n= dv=— (in 2+4+44+...4 ) (n>0, even). (7-17) 


0 


For the coefficients of successive powers of € we need similar 
integrals containing higher powers of In (1 — v)/(1 + v). These, 
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like (7-17), may be calculated by partial integration. The calculation 
rapidly grows more complicated with increasing powers of the 
logarithm; we find for instance 


1 


l—v 8 | ] 
nm |n2 ) ee 
fe baiecadaricy |; (in2+4 Ste Ta ~)+ 
0 


l ] 

(in2 +44... ) Soot ein 2+ 4) } n2| 
—2 n—3 a 
(n > 1, odd). (7-18) 


— 
n 


It turns out that we do not need to know the integral (7-17) for 
odd and (7-18) for even n. 
From (7-11) and (7-15) to (7-18) we find 


oe Livenay 18 ea 1604 ees ve ) 
ra ns ( (pees igs. PLANES. 779 625 


—tnsé—ans&2 —— —... (7-19) 


86+48In2 _ eee oa 
945 12275 840 


Ex (7-4) can be found in the same way: 


Bu8 |" 3d aL EG()] uA[1 + EG(w)] 
0 


ol | ak see le |- 


0 


)EGD (w) 
ras 2 EG(u) | 


S - _ G(u)GY(u) _ u)G(u) iE = 
= el] Lb al EGE (w)] du + 


meas le: In [1-L£G( ae r GD (udu G(u) du ie 


= 15382 (Qni R — ‘ia (Re wu <0) — I Respen Oy (720) 
0 4 
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The residue R of G(u)G(u)/u3[1 + &G(u)]? in the same zero of the 
denominator is 


l i ] 3 G(uo) | 1 d G(uo) 2 |= 
&2 Uo? ug* G)(u9) £2GD) (149) ) duo Uo? 


Ee! d EE l peee (721) 
— €2 dG(uo) L103 £2 dw 3, snag) 


We find for the first term of E3 (7-20) 


Ans3£°/2 ( 6 38, , 668, , 3086938 |, ) 
Yao bah oes 
3/2 1 5° aS + 398 § . 606 375 sacl ( ) 


The integral from 0 to 7 and back gives 


1 
3£2 ju tee 4 *y 
fe dv [g-+28(gh—Fi) +2(—6fhj +3gh®—g2) +...], (7-23) 
0 
where 
f= —3n?+ (20+ 8x?) v2—5n204+ (— 16v+20v3) In (1—v)/(1-+-0)+ 
+ (3 — 8v2 + 5v4) In? (1 — v)/(1 + 9), 

g = a(— 16v + 20v3) + 2n (3 — 8v2 + Sv4) In (1 — v)/(1 + v). 


In all we have 


es UE 6 : 3, 3086 938 ., ) 
35a E+ ae tie er g++ = 


17+16In2 _ ee 688 = 
—_———. — 273§& —— In2— ——]—-... (7-25 
105 * \iai7s + 4725 8? 360 oe 

a 
§ 8. Conclusions concerning the absorption factor. Inserting (7-19) 


and (7-25) into (6-28), we find 


3S 


E(0) | Bly * 2 _ By3 ae 8723 ) 
pogo bon 1920 ° *\ tos * Baase0)* 
1 17-+16In2 (gaz. a2) 
S| Be Rae ee ere S/o ae 
a [5 : 140°? V3\é720 7 a5] ° 
(Ze O28 Airs tees 2) ] i 5. ss 
3628800 ' 360 240) © 1 | +O Ure’) ee 


(7-24) 


i a fj 
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We see that for / + 0, i.e. Re s > co and £-+ 0, the principal term 
is the first: — 1/3/2s1/é. The principal r, term, which is —ir,sV E/3, 
vanishes. In the classical limit we therefore come to the same result 
as Reuter and Sondheimer, our internal friction effect being a 
higher order small quantity. This was to be expected, since for 
/->0O the integro-differential equation (4-7) goes over into the 
differential equation (3-2) for the classical skin effect. The paradox 
mentioned in § 3 therefore does not arise here. 

In order to establish clearly the dependence of the various terms 
on the frequency y and the specific resistance p, we introduce two 
dimensionless quantities (see Dingle 3), pp. 314-315; Dingle uses 
non-rationalized Gaussian units, we use rationalized Giorgi units): 


2 1 7/1202 

pay Ly ies (8-2) 
3 6 Ne?u0 
l 4 Ne? 

P= payee (8-3) 


U 3 MLO y 
We distinguish between p¢- and pe, by analogy to t¢ and Te (4-3): 
Pe = m|Ne*r¢, pe = m|Ne*te, p = pe + Pe: (8-4) 


the same distinction applies to pe and pe. Expressed in these 
quantities, those occurring in (8-1) become 


q = V3)? », (8-5) 
Ye = pelv, ; (8-6) 
s = 4 3(iv + p), (8-7) 
& = 1/(iy-+ p)®. (8-8) 


Introducing these quantities also in (2-5), we finally have for the 
absorption factor, for the case v > p (i.e. a7 > 1, which is the case 
in the infrared, as opposed to the microwave region) : 


A =— {1.732 pe + (0.217 pe + 0.866 pe)p2v-2 + ... 
Cc 


+ 0.75 + (—0.75 pe + 0.454 pe) pv? + ... 
(0.749 pe + 0.235 pep-2 +’... 0.214024...) (8-9) 


Now d/c is about 5 x 10-% for all metals mentioned by Dingle 3) 
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(pp. 351-362). It remains a problem, what value to use for the 
electron-electron relaxation time ve, since there are no very satis- 
factory indications in this respect. 

We may suppose, first, that 7¢ is equal to the quantity 7’ previous- 
ly used (1-2). In this case re is temperature-independent ; pe will be 
small and about the same for all metals mentioned by Dingle 
(2 X 1078). 

Whatever p- may be, as long as it is not so large that the expansion 
(8-9) is meaningless, the influence of pe can thus only produce an 
extra contribution of something like 10-5 to the absorption factor, 
since vy > 1. The largest term is always the term 0.75 (the principal 
anomalous skin effect term), giving a contribution of 4 x 107%. 

If, on the other hand, following Ginzburg and Silin 9), we 
take te to be the mean free path for electron-electron collisions, 
divided by @, te will depend on the temperature, because of the 
exclusion principle: electrons can only collide if they are within 
a certain energy range of the order of kT. For temperatures below 
300°K, te is now still larger than +’, which is about 5 x 10-1%s, 
so that pe, and its contribution to A, will be still smaller than 
according to our previous supposition. 

It seems, therefore, that the effect of electron-electron collisions 
on the optical properties of metals in the infrared will be too small 
to measure. 

The author is indebted to Prof. Dr. R. Kronig for suggesting 
this problem and for many stimulating discussions. 


Received 19th July, 1958. 
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FAR FIELD SCATTERING FROM BODIES 
OF REVOLUTION *) 
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The University of Michigan Ann Arbor, Michigan, U.S.A. 


Summary 


By use of approximations based on physical reasoning radar cross-section 
results for bodies of revolution are found. In the Rayleigh region (wavelength 
large with respect to object dimensions) approximate solutions are found. 
Examples given include a finite cone, a lens, an elliptic ogive, a spindle and 
a finite cylinder. In the physical optics region (wavelength very small with 
respect to all radii of curvature) Kirchhoff theory and also geometric optics 
can be used. When the body dimensions are only moderately large with 
respect to the wavelength, Fock or Franz theory can be applied, and examples 
of the circular and elliptic cylinder are presented. In the region where some 
dimensions of the body are large with respect to the wavelength and other 
dimensions are small with respect to the wavelength, special techniques are 
used. One example, the finite cone, is solved by appropriate use of the wedge- 
like fields locally at the base. Another example is the use of traveling wave 
theory for obtaining approximate solutions for the prolate spheroid and the 
ogive. Other results are obtained for cones the base perimeter of which is of 
the order of a wavelength by using known results for rings of the same 
perimeter. 


§ 1. Introduction. It is the intent in this paper to use different 
mathematical techniques to obtain approximate results for the far 
zone scattering of plane electromagnetic waves by perfectly con- 
ducting bodies of revolution for all ratios of body dimension to 
wavelength. In many places speculation based on physical reasoning 
has replaced mathematical rigour. We shall first discuss the Rayleigh 
region, then the physical optics region and then the resonance region. 


§ 2. Rayleigh cross-section of bodies of revolution. Rayleigh 


*) This paper with minor revision is as the author presented it at the URSI XIIth 
General Assembly in Boulder, Colorado August 22-September 5, 1957. 
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scattering 1) describes the scattering of electromagnetic radiation 
by a body whose dimensions are much smaller than the wavelength 
of the radiation. Thus. the Rayleigh limit describes the scattered 
field, due to an incident plane wave, approximated at a large 
distance from the body by the field of radiating electric and magnetic 
dipoles located at the scatterer (the magnetic dipole contribution 
is comparable to that of the electric dipole only for a perfect 
conductor). To evaluate the electric (magnetic) dipole moment, the 
static electric (magnetic) field induced on the body by an applied 
constant field must be known. In other words, the electrodynamic 
boundary-value problem has been reduced to a corresponding static 
problem. 

Although the solution of the Laplace equation is in principle 
simpler than the solution of the Maxwell equations, there are very 
few geometrical cases for which even the former is manageable. The 
question, therefore, arises whether any approximate information 
can be obtained as to the Rayleigh cross-section when a solution 
of the Laplace equation is not available. That this should be possible 
is heuristically plausible. When the wavelength is much longer than 
the dimensions of a body, one cannot discern details of the structure 
of the body: the observed effect depends more on the size of the 
body than on its shape. Thus, knowledge of the size of the body. 
modified by a rough indication of shape, should suffice for a 
description of the body in finding the Rayleigh cross-section. It 
is the purpose of the present discussion to explore this possibility. 

As background, it might be helpful to bear in mind a couple of 
features of the Rayleigh approximation itself. The solution to an 
electromagnetic scattering problem can be expressed as a multipole 
expansion. The relative importance of terms in the expansion 
depends upon the distance of the observer from the scatterer (as 
well as on the dimensions of the body relative to the wavelength), 
so that a small error in describing the field in one region can result 
in completely misrepresenting the corresponding field elsewhere. 
For a scatterer much smaller than the wavelength, retaining only 
the dipole terms gives a good approximation to the far zone, though 
the field in the near zone may be entirely wrong. Specifying the 
dipole moments of the body does not determine the body uniquely 
(i.e. different bodies may have the same dipole moments). Thus the 
Rayleigh cross-section alone cannot identify the body fully. On the 
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other hand, the finer details of the structure of the body, which 
would be exhibited by the higher moments (and seriously affect the 
cross-section at small wavelengths), do not affect the Rayleigh 
cross-section. 

For simplicity, consider the scatterer to be a body of revolution, 
make it a perfect conductor (this is a rather trivial limitation) and 
examine back-scattering of a plane wave incident along the axis 
of symmetry (there is then no polarization dependence). Thus, the 
direction of incidence will be denoted by z, the incident electric 
vector direction by x, the incident magnetic vector direction by y 
and the length of the body along the symmetry axis by /. The electric 
dipole moment p is given by 


p= fords (2-1) 
s 


where w is the charge density, r the position vector and S the surface 
of the body. The boundary condition yields. 


o = cE n= ek; (2-2) 


where ¢ = dielectric constant, n = unit outward normal to the 
surface and E=electric field strength. Using cylindrical coordinates, 


dS = pV1 + (dp/dz)2 d¢ dz, (2.3) 


where p is a function of z but not of ¢, so that 


pfs (2) fae (2-4) 


From uniqueness sae symmetry ee ee we can write 
E = ¥ @a(z) cos nd. (2-5) 
n=0 


Then py = 0, a = Oand 


pen fice Vin(@y ey Jenene [2 an(2 athe 


L 


= ee p2ay(z w Vi + (2 Ss ee e) == =e | xdzp? Galz). (2-6) 


0 0 
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Apart from the factor a1'(z), the integral is just the volume V of the 
body. In fact, the whole determination of the electric dipole moment 
resolves itself into the determination of the factor a1(z) in 


E = ai(z) cos (2-7) 


since the other terms in the series do not contribute. If the body is 
elongated along the axis of symmetry (1.e., if />> p), a1'(z) will be 
a slowly varying function of z and can be removed from the integral 
and replaced by a mean value (or actually by an estimate of its 
value). To estimate a(z), we resort to an analogy with reflection 
from a plane. In the latter case the amplitude of the total field is 
twice that of the incident field. Thus we choose a = 2E9 (phase 
differences in the incident field at various points on the body can 
be neglected) to obtain 


P = &2cEoV. (2-8) 
The far-zone electric field at a point on the z-axis due to the electric 


dipole is?) 
2 eilkr—wt) 


4ne te 
The form of the magnetic dipole far-zone field is the same as that 
for the electric dipole if the electric and magnetic fields are inter- 
changed 2). The symmetry of the problem insures that the magnetic 
dipole is along the y-axis, just as the electric dipole is along the 
x-axis. Consequently, the far-zone fields due to the two dipoles have 
the same orientation and phase. If we again resort to a cylinder-like 
model for approximation (with the amplitude of the total field at the 
surface twice that of the incident field), it is obvious from the 
complete symmetry of occurrence of the electric and magnetic 
interactions. that the two contributions are equal. 
Altogether we have in the far zone on the z-axis 
R2 ei(kKR—ot) 


E = ¢—£y Vv ————_.. = 
wv = 0 R (2 10) 


The back-scattering cross-section is given by 


0 


2 4 
o=4nR? = — RAV2, (2-11) 
A 
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This, then, is the value of the cross-section to be expected for an 
elongated body of revolution*). As the flatness of the scatterer 
increases, the approximation is expected to get worse; in fact an 
infinitely flat body (i.e. a disc) has zero volume, but a non-zero 
cross-section. To anticipate the discussion below, for prolate 
spheroids the error incurred in the cross.-section varies from zero 
for extreme elongation to 13% for the sphere. 

Let us now compare this pseudo-derivation in detail with the 
exact answer for the special case we do know, the spheroid 1). Let 
us define for convenience the quantity 


jet (2-12) 


F =1 yields the magnitude of E given by (2-10). Modifying 
Rayleigh’s notation slightly, 


bf 
Sian thd 4) agate ae 


where for a prolate spheroid!) 


er ee 
oa sig ke 9 Ad 


e2 2e3 l—e 


(2-14) 


with e = eccentricity; i.e. the semi-axes are a, a, a/ V1 — e2. For 
an elongated spheroid (e +1), L >1 and F --1, checking the 
approximation. 

Next, let us inquire into the shape correction by first examining 
its form for the spheroid. We already know the result for the prolate 
case; for the oblate spheroid !) 


ary? inning? 
Ce a) (2-15) 


é e2 


where the semi-axes are now 4@, 4, av 1 — e2. As these expressions 
are quite complicated, it is profitable to examine their limiting 


*) It should be noted that for the acoustic case the treatment would be equivalent 
except that instead of the two components (electric and magnetic) there would be only 
one, and thus the cross-section would be 


1 
Ck a 
a 
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values. Consider a sphere (¢ = 0): From (2-14) 


in (— +") 2+ get...) (2-16) 
ay, 
j eeall «ety theme age Bee dd 
e2 
eT serie eee teak ont — (2-17) 
é 
F=(@-)P=8- =. (2-18) 


It is easily demonstrated that F is monotonically decreasing as we 
progress from a sphere to an elongated prolate spheroid. Hence, it 
ranges from 2 to 1, being very nearly constant, of the form 1 + 
+ decaying term. 

Examine the disc limit (e — 1 for the oblate spheroid). Let 


6 == 510.2. (2-19) 
Then 
L = cos x csc? % (% csc X—COS X). (2-20) 
et a 
y = 40 — x. (2-21) 
Then 
L =sin y sec? y [(4% — y)sec y—sin y]. (2-22) 


Expand near y = 0 (equivalent to e > 1): 


1 my I 4 
Lwy|(—-1)-9]=F a =F9(1 29), om 


i ie ale | 
~ (se[2) y(1 — (oc) y)(2 — (2/2) y) 


For small y, y= V1 —e®; if we call the semi-axes a, a, b, then-y ~ b/a. 

Combine the information about F’. In the oblate case, F is again 
monotonically increasing toward the disc limit.The discussion for the 
prolate spheroid indicates that we should split off from F a term 
unity, and that the remaining term should decay as b/a — co. Thus, 
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we write 


4 7 l l 
Frei+ E ( —x)y]~ — (l—y) ~1+— e7-¥Y. (2- 
SiGe r ; + a (1—y) RR e-¥. (2-25) 
We now postulate that for all spheroids (with semi-axes a, a, b) the 
shape correction factor is approximately 


i 
F=1+——e-, (2-25) 
wy 
where y = b/a. Numerical comparison indicates that the approxi- 
mation ts valid to within one percent. The Rayleigh cross-section of 
a spheroid for back-scattering along the axis of symmetry is 


4 1 2 
o=— HY? I +— | : (2-26) 
It mY 

The cross-section of the spheroid depends on its volume and on a 
correction factor involving y = 6/a. Except for very flat oblate 
spheroids the shape correction factor can be neglected. Where it is 
not neglected, the shape correction factor is a simple function of y, 
which is a measure of the elongation. . 

The natural extension of the discussion is to postulate that for all 
bodies of revolution the Rayleigh cross-section for back-scattering 
along the axis of symmetry can be expressed as 


4 1 2 
o = — k4V2|1+—e-v], (2-26) 
It wy 


where y is a measure of the elongation (characteristic dimension 
along the axis of symmetry)/(characteristic dimension in the 
perpendicular direction). For elongated bodies the term in y drops 
out and there is no ambiguity. For flattened bodies the answer is 
sensitive to the choice of charcteristic dimensions, but a good 
approximation should still be attainable. The ambiguity can be 
eliminated in a number of cases by imposing a restriction on the 
choice of characteristic dimensions: in the limit of extreme flatten- 
ing the cross-section must tend to the value for the appropriate disc. 

Illustration I: Finite cone. Consider a right circular cone 
of altitude # and radius of base 7. As h -> 0, the cross-section of the 
cone must go into the cross-section of a disc of radius 7; i.e., we 
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must have 
72h 


l 
VF =} *a(1 | ~) > 
Thus the appropriate ratio of characteristic dimensions to be used 
in (2-26) is 


= 47. (2-27) 


y =h/4r. (2-28) 


Hence, the cone has the same cross-section as a spheroid of equal 
volume whose semi-axes are (7, 7, 1/4). 


Illustration II: Lens. Consider a symmetrical convex lens of 
radius of curvature R (the body of revolution obtained by rotating 
the shaded area in fig. 2.1 about the y-axis). In the disc limit 
(d constant, c — 0) 


VF + Vimy = $ 4. (2-29) 
Hence we take for the lens 
3V 3V 


oO chigd’ sd RO cin 8 Gx ap 
The volume of the lens is 
V = $a R3(1 — cos 6)(1 — cos 6 + sin?6). (2-31) 


As 6 - 2/2 (limit of sphere), we reproduce the previous result for 
the spheroid, as expected. 


Fig. 2.1 The lens. 


Illustration III: Elliptic ogive. Inasmuch as the circular 
ogive is more elongated than a sphere, the argument from the disc 
limit cannot be applied to it directly. Instead, we consider the 
elliptic ogive obtained by rotating the shaded area of fig. 2.2 (a 
portion of an ellipse) about the y-axis (which is taken parallel to the 


Ee a 
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minor axis). For this body, in the disc limit (d constant, c + 0) 


VF + V|[xy = 443. (2-32) 


Fig. 2..2 The elliptic ogive. 


The equation for the ellipse is 


c#/a2 + (6 — d)2/b2 = 1, (2-33) 
which suggests use of the parameter 6: 
sin 6 = c/a. (2-34) 
Then 
3V 3V 
y (2-35) 


~ And? 4x0b3(1 — cos 0)3 
The volume of the elliptic ogive is 
V = 2nab? (sin 06 — 6 cos 6 — 4 sin? @). (2-36) 


As 6 - 4a, we reproduce the previous result for the spheroid, as 
expected. 


Special case: Circular ogive. To obtain the cross-section of 
the circular ogive, we now merely take the special case of the 
elliptic ogive with a = b. From geometry 6 can then be identified 
with the ogive half-angle. Now 


sin 6 — 6 cos 6 — 4sin3 0 
(1 — cos 6)3 


Vine (2-37) 

Illustration IV: Spindle. Consider the body of revolution 
obtained by rotating the shaded area of fig. 2.3 (bounded by a 
parabola and a straight line perpendicular to the axis of the para- 
bola) about the y-axis. Using the disc limit just as before, we have 


3V 


Saeprrerr (2-38) 
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where the volume is 


V = 18ncd?2, (2-39) 
so that 
Cc 
Y) 
| 
, 


Fig. 2.3. The spindle. 
Illustration V: Finite cylinder. Consider a cylinder of 
radius v and heigth 4. From the disc limit 
F 3V 3h 
Te Agee Ap 


y (2-41) 

We can go on to obtain by further exploitation of this approach 
the Rayleigh cross-section of a body of revolution for arbitrary 
separation between transmitter and receiver and for all aspects and 
all polarizations. The most direct extension is to replace the body 
by an equivalent spheroid and take over the spheroid results. The 
equivalent spheroid is a spheroid with the same volume and the 
same elongation factor as the body. The simplified expression found 
for back-scattering along the symmetry axis provides a reasonable 
way to arrive at an elongation factor for many bodies. The logical 
ultimate extension in the spirit of this approach is to formulate 
the Rayleigh scattering of a body of revolution at all aspect combi- 
nations and polarizations in terms of the following parameters only: 
the volume, the elongation factor, and the aspect and polarization 
angles. 


§ 3. The optics region. By the optics region we mean, generally, 
that region in wavelength, wherein the techniques of geometric and 
physical optics yield good approximations to the radar cross-section 
of a body. The extent of the optics region thus depends on the parti- 
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cular body being studied. By the geometric optics cross-section 
we mean zie, Ri and Re being the principal radii of curvature of 
the body at the point where a ray is reflected toward the receiver, 
We use physical optics (Kirchhoff) theory to denote the scattered 
far field, and the cross-section thus defined, given by the expression 


i 
4a 
illuminated 
area 


eikR 


ds, 


where H = twice the tangential component of the incident magnetic 
field, R = the distance from the integration point to the field point, 
n = the unit outward normal to the surface at the integration point 
and in which the far field approximations for V(e#*R/R) are used. 
That is, with the receiver at a very great distance from the body 
and if the body is finite, we have 


eikR 1k 
(Sat) a ame 


where R = Rk’ + no-r, R’ = the distance from the origin to the 
field point (receiver), 7 = the distance from the origin to the 
integration point on the scatterer (r = the corresponding vector) 
and mp = the unit vector directed from the receiver to the origin. 

When the wavelength is small with respect to all of the dimensions 
of the scatterer, the geometric optics cross-section is an excellent 
approximation to the exact result. When a body is infinite in extent, 
then geometric optics can be the exact solution. Examples of such 
exact solutions are the paraboloid of revolution, when we are 
considering plane wave illumination along the axis of symmetry, 
and the wedge for particular wedge angles and for particular angles 
of incidence and polarization. 

Let us now consider a body which has one radius of curvature 
which is small with respect to the wavelength. In three dimensions 
we can consider the infinite cone and in two dimensions we can 
consider the wedge. By purely dimensional analysis we find that 
the tip far field behaves like 1/k and the edge in two dimensions 
behaves like (1/R)?. We find that physical optics not only predicts 
these types of k-dependence, but also (for large and small cone 
angles) that it predicts the leading term of a rapidly convergent 
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expansion in the angle parameter as long as the transmitter or 
receiver is on the axis of symmetry. 

Kirchhoff theory will predict poor results for problems in which 
the major contribution to the cross-section comes from an edge. 
For example, consider the case in which the transmitter and re- 
ceiver are located at a point along the face of a wedge, but far from 
the edge, with Poynting’s vector P parallel to the face of the 
wedge and normal to the edge (see fig. 3.1). For the E-vector 
perpendicular to the surface the exact result is 


A m0? 
: tan? ——, 
20 2¢h0 
where the cross-section, in two dimensions, is given by 


Es 


o, = 2x |f(¢)/? = 


o = lim 27 


r=0co 


i 


while the Kirchhoff answer is zero. 


Fig. 3.1. The wedge for incidence along one face of the wedge and normal 
to the edge. 


This leads one to the realization of why Kirchhoff theory would 
give poor results for a finite thin cone. The major contribution to 
the cross-section in the non-specular directions for small wavelengths 
comes from the rear circular edge. The field, locally, would be like 
that for a wedge. Thus, we need to use an improvement to Kirch- 
hoff theory to obtain good answers for the cone. We will show this 
improvement and also how we obtain approximate results for thin 
cones in the resonance region. Thus we will show how to obtain, 
approximately, a complete cone cross-section curve. 

Kirchhoff theory gives excellent first order approximations for 
bodies with dimensions large with respect to the wavelength, and 
these results are too well-known to warrant their discussion here. 
In the region to which we must give the vague characterization as 


al 
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lying somewhere between the resonance region and the optics region 
there has been a rapid and fruitful development of new ideas during 
the past ten years. 

We begin with the remarkable paper of V. A. Fock 3) in which he 
presented a method which we will describe as a local order analysis 
of the field near the shadow boundary. He succeeds in giving the 
fields on the diffracting surface near the shadow boundary in terms 
of one or the other of two “universal’’ functions according as the 
incident polarization direction lies parallel or perpendicular to the 
shadow curve. Strictly, these are solutions of the two-dimensional 
(scalar) problems and depend on the radius of curvature at the 
shadow boundary and the wavelength of the radiation. These 
functions are of the form 


1 eikt 
g(¢) = = lSr dt, 


’ (3-2) 
1 f eth 
f (¢) a Ev wit) dt, 
where 
w(t) = 3 few dz (3-3) 


with the contours shown in fig. 3.2. The arguments used are certain 


pr’ 
Fig. 3.2. Contours. 


vA 


iffracting Surface 
Fig. 3.3. Geometry. 
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reduced distances measured from the geometrical shadow boundary ; 
i.e., near the origin as indicated in fig. 3.3 we have 


kRR\* X 
pe (i = 
where R is the radius of curvature and k = 27/A. 

These same functions appear in the approximate solutions of 
specific problems. There are two which we particularly wish to note. 
The fields induced on a parabolic cylinder 4) and on a circular 
cylinder 5) are given, in a sense, by these same functions. These are 
not remarkably similar surfaces. 

In these examples for the solution continued into the shadow we 
need to modify the arguments of the universal functions as follows. 
The motivation for this stems from the “generalized ray optics” 
of Keller §). In place of (3-4) we write 


= (22) a 5 


where S is the path length measured along the surface of the obstacle 
from the shadow boundary into the shadow, ds is the element of 
path length and R(s) is the radius of curvature at the position s. 

Franzand Deppermann “), however, have given the connection 
between the two in the concept of “‘creeping waves’. We can 
meaningfully speak of the continuation of the penumbra solution 
into the shadow of the parabolic cylinder, but in the case of the 
circular cylinder we find that we are wrapping our solution around 
the cylinder if we allow the argument of the universal functions to 
continue increasing. This latter concept is made meaningful if we 
understand the field in the shadow as arising from waves “‘launched”’ 
at the shadow boundary and “‘creeping”’ around the rear and eventu- 
ally back to the front, etc. The physical interpretation has been 
justified by Friedlander 8) while the underlying mathematical 
structure has been illuminated by Wu 9) with his concept of a 
universal covering space. 

In the following is given an account of the general procedure. Let 
a convex closed surface S, f(x, y, 2) = 0 be illuminated by a plane 
wave incident in the direction of the x-axis. The geometrical shadow 
is then given by the two equations f(x, y, z) = 0, af/éx = 0. Let the 


ee 
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origin be located at a point on the shadow boundary with the z-axis 
the outward normal to S and the y-axis chosen to form a right- 
handed system. Using the geometric assumption that the surface 
can be approximated by a paraboloid at any point, i.e., 


z+ $(ax2 + 2bxy + cy?) = 0, (3-6) 


so that of/éx = ax + by, and the physical assumption that the 
variation of this field in the z direction is much larger than that 
in either the x- or y- direction for sufficiently small 4, Fock obtains 
an approximation to Maxwell’s equations which lead to the solutions 


Hy = H,G(0), Haz = (2a/k)*iH,° etke F(t), H,=0 (3-7) 
on the surface. The incident field is given by 
Hy = (0, Hy, H.°), (3-8) 


while the functions G and F have the asymptotic bahaviour 


lim G(¢) = { lim F(¢) = fo (3-9) 


6+ F00 0, (+ Foo 0, 


where ¢ is a reduced distance from the shadow boundary given by 
jo Ne? 
AS eee) (oeah byl (3-10) 
2a 


In fig. 3.4 we compare the result using the Fock-Franz method 
with the sum of the harmonic series for a circular cylinder (e.g., 
Bailin’s work in 19)) with ka = 12. In fig. 3.5 we compare the 
method with the experimental measurements of Wetzel and 
Brick 14) on an elliptic cylinder of ka = 12 and kb = 7.5. 

In the case of the three-dimensional problem of scattering by 
finite obstacles we have an additional complication which appears 
in both the scalar and vector problems. Since there is a caustic at 
the rear of the obstacle, we must take account of the fact that the 
energy converges on the caustic and, in fact, the “creeping waves’’ 
lose their identity in this region. 

This behaviour is apparent from the work of Fock }2), Franz °) 
and, more recently, Belkina and Weinstein 1%) and N. Logan 14) 
who have given a thorough treatment of this approach for the sphere. 
However, Fock theory can be used to determine a partial creeping 
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wave type field, and if we can find another way to handle the partial 
field due to the small radii of curvature, we can again obtain good 
far-field approximations for moderate values of ka. The value of 
Fock theory is twofold: (1) When the wavelength is very small in 
respect to the characteristic dimensions of the body, it yields an 
approximation to the true field in the shadow region where the 
Kirchhoff result would predict a zero field, and (2) it is a procedure 
which is easily applied to sphere and cylinder problems for moderate 
values of ka (ka > 5). One finds upon applying this process to 
spheroids that the values of ka required in order to obtain good 
results may be very large. 


RELATIVE MAGNITUDE By 


g (in degrees) 


Fig. 3.4. Comparison of amplitudes from exact series and Fock’s current 
distribution for a circular cylinder with ka = 12. 


In the three-dimensional problems we see that the solution for 
the sphere with the interpretation of creeping waves and behaviour 
of the caustic serves as a prototype from which we infer the solution 
for other shapes provided the characteristic parameters are suffi- 
ciently large with respect to the wavelength. For example, a symme- 
trically illuminated spheroid of large enough dimensions should be 
an easy generalization. 

Suppose we consider a prolate spheroid in somewhat more detail. 
Let the semi-major and semi-minor axes be denoted by a and b 
respectively. The condition that we require to be met for the 
application of the Fock-Franz theory is that kRmin be large where 


SCATTERING FROM BODIES OF REVOLUTION 309 


k = 22/A and Rminis the minimum radius of curvature, Rmin = b2/a. 
As an example of this limitation we note that for a prolate spheroid 
of a/b = 10 the requirement kRmin ~5 would imply ka > 500. 
This was pointed out by Belkina and Weinstein }8), 
If we let kRmin decrease while we keep ka, kb large, we approach 
a body which is “large’’ but which has “‘sharp”’ ends. We illuminate 
this object along the symmetry axis and consider a limited applica- 
Ll 


1.2 


RELATIVE MAGNITUDE By 
° 


Fig. 3.5. Comparison of amplitudes from experimental data and Fock’s 
current distribution for an elliptic cylinder of eccentricity 0.780 with ka = 12 
and kb = 7.5. 


tion of our “creeping wave” theory. Certainly for RRmin < 1 the 
forward tip will scatter more like an infinite cone than like a sphere 
of radius 0; hence, our theory is not applicable. In the penumbra 
region all requirements are met and we feel justified in making a 
creeping wave analysis. Granted this, we have launched a wave which 
is creeping toward this effective discontinuity, the rear tip. Here we 
must again have recourse to another description and consider the 
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wave to be reflected from the rear tip and again launched along the 
surface. 

An example of this would be the ¢iim cone radiation problem when 
the source is far from the tip (a = distance from tip to source). 
The Green’s function for this case is approximated by that for a 
cylinder and thus Fock theory should give excellent results. If the 
infinitesimal slot is along a generatrix of the cone, the Fock answer 
should be excellent for all ka. If one can obtain an tip answer to 
add to the Fock result, then one could handle all kinds of slots on 
cones. We postpone our discussion of the ogive, finite cone and the 
spheroid approximations (for moderate values of ka) until we reach 
the discussion of the resonance region in § 4. 

In addition to the Fock theory, small wavelength approximations 
can be improved by making use of known results. Just as Art- 
mann}!5), in his solution for the thick half plane, replaced the 
cylindrical edge by a polygon, we can obtain an approximation 
for the thin finite cone by replacing the cone by a regular prism. 
The base, locally, will be a wedge, and to calculate the field scatter- 
ed by the cone base we will add up the fields scattered by all the 
wedge-like segments into which the cone base has been decomposed. 
We shall consider the cone in some detail; hence, it might be valua- 
ble to first present the physical optics approximation. 


(transmitter 2 
-receiver) 


Fig. 3.6. Cone geometry. 


~> 
>> 


rs 


Fig. 3.7. Polar variables. 


The problem we shall consider is that of determining the radar 
cross-section of a thin finite cone when both transmitter and re- 
ceiver are situated on the axis of symmetry of the cone in the far 
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zone. We will treat the case where the wavelength of the incident 
radiation is much smaller than the altitude zp and the base radius a 
of the cone. The geometry of the problem is as shown in fig. 3.6. 
We shall also utilize polar variables in the x-y plane as shown in fig. 
3.7. 

The following definitions of the radar cross-section (of perfect 
conductors) will be used: 
2 


| 2 
| = lim 4772 


> co 


2 


o = lim 4n7r2 


roo 


(3-11) 


Ei 


The Kirchhoff (physical optics) expression for the scattered magnetic 
field is 16) 


Hs 


| 
| 


[(no-p)f — (no -f)P|, (3-12) 


where 


= jn etkr: (not) ds 
S 
= illuminated area of scatterer 


i 

sS 

n = unit outward normal to S 

r = position vector of point on S 

p = direction of incident magnetic field 
No = receiver to origin direction 

k = transmitter to origin direction. 


Note. we assume |H*| = |E£4| = 1. In this case, the following 
relations hold. 


n = sin aiz + cos a(iz cos B + ty sin f), r= xig + Vly + Zz, 


ztan a 
P= ly, no = —iz, R= —t>, ds ic= raring dp. 
Hence 
No: p = —iz*ty = 0, (3-13) 
and 
ny: ff nome?” ds, (3.14) 
Ss 


which becomes 
‘Sire eZ 
=. tandt forte ewtade df. (3-15) 
0 0 
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The integration with respect to f# yields 


a 


0 
no: f = —2a tan? « fz erik dz, (3-16) 
0 


This integration can also be performed yielding 


—etikze  y e2tkz \ |—% 
sh: I sien tanta (To Ty clas 
; e-2tk%  —-zy eta 1 
No: f = —2x tan2« (. pact oN wonen ee a4 (3-17) 
Hence 
) etkr —2ik Zo e-2tkeo 
He eae ee iy( a5 by = i a ) , (3-18) 
which can be written 
Je el EDE CBee (3 Wp ent es ) Use Vso) 
2kr Y 
Since |kzo9| > 1 (small wavelength approximation) 
HS = fb Simei tan%ai,(1kz9) = — ela Natwas zo tan2«Zy. (3-20) 
2kr 2r 
Now using the definition of radar cross-section we have 
| Fys |2 
= if Anr2 | 7 eae mzo2 tant a 
or 
o = xa? tan2a. (3-21) 


We will now approximate the cone by a prism and determine the 
field scattered by the wedge segments that constitute the base. 


direction of 
incidence 
i, cg Wess WS 


Fig. 3.8. Wedge geometry. 
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To illustrate the technique we will first use the physical optics ap- 
proximation for the field scattered by the wedges. We use the 
Kirchhoff expressions for the scattered field previously presented 
where in this case (incidence perpendicular to the back face of the 
wedge, see fig. 3.8) we have 


n= sin yt, —= COS vie, r= big “jo Ny + Cie, 
P = p(no § component i.e., p-ig = 0), No = %, k = Xy, (3-22) 


déd 
ds == : : : 
sin y 
Hence no: p = 7-p = 0, and 
op ears cos y rif e-2tké dé dé. (3-23) 
sin y 


Integrating with respect to ¢ and letting § + — &, we obtain 


Tp entire. fi 


no-f = ——— aa e2ike dé — (3-24) 


‘tan y Qik 
0 


Associating the edge contribution with the value at the lower limit 
(just as in the case of the infinite cone we obtain the “tip” contri- 
bution) we find 
ie, 
5 Fiat ee 3-25) 
nif 2k tan y ( 
Hence 
iG e-tkr 


Hs = (3-26) 


4ntany /Y7” 


Now letting L = a df, where a = radius of base, and integrating 
around the base (p = constant vector), we have 


2a 


| LSAlaG 7 Fy 9 eel (3-27) 
&¢ — ——@ = ————__,, 3 
a 4ny tan y 2r tan y 
0 2 
Hs 2 | a e—tkr 2 a2 
ot Any —— p eer ae, 3-28) 
PS aa ea | 2r tan y P tan? y ( 
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But y = ia — a (see fig. 3.9), where « is half the cone angle; thus, 
tan « = tan (4a — y) = cot y and finally 


o == na" tana, (3-29) 


which is precisely the nose-on result obtained for the cone directly 


by physical optics. 
if 


\ 


Fig. 3.9. Definitions of y and a. 


Now we are in a position to employ this technique to obtain a 
new result for the finite cone. We make use !”) of the following 
expression for the electric field scattered by an infinite wedge: 


__v eae 
2(2n — y) 


Ales 3 70" E(a)p — E(b)B — E(a)p + E(b)b 
_ etkr+at sin(= = —)| = — 3B ] 630 


where incidence is in a direction perpendicular to the edge of the 
wedge and 

E(a) = E', = component of the incident field perpendicular to 
the edge of the wedge, 

£(b) = i = component of the incident field parallel to the edge 
of the wedge, 


A = cos | ———— ]} + cos {| ———— }, 
2n — 2a — y 


2 
ede —os(==—}, 
2% — 


= angle of incidence measured from wedge angle bisector and 
p and f are unit vectors perpendicular and parallel, respectively, 
to the edge of the wedge. 

This expression is valid for an infinite wedge. In order to obtain 
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an expression for a wedge of finite edge length, we again look at the 
current distribution integrals. Noting first that we now have an 
e***r phase term, we know that the integral over the edge length 
will be in the two-dimensional case 


feik VAB dE w V yA etlkrtin) (3-31) 


—os 


and in the three-dimensional case 
L es 
fe®vr+2 do w L etkr, (3-32) 
0 


This is the only difference between the two- and three-dimensional 
problems so that the three-dimensional fields can be obtained from 
the two-dimensional fields by multiplying by 
Lente 
Vea 
Thus we obtain, for linear polarization, the following expression 
for the scattered field for a wedge of length L: 


2r(2a — y) — 


es ae : ) | E(a)p — E(b)p eee zine] (8-33) 


pe 


Again we are really considering the base of a cone and hence 
6 = —iz,cos fp —iysin B, 8B = + tz sin B — ty cos B. 
Ei, we recall, is equal to —iz, but 7, = — pcos B + B sin B. Hence 


Bs = cosiB, Lt = sin B: (3-34) 
Thus, using these relations for E 14, Ef, p and B, 
1 Aa E, iB = fpcosf + Psin B = — iz cos 28 — iy sin 26 (3-35) 


in rectangular unit vectors and similarly 


E16 +E, '6 =p cos p = 8 sin'B = — ip. (3-36) 
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Substituting in E* we obtain 


i etkr gy2 
Es = ——_——- sin a , 
27r(2 — y) 2n — y 


14 Cos 2B + ty sin 2B 4 te 


2x0 m2 m2 
cos | ————— ] + cos | ————— 1 — cos 
2a — y 24 — y 2%n — y 


As before, we set L = a df and integrate over 6 from 0 to 2z, 
obtaining for the scattered field from the cone 


Es debates Bey ( as ) ta 3-38 
Se ee iy | . * 
cone 7(27 at y) 2 ( ) 


it (3-37) 


Now, using the definition 


o = lim 4772 


r>0o 


we obtain 


o= = (3-39) 
Silesia! 


Using the familiar half-angle formulae we can simplify o as follows: 


sin? (=) A: 
a eal ee 


Hence 


An3a2 a2 
C= ean pe cot2 ley . (3-41) 


In terms of the cone angle « we have, since y = ia — «, 


73 Q2 4 702 
= ereogaiie ok (=) 5 (3-42) : 
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This result is compared with the physical optics result in fig. 3.10. 
Our method can be applied to any body with a ring singularity. 


oa 


YX, = tan’ 


& = half cone angle 


) 15 30 45 60 75 90 
o< (in degrees) 


Fig. 3.10. Nose-on finite cross-sections as computed by physical optics and 
circular wedge approximations. 


Direction 


Incidence 


Fig. 3.11. Cone-cylinder combination. 


Consider, for example, a cone-cylinder conbination viewed nose-on 
(see fig. 3.11). The expression derived for the cross-section 


2 2 
Pye ALE PE (2) (3-43) 
4n — 2y 
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still applies. In terms of the half cone angle « we have, since 
“x=t—Yy, 


2 2 
aig = Se at? E | ; (3-44) 
! 2(a + a) 


Similarly, for the contribution from any ring singularity (3-43) holds, 
where y is the included wedge angle (fig. 3.12). Equations (3-42), 
(3-43) and (3-44) are plotted in fig. 3.13. 


1-%/ 


y¥ — 

Direction 
of 

a Incidence 


ooo 


Fig. 3.12. Definition of wedge angle. 


90 lo 130 150 170 190 (1) 
0 30° SOW 705290 (2) 
) ko Bo 90 (3) 


Tr- V¥/2 and o (in degrees) 
e We ¥/2 3; (2) of , cone 3 (3) a, eone-oylinder] 


Fig. 3.13. Nose-on cross-section of circular wedge. 


A similar technique of decomposition into straight segments was 
employed by Artmann) in his solution of the problem of 
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diffraction by a thick half-plane. He considered a hali-plane of 
thickness 2a capped by a half-cylinder of radius a, as in fig. 3.14. 
For ka > | and incidence as indicated he decomposed the cylindrical 
portion into a regular N-gon of length LS A. Then by considering 
the conditions under which the rays striking near the apex S are 


=n 


Fig. 3.14. Thick half plane. 


diffracted on to the next side of the N-gon he determined the size 
of the penumbra region and hence the shift in the diffraction pattern 
as compared with the diffraction pattern of a completely black 


Next to 
last face 


Fig. 3.15. N-gon geometry. 


screen of like form. In order for rays diffracted from one polygonal 
face to have any effect on the next face, the following inequality 


must hold: 
RL |cos B™ — cos B™| S 2x. (3-45) 


The quantities involved are shown in figure 3.15. To measure the 
penumbra width, or in this approximation the number and length 
of the polygonal sides that have any effect on succeeding sides, 
Artmann proceeds as follows. First he restricts the sides so that 
the only ones that affect the next one are the last and next last, 
where the last side contains the apex and naturally the next to last 
side immediately precedes it on the lit side (see fig. 3.15). In order 
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that this be true 
RL |cos BN-L— cos BN-D| we Qn. (3-46) 
From fig. 3.15 we see that. | 
BN-D = y, (3-47) 


Since the next to last face (7 = N — 1) is not affected by rays from 
the preceding face (n = N — 2), 


* BIN-1) = 0, 
Substituting these values in (3-46) yields 


RL |cos y — 1| & 27; (3-48) 
but 
cosy » 1 — 472, (3-49) 
hence 
SRL y? w 2x. (3-50) 


Again referring to fig. 3.15 we see that 
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direction of incidence as compared with the diffraction pattern of 
a completely black screen. 

The above small wavelength approximations assist us in obtaining 
approximate far zone cross sections for many bodies of revolution. 
We must now describe what can be done to obtain results in the 
resonance region. 


§ 4. Lhe resonance region. To obtain answers for prolate spheroids 
when the radius of curvature at the tip (b2/a) is small with respect 
to the wavelength and simultaneously when the wavelength is small 
with respect to the broadside radii of curvature 6 and a2/b, we must 
use another type of approximation. A point in electromagnetics is 
physically a region where all radii of curvature are small with 
respect to the wavelength. Thus the thin prolate spheroid looks very 
much like an ogive. 

The approximate theory used by Belkina for thin spheroids, 
which she compares with her exact answers 18), and that used by 
Peters 19) for thin ogives, as one might expect, are for the problem 
under consideration almost equivalent. Belkina’s approximate 
theory is a special case of Peters’ more general considerations. 
However, she obtains physical information from exact theory, not 
obtained by Peters as to when the approximation is valid for 
spheroids. 

For axially symmetric transmission, scattering from infinite 
cones is extremely small in all directions except the specular 
direction. Local analysis near the front tip and in the penumbra 
region for thin prolate spheroids or ogives (since the reradiation is 
tangent to the path) provides no big scattering effect except in the 
forward direction. A good portion of energy is guided towards the 
rear point and again there occurs, primarily, a reflection back. 
The back flow of energy coming from the rear tip is again primarily 
in the forward direction (flow towards the front tip), which is in 
the direction back towards where it originally came from. Thus the 
back-scattering near nose-on cross-section of an ogive looks as if 
it is primarily due to the tip in the rear. This has been experimentally 
checked by Peters !9). 

This suggested to Peters and Belkina that the thin body 
should act like a travelling wave antenna. Peters derives the results 
for certain ogives and finds the cross-section for such an antenna 
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(both monostatic and bistatic) for aspects out to 40° off nose-on. 
The theory would fail exactly nose-on, but provides excellent 
results for near nose-on aspects. 

To illustrate the theory we shall concentrate on a specific example, 
the thin prolate spheroid with E polarized field incident. The radar 
cross-section of a long thin body is given by 


ao ye, f sin 0 e RL ie. 2 4 y292 . 
ong? i = pcos ES Lam Bee 6) |f = 502 HOP 
where Q is given by 


3 


5 {lb — 1) cos [(RL/A)(1+ #)] + (6 +1) c0s ((AL/6)(1 —P)]+ 


SG 


kL 
aebaua ak ree (Si [(AL/P)(1 + p)] — Si [(RL/p)1 — p)))} 


with Cin (x) being the modified cosine integral of argument x and 
Si = the sine integral. We see that there are three parameters 
besides the wavelength, which serve to describe the body. They are 
the voltage reflection coefficient y, the relative phase velocity p 
and the length L. 

Voltage reflection coefficients of thick ogives and thin rods have 
been experimentally determined by Peters, who found that for 
a fairly thick ogive the reflection coefficient is about 0.7. For thin 
rods Peters found that the voltage reflection coefficient is about 4. 
Physical reasoning indicates that the thin prolate spheroid, near 
nose-on, should be compared with a thin rod rather than an ogive, 
and hence for a thin prolate spheroid we use a voltage reflection 
coefficient of $. However, as @ increases from zero (the nose-on 
aspect), the point at which the travelling wave is reflected may be 
expected to move around the body and in this case will cause it to 
enter a region of larger radius of curvature. Thus, we would expect 
the voltage reflection coefficient to increase to 1 as the aspect goes 
to broadside. The actual values used in the graph (fig. 4.1) are as 
given in the following table: 


60°—75° 
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The relative phase velocity # is defined as the ratio of the length 
of the body to that of the current path on the body. For this case 
it turns out that # = 0.985. 

As the angle of incidence is increased from zero, a point is ulti- 
mately reached at which the travelling wave theory breaks down 
and the analogy with a thin wire is no longer possible. To deal with 
such values of@ (i.e., near broadside incidence) an alternative model 
is required. In this case the body is likened to a thick cylinder; the 
thick cylinder results are displayed for aspects in the range 660° 
to 6 = 90° in fig. 4.1. The thick cylinder results are obtained from 2°), 
The excellent, but as yet unpublished, experimental results of 
J. Lotsof of the Cornell’ Aeronautical Laboratory are included in 
fig. 4.1 for the purpose of comparison. Indeed, it was the existence 
of these experimental data which dictated the choice of the di- 
mensions of the spheroid to be used in this illustrative example. 

Before terminating this discussion of travelling wave theory, a 
few words about the H polarization case for the same prolate 
spheroid are in order. At near nose-on incidence we should expect 
the same current to be induced, and thus the same cross-section. 
However, with increasing 0, the spiralling of the current may be 
expected to lead to an appreciable reduction in the cross-section ; 
this has been confirmed by the above-mentioned experiments. 

Now we shall turn out attention to the problem of estimating 
the nose-on scattering cross-section of thin finite cones for all values 
of ka*). We need the approximate behaviour in the resonance 
region as we have already presented small and large wavelength 
approximations. This is obtained by assuming that the base is still 
the dominant feature as the resonance region is entered from the 
small wavelength side. The resonance maximum of the ring singulari- 
ty would approximate, in both position and amplitude, the last 
large maximum of the cone. Since in any physically realizable 
situation the edge of the base of a cone will have a non-zero radius 
of curvature b (b <A), the only difference between it and a wire loop 
(wire radius <4) relative to incident electromagnetic energy is that 
currents can exist “inside” the loop, but not “inside” the base of 
the cone. ; 

When one looks at the axially symmetric cross-section of a ring 


*) The quantity a denotes the radius of the base of the cone as usual k = 2n/A. 
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as a function of wavelength, one finds that there are no minima. 
This, then, allows one to predict that the contribution of the inner 
edge is negligible in comparison to the outer edge when the wavelength 
is equal to the order of the loop radius but greater then the wire 
radius. (If there were non-negligible contributions from both the 
outer and inner edges, then at some wavelengths they would add 


O@ (in m@) 
1000 
iilSie ie 
X Experimental (0° 90°) as 
© Experimental (90°- 180°) | 
——--—Thick Cylinder Theory xo 


Traveling Wave Theory 


Aspect Angle off nose-on (in degrees) 


Fig. 4.1. Monostatic radar cross-section of a 10: 1 prolate spheroid which 
is 43cm = 4A in length. 


in phase and at some wavelengths they would add out of phase. But 
there are no noticeable minima in this region!) Thus the cross- 
section of a loop here looks like a Rayleigh side-type answer, 
depending only on the loop radius, but not on the wire radius. This, 
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then, gives added justification for using an analogy between the 
conical base and the wire loop. Kouyoumjian’s variational 
results 24) and Weston’s exact results22) for wire loops in the 
resonance region can then be utilized. Their results (as a function 
of wire radius and loop radius) indicate that the resonant peak is 

cn Range of values of experimental 


data determined by Silver, 
60 Ehrlich and Kell 


Cfmre* \ 
10 Cod 
BS Wire loop (radius = 0,0008A) 
(ad 


2 een G: 1 2 4 6 10 » 20 40 
ka 


Fig. 4.2. Nose-on cross-section of thin finite cones (« = 7.5°). 


fairly insensitive to changes in wire radius, but that as the wavelength 
decreases the wire radius becomes important. However, when the 
wavelength decreases, we use the wedge approximation. There may 
be a region on the small wavelength side of the loop maximum 
where other maxima, smaller in amplitude, can occur. These lesser 
extrema are essentially averaged in this approximation. 

On the Rayleigh side we find that the Rayleigh line, which is an 
upper bound on the cross-section, lies so close to the ring maximum 
(in fact may intersect the ring curve before the maximum) that the 
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existence of any maxima greater than the ring maxima on the Ray- 
leigh side is precluded. This is illustrated in fig. 4.2, where the 
experimental results of S. Silver of the University of California, 
R. Kell of the Cornell Aeronautical Laboratory and M. Ehrlich 
of the Microwave Radiation Company have been included for the 
purpose of comparison. 

In order to obtain off axis finite cone results and to check our 
assumptions concerning the different reflection coefficients at the 
two ends, we have compared the off axis results for the cone with 
the travelling wave antenna result. We have added the Kirchhoff 
disc contribution to the back-scattering near rear-on answers. These 


O- (in em?) 
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Theoretical 
Estimate 
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2 0 ho 
Angle off nose-on (in degrees) 


Fig. 4.3. Radar cross-section of a finite cone. A comparison between theory 
and experiment I. 


theoretical estimates are compared with the corresponding experi- 
mental data obtained by Ehrlich in figs. 4.3 and 4.4. We note that 
the null near the rear-on aspect is theoretically predicted to be too 
near to the 8 = 180° aspect. This could have been anticipated since 
we know from the resonance discussion of the importance of the 
disc contribution. 

By using approximations based on a creeping wave type picture 
we supplement the above theory for nose-on results where /(0) = 0. 
For ogives of half angle «, « < 20°,andka > 15 (a = half maximum 
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minor dimension) we obtain a nose on result of 


A2 tan4 a 
o(0) = L Sad. 

16x 3 
When the creeping wave contribution is neligible, the ad 
augmentation disappears. This occurs for thick ogives. The above 
formula holds for all ogive experiments analyzed to date within 
a factor of two. A feeling for when to drop out the term 4a/ can be 

obtained from known results for spheres. 
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Fig. 4.4. Radar cross-section of a finite cone. A comparison between theory 
and experiment II. 


The reader is now in a position to fill in roughly the complete 
cross-section curves for ogives and spheroids. 
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MEASUREMENTS ON THE MAGNETIC 
SUSCEPTIBILITIES OF Ag-Mn AND Cu-Mn ALLOYS 


by A. VAN ITTERBEEK, R. POLLENTIER and W. PEELAERS 


Instituut voor Lage Temperaturen en Technische Fysica, Leuven, Belgium 


Summary 

Measurements have been carried out on alloys of Ag—Mn and Cu—Mn with 
different concentrations of manganese between room temperature and liquid 
hydrogen temperatures. A paramagnetic behaviour has been found. We 
examined especially the dependence of the susceptibilities on the field 
strength; no field dependence could be detected except in some of the 
Ag—Mn alloys, but this effect originated from small ferromagnetic impurities 
which were determined by means of the method of Honda. The concentration 
of the maganese has been determined magnetically and compared with 
determinations based on the electrical resistance. 


$1. Introduction. Preliminary measurements on the same 
subject have been described at the conference of Wisconsin 1957. 
Since then, the calibration of the magnetic field has been carried 
out more exactly. The topography has been measured with Cr- and 
Ge-samples; and the constant Cj = C[H dH/dx]! (see § 2) has been 
determined at different field strenghts for the reason that one of 
our purposes is a check on the field dependence of the susceptibility 
of the different alloys. These alloys have been placed at our disposal 
by the Kamerlingh Onnes Laboratory of Leiden. 

The determination of the concentration Mn in at. % was done 
there from resistance measurements (method of Linde): 


Ag—Mn: 0.18; 1.10; 4.35 at.%; Cu-Mn: 0.16 at.%. 


We have carried out the determination of the concentration by 
means of susceptibility measurements. Furthermore y~! — T dia- 
grams are established from which it is possible to derive the Curie- 


temperatures. 


§ 2. Experimental method and calibration of the field. 
A. Method. Faraday’s method has been used. For a detailed 
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description we refer to a paper of one of us together with 
Duchateau!). A small sample fixed on one arm of a sensitive 
microgram balance is placed in the field H of an Oerlikon magnet. 
In an inhomogeneous magnetic field H, with gradient dH/dx in the 
x direction, a sample with susceptibility 7 undergoes a force 


kz = myH.dH/dz, (1) 


with m = mass of the sample and y = mass susceptibility. This 
force is compensated by the interaction of two coils. One coil 
is fixed, the second one is movable and attached to the other arm 
of the balance. Through the fixed coil a variable current J, flows, 
through the moving coil a constant current /2. Both currents are 
measured with a potentiometer. For such a system we may write 


kg == Giyzle: (2) 
From (1) and (2) it follows that 
Cll = myH dH /dx. (3) 


Because equilibrium is realized as well with magnetic field H = 0 
as with H #0 we can write 


CA(IyI2) = myH dH/dx. (4) 


A(I1Iz) is the variation of [;/2 between H = O and the value H. 
Each measurement has been carried out at room temperatures in 
vacuum (better than 10-4mm). However at low temperatures the 
sample is suspended in an atmosphere of carefully purified helium 
gas at a pressure of 2mm. The correction for the susceptibility of 
the gas is negligible, so that (4) still holds. 

B. Calibration of the field. We determined at first the 
position where Cj=C[H dH/dx}-1 is a minimum, or H dH/dx a 
maximum. The minimum values obtained for C, at different field 
strenghts are given in table I. 


TABLE I 
H GQ = : 
g HdH/dx 
C.g.S.U. 
6 875.6 1493.9 
11 202.5 575.8 


13 759.4 aster lia 
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The calibration has been carried out with two samples, one of Cr 
and another of Ge. The Cr used is spectrographically pure and was 
furnished by Johnson-Matthey. The characteristics of the Ge- 
sample which has been used are 
1) Specific resistance: 1.5-1.7 Q cm. 

2) Concentration (atoms/cm): 1015 Sb. 

3) Type: ” type. 

4) Origin: Dr. Geballe (Bell Telephone). 

5) x: —0.1050 x 106 at room temperature. 

Cr is used for relative calibrations, and the values obtained for C, 
resulted from the calibration with Ge. 


§ 3. Discussion of the results. 

A. Ag—Mn 

a. Fielddependence. Asan example we plotted y against the 
field H for the concentration 0.18 at.% (fig. 1). It must be expected 


X.108 (erg 9 g2) 
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Fig. 1. Susceptibility against field strength, Ag—Mn, 0.18 at %. 
@ Room temperature 
A Liquid nitrogen temperature 
© Liquid hydrogen temperature 


that the Ag-Mn alloys at liquid helium temperatures show a 
certain field dependence because of their antiferromagnetic character 
in this region. 
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We find (see fig. 1) that a field dependence already occurs 
between room temperature and the boiling point of liquid hydrogen. 
We detected that this field dependence is due to ferromagnetic im- 
purities in the component Ag. 

Using the method of Honda (fig. 2), we obtain for this ferro- 
magnetic impurity a concentration of iron: c = 2.27 x 101? atoms/g. 
In fig. 2 a determination for the concentration 0.18 at.% is given 
as an example. 


Ovx 10° (erg/g ¢) 


ft) 3000 6000 9000 12000 


H(9) 


Fig. 2. Determination of ferromagnetic impurity content. Ag—Mn, 0.18 at. %. 
© Room temperature 
A Boiling point of liquid hydrogen 


6. Calculation of the Curie-temperatures. In fig. 3 1/ 
is plotted against the temperature T for the various Ag—Mn alloys. 
The Curie-temperatures calculated from this figure by means of the 
method of least squares are as follows: 


Ag—-Mir OTe at tO ay ee 05°. 
We ae Se 2 ie alin sea ro ale 
At Ye Lo = die = I FIG 


Thus we obtained for the three samples positive Curie-temperatures, 
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which is in agreement with the results of Owen, Browne, Arp 
and Kip 2). 

c) Determination of the concentration. The determination 
of the concentration is based upon the following facts: in the temper- 
ature region where the Curie law is followed (TS T,) the suscep- 
tibility will be proportional to the concentration and yf = C where 
C = Curie constant, which depends on the concentration. Based 
upon the value J = 2} for a Mn atom, we obtain the theoretical 
value yZ/concentration = 4.06 x 10-4. This value should be 


Xo 40 “(9 G/erg) 


0 20 50 80 


T°(*K) 


Fig. 3. Ag—Mn alloys. Plot of 1/y against temperature. 
@ Ag—Mn 0.18 at.% 
A Ag—Mn 1.1C at.% 
© Ag—Mn 4.35 at.%. 


independent of the temperature. In fig. 4, y7/conc. is plotted 
against T for the three concentrations. The theoretical value 
4.06 x 10-4 is only obtained for the concentration 1.10 at %. The 
concentrations 0.18 and 4.35 at % are respectively lower and higher 
than the theoretical value. The concentrations 0.18 and 4.35 at. % 
are measured with the method of Linde. Now from the susceptibili- 
ties these should be changed into 0.14 and 4.73 at. %. A possible 
explanation is that the differences between the values obtained 
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at the Leiden laboratory and ours are due to an inhomogeneous 
distribution of Mn in the alloy. 


Sag 10" erg /g9t) 


100 
/ * 7) 
Fig. 4. Ag—Mn alloys. Determination of concentration from the susceptibi- 
lities : 
A Ag—Mn 1.10 at.% 
@ Ag-Mn 0.18 at.% 
© Ag—Mn 4.35 at.% 
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B. Cu-Mn: 0.16 at %. 

a) Field dependence, detection of ferromagnetic im- 
purities. First of all we checked the degree of impurity of the 
sample. This is done again with the method of Honda (fig. 5). No 
ferromagnetic impurities were found. After this we measured the 
field dependence. In fig. 6 we plotted y against H for different 
temperatures. For all these measurements one and the same sample 
was used. 


X.106 (e979 g2) 
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Fig. 6. Cu—Mn alloy, 0.16 at.%. Susceptibility against fieldstrength 
@ Room temperature 
A Liquid nitrogen 
© Liquid hydrogen 


b) Curiepoint. The Curie-temperature obtained from fig. 7, 
(y-1 as a function of 7) is situated between 1 and 2°K. This is in 
agreement with the values obtained by Owen 2). 

c) Determination of the concentration (fig. 8). We remark 
that in the liquid hydrogen temperature region the points measured 
below 20.35°K deviate from the horizontal line drawn through the 
points measured in the liquid nitrogen region. The reason for this 
is that the temperatures below 20.35°K are too close to the Néel 
temperature Ty of the alloy. The value of the concentration 
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Fig. 7. Cu—Mn alloy, 0.16 at.%. Determination of Curie temperature 
© Liquid nitrogen ; 
@ Liquid hydrogen 
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obtained is 0.20 at.%. This value differs from that of 0.16 at. %, 
obtained by resistance measurement. 

We take the opportunity to express our warm thanks to the 
Union Miniére du Haut Katanga for financial help during these 
measurements. We also thank Dr. G. J. van den Berg, conservator 
at the Kamerlingh Onnes Laboratory. Leiden, who put the samples 
at our disposal. 


Received 21st July, 1958. 


REFERENCES 


1) Itterbeek, A. van, L. De Greve and W. Duchateau, Appl. Sci. Res. B % (1955) 
300. ae 
2) Owen, J., M. Browne, W. D. Knight and C. Kittel, Phys. Rev. 102 (1956) 1501. 


Te 0 ee ee a He : 


arts east ¢ Mh “1 Foe 5 Vane oF a mae < : * 7 
+, aoe ate . € v! 
‘f ge a sai 


Appl sci. Res. Section B, Vol. 7 


THE COMPARATIVE MERITS OF DIFFERENT 
METHODS OF MICRORADIOGRAPHY 


by Vi E:-COSSER TS 


Cavendish Laboratory, University of Cambridge, England 


Summary 

In comparing the speeds of the various microradiographic methods, it has 
been usual to take as basis the exposure time needed for recoiding the X-ray 
image. Itis more realistic to include the time required to make available the 
information stored in the negative, by producing an image magnified up to 
the resolution of the eye. From this point of view the projection method is 
much faster than the times-two method or contact microradiography, for 
a given field of view, i.e., they stand in reverse order to that of their initial 
exposure times. In given camera length, on the other hand, the initial 
exposure is the same for both projection and contact, and is much longer 
for the times-two method. But the overall time for production of the final 
image 1s now much the same for all three methods. As regards resolution, 
the projection method offers the best ultimate performance. 


§ 1. Introduction. In reply to a criticism of the “‘times-two”’ 
method (Cosslett+)), Ong and Le Poole?) take, as basis of com- 
parison with the projection method, the provision of equal amounts 
of information, i.e., equal fields of view in the image. In applying 
this criterion, however, they have omitted certain important 
practical factors, especially the difference between stored and a- 
vailable information, the inclusion of which radically alters the 
conclusions. It is also doubtful if equality of field, implying given 
object-source distance, is in fact the proper basis for comparing 
methods of radiography. Given camera length provides a basis more 
in accord with the limiting conditions of experiment, and, judged 
from this standpoint, the relative merits of the ‘‘times-two”’ and 
projection methods appear in a quite different light. It is illuminat- 
ing to consider also their relation to the contact method. 


§2. At constant field of view. (a) Intensity and speed of 
working. If the same field of view is covered in both the x2 and 
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projection methods, the object-source distance a must be the same 
(fig. 1). As Ong and Le Poole correctly say, the x2 method then 
gives an intensity of illumination at the object larger by a factor 
of 6.3 than that in the projection method, because the source width 
can be twice as large. They are also right in pointing out that the 
ratio of the exposure times in the two methods is independent of the 


qu 


Fig. 1. Geometry for the methods discussed. 
5 — Source,, Ol== Object, loand 7 = film, 


magnification at which the projection image is recorded, provided 
that the film resolution is appropriately adjusted to the distance. We 
agree, therefore, that the x2 method allows an exposure 6.3 
times shorter than of the projection method, at given resolution 
and field. The two negatives obtained will contain the same amount 
of information, but the authors fail to point out that it is not 
equally available in the two cases. The x2 method gives a 
micro-negative, which must be enlarged to make the stored in- 
formation visible to the eye, but the projection method gives direct 
enlargement, so that the information is immediately available. 

A full comparison of the two methods must take into account 
the field of view of the system. used to enlarge the x2 nega- 
tive. Since the detail in a maximum resolution emulsion lies 
at the resolving limit of the optical microscope, an objective of 
high aperture and short focal length must be used with a total 
magnification of the order of 1000 x. The field of view of such a 
system will be of order 100 uw, which is very much smaller than the 
original field recorded on the negative. In the preliminary ex- 
periments of Le Poole and Ong 3)4) the field was several mm, so 
that several hundred optical photomicrographs would have to be 
made in order to reproduce all the stored information. The time 
required for this will clearly be much more than 6.3 times the original 
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exposure of the micro-negative, which is of order 1 minute. On the 
basis of the time (and effort) needed to obtain final images of equal 
size of the same object field, the projection method is at least an 
order of magnitude faster than the x2 method. 

It may be noted further that the contact method is more efficient 
than either of the others for recording a given field, at given 
source-object distance. For given object resolution, the width of 
source that can be used varies in proportion to M/(M — 1) and the 
available intensity (at the film) with the square of this ratio. On 
moving from x2 to xl.1 magnification, for example, the X-ray 
intensity could be increased 20 times, and at x1.01 by 2 400 times. 
The increase will be still greater so long as spherical aberration is 
limiting the current in the focal spot. 

For the purpose of increasing X-ray intensity, therefore, the x2 
method does not go far enough. A magnification as near as possible 
to unity offers the greatest advantage in exposure time. However, a 
reduction from 10 min (in projection) to a few seconds does little 
to offset the time needed for making a large number of optical 
micrographs, to extract the recorded information from the contact 
negative. Furthermore, it may not be practicable to obtain the full 
increase in X-ray intensity because thermal dissipation in the 
target sets a limit to the beam current. The projection method is 
thus preferable to either the x2 or the contact method when the 
total time to produce visible information about the object is 
reckoned. 

(6) Resolution. The resolution in the image is limited by the 
width of penumbra, as determined by geometrical relations, and by 
Fresnel diffraction, which involves also the wavelength of the 
illumination A. As to penumbra formation, the authors?) have now 
completely clarified the situation and it is agreed that the criticism 
of the x2 method on this account (Cosslett+)) was founded on a 
misconception. In regard to the effect of Fresnel diffraction, a 
more detailed discussion is necessary. 

The authors correctly show that, at fixed object-source distance 
a, the fringe widths (in object space) in projection (fp) and in x2 
conditions (fz) are given by 


Ip = (aA)!, fo = (aa/2)4. (1) 


Thus the fringe in projection is relatively broader than in x2 
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conditions by the factor 4/2. But the authors fail to point out that 
the absolute width of both fringes will be so large in practicable 
experimental conditions that resolution is seriously limited. For 
instance, with a = 2.5mm and A = 8A, as used by the authors, 
/2 = 1 w. To obtain a resolution of 0.1 win the x2 method, the value 
of a would have to be reduced to 0.25 mm., i.e. a camera length of 
0.5 mm, which is hardly practicable. The projection method over- 
comes the difficulty by reducing a and sacrificing field to resolution. 
The point made in the earlier criticism, that Fresnel diffraction 
prevents the use of the x2 method at high resolution, must be regarded 
as established. One of the main reasons for introducing the x2 method 
was to give increased intensity at high resolution, but there is little 
point in gaining intensity by means which inevitably lose resolution. 

In this respect also the contact method is preferable to the x2 
method. The fringe width is now given by 


fe = (4), (2) 


where 0 is the object-image distance. At constant a, the fringe width 
can be reduced to negligible width by bringing the film up to the 
object. Since the intensity can be increased at the same time by 
increasing the source size, the best conditions for microradiographic 
recording of a large area (as distinct from final evaluation of the 
stored information) are provided by the contact method. The 
advantages of this method, when operated with a tube of moderately 
fine focus and a short camera length, have only lately been realised 
(Nixon and Pattee 5), Pattee §)). With the recent development 
by Pattee §) of an ultrafine-grained viewing screen, microfluoros- 
copy by the contact method has also become practicable. 


§ 3. At constant camera length. It is desirable to shorten the camera 
length as much as possible, in the interest of both intensity and 
resolution. Ultimate performance is therefore limited by the minimum 
practicable distance between source and film (a + 6), and not by 
that between source and object. Field of view, as well as resolution 
and time of exposure, will now depend on the position of the object. 

Compared with constant field conditions, the main difference is 
that the resolution in projection is now much greater, owing to the 
reduction of the Fresnel fringe width (eq. (1)) and the exposure 
time much shorter, since the film is always close to the source. As the 
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object is moved towards the source, the penumbra width in the film 
plane increases, for given source width, so that a film of poorer 
resolution and higher speed can be used. Assuming the speed to be 
inversely proportional to the square of the film resolution, the ex- 
posure time T varies with magnification according to 


T oc [(M — 1)/M?)?. (3) 


Exposure is thus small for both large and small M, the contact and 
projection methods being symmetrical in this respect. For M = 2, 
however, it is a maximum, since both a small source and a high 
resolution film are needed. The ratio of the exposure time at x2 to 
that at x100 (or at x1.01) is approximately (100/4)2 = 625. 

The exposure time in projection is thus very much less than 
in the x2 method, but the field of view is also much smaller. A 
given field now would have to be covered by making a large number 
of projection micrographs, requiring about the same effort as making 
a large number of photomicrographs from the x2 micronegative. 
The contact method will again be preferred, in most cases, since it has 
the same high speed as in projection, contains the whole field ina 
single negative and requires no more photography than the x2method. 

As regards ultimate resolution, both the contact and x2 methods 
are limited by the film resolution. For very high resolution the 
projection method alone comes into consideration. Its small field 
is not a great disadvantage in these conditions, since the best region 
for high resolution imaging can be selected by searching the specimen 
under an optical microscope, or by preliminary X-ray microscopy 
by any of the methods. 


§ 4. Conclusion. For a field of given size, the x2 method will 
give a greater visible brightness for focusing and a shorter exposure 
than the projection method, as stated by Ong and Le Poole. 
But the overall time, i.e. that needed to present the recorded 
information on photographs at given final magnification, is much 
less in the projection method. This is the proper basis for comparing 
micrographic methods: that information should be made available 
to the eye, not simply recorded. As regards initial exposure time, 
contact microradiography is faster than either of the other two 
methods. It also allows the best conditions for resolution, since the 
Fresnel effect is smaller in contact than in x2 or projection con- 
ditions, at given object-source distance. 


a ew 
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At minimum camera length, as required for high resolution, the 
initial exposure time is the same in both projection and contact 
methods, and very much shorter than in the x2 method. In pro- 
jection the field is now very restricted, and the overall time for 
reproducing visibly the whole of a given field will now be much 
the same in all three methods. Projection permits the highest 
ultimate resolution ; Fresnel diffraction most affects the x2 method. 

In each respect the times-two method is inferior to either the 
contact or the projection method, or to both. Its main merit is in 
providing greater brightness and shorter initial exposure when 
contact of the object with the film is not desirable, — with a reactive 
specimen, for instance, or when thermal or mechanical treatment 
is to be carried out. But even so, a magnification closer to unity 
would give still greater intensity, without bringing the specimen 
on to the film. 
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COMMENTS ON V. E. COSSLETT: THE COMPARATIVE 
MERITS OF DIFFERENT METHODS OF MICRORADIOGRAPHY}?) 
by ONG SING POEN and J. B. LE POOLE 
Laboratorium voor Technische Physica van de Tecnmusche Hogeschool, Delft, N' ederland 

1. Admittedly we did not consider the time it takes, to make the 


recorded information available. We believe however, that the 
exposure time is the most important quantity in most cases. Often 
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the exposure time is so long that only with great difficulty the 
requirements of stability can be met. 

Moreover the exposure time in contact microradiography cannot 
be compared to that in.the projection method, since the latter gives 
more information in the same field, due to the great depth of focus. 

2. The resolving power of the 2x method is some 0.3—0.5 micron ?). 
Hence we see no point in comparing its intensity with that of the 
contact method, where resolution is some 0.8—-1 micron, or in com- 
paring its resolution with that of the projection method. At the 
resolution of 0.4 micron, the source to specimen and source to film 
distance can usually be made sufficiently small, i.e. some 0.5-1 mm 
to avoid Fresnel fringes. 

Cossletts conclusion that at 0.1 micron resolution the 2x method 
would in practice be impossible because of Fresnel fringes is true 
but unnecessary because this resolution is not possible with the 
2x method. 

3. The main reason for introducing the 2x method was not “‘to 
increase intensity at high resolution’’, but to show that the gain of 
a factor 2 in resolution is a practical reality, which was doubted by 
Haine and Mulvey 3). The method can only be compared to the 
projection method if no better resolution than 0.3 u is required. 
In that case the gain in intensity is an unquestionable advantage. 
We seldom use the 2x method ourselves and certainly do not want 
to advocate its general use. 
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MAGNETIC ABSORPTION PHENOMENA 
IN GERMANIUM AT LOW TEMPERATURES 


by L. VAN GERVEN *), A. VAN ITTERBEEK and L. DE LAET 


Instituut voor Lage Temperaturen en Technische Fysica, Leuven, Belgium 


Summary 


By means of an experimental set-up and the usual methods for magnetic 
resonance absorption studies, some magnetic absorption phenomena have 
been found and investigated in Sb-doped germanium at low temperatures, 
using relatively low radio frequencies (20 to 100 MHz). Two different ab- 
sorption lines have been observed. They differ by the sign of their top and by 
the temperature region, where they occur. One of the lines is single-valued, 
but the other is multi-valued and shows some kind of hysteresis. Their pro- 
perties and possible origins are discussed. 


§ 1. Introduction. Much work has been done these last years on 
absorption phenomena in germanium, and especially on the effects 
of magnetic resonance. There is e.g. at this time a considerable 
interest for diamagnetic or cyclotron resonance, which is, as is well 
known, an electric absorption phenomenon (i.e. an absorption 
occurring in an electric h.f. field), showing resonance maxima at 
certain values of an applied steady magnetic field. A few months 
ago we started a more detailed research concerning some magnetic 
absorption effects which we had observed already before in germa- 
nium at very low temperatures 1). The first results of this investiga- 
tion will be discussed here. 

It is worth noticing in the first place that the radiation frequencies 
used in these experiments are situated in the range from 30 to 
about 100 MHz and not as usual (e.g. for cyclotron resonance) in 
the range from 5000 to 25000 MHz. There are some practical advan- 
tages in using such relatively low frequencies, as e.g. larger samples, 
smaller skin-effect, well defined direction of the linear hf. field, 
high quality and maniability of the experimental set-up, obtained 
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by simple means (especially at low temperatures), very homo- 
geneous and well known steady field. The main disadvantage, 
on the other hand, is the lack of resolution. Indeed those frequencies 
do not lie mainly in the resonance range but in the so-called re- 
laxation range (especially when 6 and y are large). However this 
is not always a hindrance, and of course not if one just wishes, 
for some reasons, to study the magnetic absorption at low steady 
fields. At low fields e.g. one can describe very easily a cycle of alterna- 
tively positive and negative fields: A last, but important advantage 
of this technique lies in the fact that the h.f. field in the sample, 
which is placed in the h.f. coil, is purely magnetic. 


§ 2. Experiments. The experimental set-up is the same as that 
for magnetic resonance work, as it was used before by us for measure- 
ments on electron spin paramagnetic resonance in organic free 
radicals and coals, and on nuclear paramagnetic resonance in 
aqueous solutions. The whole set-up is described in detail in a recent 
paper?). The block diagram is shown in fig. 1. 


Frequeney 
meter 


Coils for 
constant field 


---------5 


Selective 
Amplifier 
FS Hz 


Sweeping field 


t 
L 


Batteries LF Oscillator ee. 
¥5 Hz 


Fig. 1. Block diagram of the experimental set-up. 
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Only some slight modifications were applied: 

1) The oscillator frequency was raised. Lo is now 0.6 uH, Co 
is a few wu and is now placed in the coaxial transmission-tube just 
above Lo, down in the dewar. The oscillator is of the Clapp-type. 
The oscillations are weak, but well stable. We were able to control 
the level and in this way the amplitude 2H, of the h.f. magnetic 
field (and at the same time the sensitivity). Several frequencies (by 
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changing Co) have been used: 31, 85, 97 and 114 MHz. The output 
of the oscillator is proportional to the variation of the resistance of 
the hf. coil, and thus also to x”, the absorption term of the hf. 
susceptibility, if present. In this paper we will call the observed 
absorption y”, even if it is not sure at first sight that this absorption 
is a susceptibility effect. 

2) A selective amplifier at 75 Hz is incorporated for point-to- 
point-registrations of the derivative of the absorption curve. When 
this recording system is used, the steady magnetic field is swept by 
a 75 Hz alternating field with an amplitude of about 1 @. 

3) The h.f. apparatus can be introduced either in a pair of 
Helmholtz coils if one performs measurements at low fields, or in a 
large iron electromagnet if one takes measurements at high fields. 
Unfortunately until now we could not use the high fields of the iron 
magnet during measurements at liquid helium temperatures. 

Measurements were performed on three samples of germanium, 
which were kindly put at our disposal by Dr. Geballe of the Bell 
Telephone Laboratories U.S.A. All three are monocrystalline and 
of the -type, Sb-doped. Sample I has a specific resistivity of 45 
Qcm, sample II 1.6 Qcm, sample III 0.04 Qcm. The 1,0,0-axis of 
the crystals was always nearly parallel to the h.f. magnetic field 
and thus perpendicular to the steady field with the exception of 
sample III, of which the direction of the 1,0,0-axis was not known. 

The measurements were carried out in two temperature ranges, 
viz. at liquid helium temperatures and at the boiling point of nitro- 
gen. The cryogenic set-up is described in detail in 2). 

During the first runs two absorption peaks, or better tops of 
peaks, were observed on the oscilloscope screen. These tops were 
found to be near 0M. The striking difference between the two 
absorption phenomena lies in the sign. The first peak, which we will 
call the positive one, has the same sign as e.g. the peaks of electron 
spin magnetic resonance in diphenylpicrylhydrazyl and other similar 
substances. The other peak has the opposite sign; we call it the 
negative peak. Whether the former or the latter appears seems to 
depend on the amplitude 2H; of the h.f. field. Moreover a variation 
of H; sometimes induced a slight shift of the top of the positive 
peak. Table I gives a survey of the observations on the oscilloscope 
screen. As one may see, the positive peak in sample I appears only 
at 77°K (and probably also at some temperatures between 77°K and 
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TABLE I 
Summary of the observations of magnetic absorption in germanium (Sb-doped) 
; Te . Absorption 
Frequency Sample Te 2) pelea bi Hy — st 
MHz | °K Negative Positive 
85 (and 97) I | 77 W — = 3 
(45 Qcm) S — a 
4.2 W <s a= 
Ss ae sams 
3.7 W + (stronger) 
S — sh. 
1.4 W + (stronger) -- 
fe = ae 
85 (and 31) il 1 ) 
(1.6 Qem) 
4.2 W + (weak) —— 
s 7 + 
1.9 W + (stronger) —_— 
Ss = + (weaker) 
1.4 W + (stronger) -- 
s =F -+ (weaker) 
114 Ill 4.2 0 
(0.04 Qcem) 
1.4 W — ao 
AEE ENE Oe nce) SIRES MCR, AJ LE es 
W = weak, S =strong, + = yes, —=n0 


4,.2°K) and not at liquid helium temperatures. The negative peak 
becomes stronger when the temperature decreases. In sample II 
both peaks appear at liquid helium temperatures. Here also the 
negative one becomes stronger while the positive one becomes 
weaker when the temperature decreases. In sample III no peaks are 
observable. The conductivities of II at 77°K and of IIT at 4.2°K are 
still so high that the oscillator does not oscillate when these samples 
are in the h.f. coil. In fig. 2 one sees the positive peak, occurring in 
sample IT (1.6 Qem) at 4.2°K in a moderate h-f. field. On the screen 
the absorption y” is plotted against the steady magnetic field. This 
field is zero at the centre, and the total range of the oscillogram is 
about 2209. In fig. 3 is shown the negative peak, occurring in 
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sample I (45 Qcm) at 1.4°K in a weak h-f. field. The field is also 
zero at the centre and the range is about 43 @. 


Fig. 2. Sample II. Positive peak 
at 4.2°K in a moderate h.f. field. 


Fig. 3. Sample I. Negative peak 
at 1.4°K in a weak h.f. field. 


In order to obtain more clear and complete absorption curves we 
desisted from the overall-oscilloscope-registration with large sweep, 
since it might disturb the shape of the curve. Moreover the sweep 
was not large enough to describe the whole curve. We proceeded 
to point-to-point-recording, using a low sweep and a selective 
amplifier instead of the oscilloscope. The output-meter of the 
amplifier gives the absolute value of the derivative of the absorption 
with respect to the steady field |dy”/dH,|. The sweep amplitude 
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should be low and was taken always at about 1 @, which is low 
enough in comparison to the line widths. We can give only the 
absolute value of the derivative ; unfortunately we did not dispose of 
an apparatus determining at the same time the sign of the derivative. 

On sample I records were taken of the positive peak at 77°K and 
of the negative peak at 1.4°K. On sample II records were taken of 
the positive peak at 4.2°K and 1.4°K (only at low fields) and of 
the negative peak at 1.9°K and 1.4°K. All the positive absorption 
curves were very simple, symmetrical and single-valued, but the 
negative ones became very complicated. 

As an example of a record of a negative peak we show the one 
obtained from sample II (1.6 Qcm) at 1.4°K (fig. 4). The two other 
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Fig. 4. Sample II. Negative peak at 1.38°K. Frequency 84.0 MHz, 
sweep amplitude 1.1 0, 


records of negative peaks have practically the same general aspect. 
The magnetization cycle is given in the small graph (¢ = time). The 
corresponding lines in the small and in the big graph are drawn in the 
same way (dotted, dotted-dashed, full, dashed). Moreover the 
arrows in the big graph indicate the cycle described. In this way 
one can follow this cycle easily. The decreasing positive fields are 
described twice; all the points of these two records are plotted in 
the graph. The curve is symmetrical with respect to H¢, but multi- 
valued as one can notice at first sight. There are three cases: 
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1) coming from high fields: the full line is always followed; 

2) coming from zero field: 

a) the dashed line is followed if the magnetization just before 
Was opposite ; 

b) the dotted-dashed line (some intermediate curve between the 
two former lines) is followed if the magnetization just before had 
the same sense. 

There are only zero-points of the derivative (corresponding to maxi- 
mum absorption) on the full lines. They are found at the fields +H: 
Hm» = 2.8. For all the recorded negative peaks H» is near 30, 
which may be assumed to be the mean value of Hip. It is possible 
also to assume H,, = 0 O, referring to the oscilloscope observations 
and to the other lines (dashed) in the graph of fig. 4. In principle 
it is possible to obtain the absorption curve from the derivative 
curve by graphical integration. However, owing to the complicated 
shape this cannot be done easily and in an exact way, the more so 
as we do not know the sign of the derivative. Nevertheless we did 
make the integration, making assumptions about the sign, in order 
to get some information as regards the experimental half line width 
A. The values of A from all the records are displayed between 10 and 
16. As mean value for the A of all the investigated negative peaks 
we find 139. If we assume that the observed absorption is a 
susceptibility effect and thus a relaxation absorption, we are able 
to deduce the value of the gyromagnetic ratio y, using the low field 
corrections on the ideal line shapes (Lorentzian or Gaussian), which 
we have computed in general, following an idea given in the so 
called modified Bloch theories. A paper on these corrections will 
be published in the near future. Using the values Hy, = 3 9, 
A=13@ and wo = 2x X 84 MHz one obtains (6 is the natural 
half linewidth, which one measures at frequency oo): 

in the case of a Lorentzian shape: y = 8.1 x 10? Hz/@, 6 = 10.40; 
in the case of a Gausian shape: y = 6.1 x 10? Hz/O, 6 = 9.09. 
Even if one assumes H», = 0Q, using still A = 139, one obtains: in 
the case of a Lorentzian shape: y >7.0 x 10? Hz/O, 8.80 <d<139; 
in the case of a Gaussian shape: y >4.8 x 10? Hz/O,7.690 <6 <139. 
In any way y appears to be greater than 4.8 x 10? Hz/@ and 6 
appears to lie between 7.6 G and 13 9. 

As an example of a record of a positive peak we show in fig. 5 
that obtained from sample I (45 Qcm) at the boiling point of ni- 
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trogen. This record is taken mainly in the large iron magnet. As one 
may see at a glance, this positive curve is much broader than the 
negative ones, and this is also the case for the positive curves at li- 
quid helium temperatures. Consequently the records of these latter 
curves were incomplete, since they were taken only at the low fields 
of the Helmholtz coils. The lower part of the curve of fig. 5 (between 
0 and 80@) was also recorded in the Helmholtz coils in order to 
obtain a more detailed graph in the neighbourhood of the zero 
field. For all the recorded positive peaks the zero point of the deri- 
vative and consequently the top of the absorption curve lie exactly 
at OW. All the curves are symmetrical and single-valued as may be 
seen in fig. 5 for the positive peak at 77°K. The experimental points 
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Fig. 5. Sample I. Positive peak at 77°K. 
Frequency 84.5 MHz, sweep amplitude < 1.75 ©. 
@ increasing positive magnetic field. 
© decreasing positive magnetic field. 
+ increasing negative magnetic field. 
x decreasing negative magnetic field. 


taken at positive fields and at negative fields, at increasing fields 
and at decreasing fields, all lie on the same curve. Graphical inte- 
gration gives the absorption curve (fig. 6). The half line width A 
is 1840 0. Using the above-mentioned assumptions and theory, 
we find the y of this peak to be larger than 49.4 x 104 Hz/@ in the 
Lorentzian case or larger than 34.0 x 104 Hz/@ in the Gaussian 
case. 6 lies between 1250 and 18400 in the Lorentzian case and 
between 1080 and 1840 © in the Gaussian case. 
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Fig. 6. Sample I. Positive peak at 77°K. Frequency 84.5 MHz. 


§ 3. Discussion. The first question which arises is: what is the 
origin of these absorptions? It is possible that magneto-resistance 
effects are present. In order to check this suggestion *), it is necessary 
to do further experiments. It is worth while to notice that, indeed, 
a magnetic resonance spectrometer (of the 7”-mode) is well adapted 
for measuring such effects, since it can detect very small resistance 
variations in the sample. However, if one assumes in view of the line 
shapes, which are similar to magnetic resonance line shapes, that the 
phenomena are due to magnetic relaxation (considered as a limiting 
case of magnetic resonance), one may make the following remarks. 

Since the value of y for free electron spins is 1.76 x 107 Hz/@ 
and for nuclear spins is usually of the order of 104 Hz/Q, it is quite 
possible that the positive peak is a magnetic electron spin absorption 


*) made to us by Dr. G. Feher. 
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peak, the more as its appearance seems to depend upon the concen- 
tration of the impurity Sb-atoms. If we assume for the peak of 
fig. 6 the value of y to be equal to 1.76 x 107 Hz/9, we have 


~ Ax6 and 6 = 18409. 


The negative peak has too high a y-value to be an electron spin 
or orbit absorption peak (nearly 3 times or more too large). The 
effective mass of the electrons involved (if electrons at all) thus 
appears to be smaller than the normal electronic mass. This reminds 
of cyclotron resonance; but we must now remember that the hf. ~q 
field used in these experiments is magnetic and not electric. More- 
over the puzzling facts remain that the derivative is multi-valued 
-and that the absorption has a negative maximum. , 
Further investigations with other samples, with higher and 
lower frequencies, in other temperature ranges and with higher 
steady fields are desirable. 


We take the opportunity to express our sincere thanks to the 
Union Miniére du Haut-Katanga for finantial aid during these 
measurements. 


Received 4th unin 1957. 
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ON THE THEORY OF REFLECTION FROM A WIRE 
GRID PARALLEL TO AN INTERFACE BETWEEN 
HOMOGENEOUS MEDIA (II) 


by JAMES R. WAIT 


National Bureau of Standards, Boulder, Colorado, U.S.A. 


Summary 


A previous analysis is extended to include coupling between the TM and 
TE modes. This can be important when the incidence and polarization are 
both arbitrary. 


In a previous paper?) of the above title, a solution was presented 
for the reflection of a plane wave from a grid which is parallel to a 
plane interface between homogeneous media. The grid is composed 
of thin equi-spaced wires of high but finite conductivity. It was 
concluded that subject to the smallness of the wires the equivalent 
circuit of the grid is also a shunt element and the respective homo- 
geneous media are semi-infinite transmission lines. It is now 
apparent that for both arbitrary polarization and oblique incidence 
this is not generally so. The failure of the single shunt representation 
results from coupling between TM (transverse magnetic) and TE 
(transverse electric) modes?). In the previous paper, denoted here- 
after as (I), the coupling was neglected. This is rigorously justified 
for (a) oblique incidence, when the electric vector is always parallel 
to the wires, (b) normal incidence for any polarization, (c) perfectly 
reflecting interface for any angle of incidence and polarization. As 
is shown below, however, there is still a single shunt representation 
for oblique incidence with the magnetic vector always parallel to 
the wires. In this case though, there is mode coupling of the evanes- 
cent field of the grid by the interface and this modifies slightly the 
equivalent circuit. 

The geometry of the problem was described in detail in (I), but 
for convenience a brief outline is given here. The grid wires (with 
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spacing d) are of circular cross-section (of radius a) and are located - 
in the plane x = h of a rectangular coordinate system chosen such 

that the dielectric interface is the plane x = O. The z-axis is chosen 

to be in the direction of the wires. The homogeneous dielectric 

medium in front of the interface (x > 0) has a propagation constant 

k and the medium behind the interface (x < 0) has a propagation 

constant k’, which in (I) was allowed to be complex. The permeabili- 

ty of the whole space is taken to be a constant w. The indicent wave 

is now taken to have arbitrary polarization and incidence. The z 

components of these electric and magnetic fields are given by 


E,? = «exp [ik (x cos 9 cos ¢ + y cos 6 sin ¢ — z sin 4)] (1) 
and H,? = a* exp [ik (x cos 6 cos ¢ + ycos@ sing — zsin§)], (2) 


where a and «* are independent of x, y, z. 

The total fields are now represented in terms of an electric and 
magnetic Hertz vectors which have only z components, JJ and J/* 
respectively. The connecting relations for the tangential fields are 


9 
Weakest 
( 2 =) . (3) 
H 2 d * 
ae T 32 IT 5) (4) 
_ em. arte 
abate: aaa mae (5) 
eur* | 2 all 
= pap ~isoe 6 


Cnr “Oyaz fo Ox 


for the region x > 0. Primes are added to all these quantities when 
they refer to the region x < 0. It should be noted that in (I) it was 
assumed that the fields generated by Hz? did not react with the 
grid. 

Employing the methods of (I), it follows that 


(k cos 6)? 1T = 


tuml e-tkzsin@ +° ei2mMy/d 
=cos? 6 valet 


[e27|2—h| Ni/a Ren 274+) Ni/ a] 
An m=—oo 1 


8 e-ikzsin®@ eikycos@sing (o eikxcos$cos¢ ae B etka cos 9 cos $) (7) 
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(Rk cos 0)2 IT* 


‘tas treo ei27My/d 
= cos? 0 = e-tkesin@ SY —_-___ J, e-2m(a+h) N/a 


It m= -—oco 1 


ae e-tkzsin@ eikycos@sing (Ca eika cos @ cos? ae px etka cos 8 cos 9) (8) 


(R’ cos 6’) 217’ 
ES +09  4i2aMy/d 
— S26 uae e—ikzsin# » IP e27xN4'/a e—27hNi/a + 
m==—oo Ni 
+ e-ikzsin®@ eiky cosdsing y etka’ cos 9’ cos $! (9) 
(R’ cos 6’)21T*’ 
tuwl +09 Gi2aMy/d 
— cos2 ee e—ikzsin# De da pee me Am* e27@N1'/d e-27hNi/a 
JU m=—oo Ni 
+ e-tkzsin§ eikycosdsin¢g y* etka’ cos 6’ cos $/ (10) 


where the actual current J, = J et*ycos@sin¢ e—ikesin? and where 
M =m 4+ (dcos6sin ¢/A) and N; = [M2 — (d cos 6/A)2}}. 

As indicated above, 6 and ¢ are angles which determine the direc- 
tion of incidence. From the laws of Snellius it follows that k sin 6 = 
= k' sin 6’ and kcos 6 sin ¢ = k’ cos 6’ sin ¢’, which enable 6’ and 
¢’ to be determined from 6 and ¢ and the relative refractive index 
k’/k. Matching tangential fields at the interface x = 0 leads to 
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and Am = 1+ Rm. Furthermore 


358 JAMES R. WAIT 


where 
os | hy L ky’ | 
ian (k cos )2 (k’ cos 0)? 1’ 
l l ] 
= k,k sin 0 | -——_—— ai 
by = kyk sin | = cos 6)2 (R’ cos 6’)? 
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l l 
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where kz = kos 6 cos ¢, kz’ =k’ cos 6’ cos ¢’ and ky = k cos 6 sin ¢. 
The current J on the wires is now obtained from 
— IgZ; = k* cos? Oz), psa 
y=e=0 
where Z; is the internal series impedance of the wires defined in (I). 
This is transformed to 


I = —d(a etkxh 4  e-tkeh) rest (: oS F etiken) os 


of 


ipod ‘ d me 
cos?6 | In —— —R® In (1 — e-27(2htay/d) + A |4 dZ%r, (15) 
20 2a 

where 7 = wo/k and R° = [Rm]g_) and 


vet y 1+Rmexp(—4ahNi/d) _1+R exp (—4zh |m|/d) 
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, (16) 


where the double prime indicates that the term m = 0 is to be 
omitted from the summation. 

This is the complete answer to the problem since the coefficients 
B, B*, y, y* and the current J are specified in terms of « and «*. The 
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resulting equation for J is rather interesting. It illustrates that in 
the general case the equivalent single shunt element representation 
is not adequate since J depends both on « and «*. If, however, 
sin? 6 < 1, the dependence of J on «* can be neglected. In the special 
case where the electric vector is always parallel to the wires (i.e. 
9 = 0) the current J does not depend on «* and the results are as 
given by equations (30) to (34) in (I). The other important special 
case is where the magnetic vector is always perpendicular to the 
wires (i.e. ¢ = 0). Attention was focused on this case in (I). Here, 
while the current J does not depend on «*, there is coupling in the 
sense that there is mode conversion of the evanescent field of the 
grid. Now 
ty (eth cosd ce Ro e—tkh cos #) 


Zi = . ; 17) 
47 cos 6 (1 + Ro e—2ikh cos 0) yg (17) 


where 
tod cos? 6 | d 
ea ln 
20 


= Ro In (1 7 eeremeard +A] 4 dz, (18) 
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where R° is explicitly given by 
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No = [m2 — (d cos 6/A)2}', No’ = [m2 — (d’ cos 6’/A’)?]}#. (22) 


When the incidence is near normal, the terms containing (sin 6)? 
in the above expression can be neglected and Rog and A reduce to the 
respective forms given in (I). The equivalent circuit given previously 
still is valid for this case although Zy, the shunt impedance as given 
here, is more accurate *). 

In the last section of (I) an analysis is given for the power ab- 
sorption from a magnetic line source over a lossy half space with a 
wire grid in the interface (i.e. the case h = 0). Strictly speaking, the 
more accurate form of Zg should be employed since the integration 
is over all angles of incidence (including complex angles). It turns 
out, however, that for the important part of the integrand the angles 
of incidence are near normal and consequently, none of the final 
conclusions of this section are modified. 


Acknowledgment. I am deeply indebted to H. M. Altschuler 
who questioned the adequacy of the simple shunt representation 
of the grid when both incidence and polarization are arbitrary. 
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*) In the limiting case where the grid is in the interface, equation (18) for the impe- 
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ipod cos? 8 
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EQUIVALENT BASE RESISTANCE OF 
POINT-CONTACT TRANSISTORS 


by FREDERICK J. YOUNG 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania, U.S.A. 


Summary 

A theoretical expression for the equivalent base resistance Ry of point- 
contact transistors is derived by consideration of a three-dimensional electric 
field problem. The analysis shows that the equivalent base resistance depends 
on the location of the emitter, resistivity of the semiconductor and the 
dimensions of the configuration. 


§ 1. Introduction. In the design of circuits it is customary and 
most useful to use equivalent circuits to represent the various 
components contained therein. The equivalent base resistance of 
point-contact transistors is a well-known quantity defined as the 
ratio of emitter voltage to collector current. This definition has 
been experimentally verified for the case of small signal operation 
with fixed bias!). It is the purpose of this paper to derive a re- 
lationship for the equivalent base resistance which is a function 
of not only electrode spacing and resistivity but is also dependent 
upon all the physical dimensions of the semiconductor die and the 
exact location of the emitter. 


§ 2. Physical model. An exact solution to the problem would be 
quite difficult because 1) of the effect of widening of the space- 
charge layer of the collector junction, 2) of the influence of diffusion 
currents and 3) of conductivity modulation caused by minority 
carrier injection. Experimental evidence indicates that these effects 
can be neglected in the low signal, low frequency case). Hence, 
the physical model used herein is an approximation to the actual 
physical situation. The model used is shown in fig. 1. In this model 
it is assumed that the collector barrier is hemispherical in shape and 
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has a radius 7g which is small compared to the thickness of the die, 
and that the emitter makes contact only at the point P(%¢e, ye, 9), 
where xe, Ve and z = O are the coordinates of the emitter: Maxwell’s 
equations are applied to the model in order to obtain the potential 
V, of the emitter. The equivalent base resistance Ry is given by 
Bezel allay (1) 


where J, is the collector current. 


§ 3. Solution. Under the assumptions made Maxwell’s equations 
may be combined to yield 


V2V =0. (2) 
The solution to (2) must fit the following boundary conditions (see 
fig. 1): 


OV 
(+ x0, ¥, — 20 <2 < 0) = — (x, + yo, — 7% <2z< 0), (3) 


Ox oy 
oV 
po a a Ne QO), (4) 
V (x,y) = 29) = 0, (5) 
V(V x2 + y2 + 22 = r,) = 0, (6) 


where V;, is the voltage applied to the collector. In this analysis a 
voltage V, is assumed to exist on the surface of a small hemisphere 
of radius 7¢ which is excavated from the die in the region of the 
origin. Equations (3) and (4) indicate that no current can enter or 
leave the semiconductor except through the collector-formed region 
and the base. Direct solution to (2) is complicated because of the 
boundary conditions which must be satisfied. However, the physical 


model may be replaced by a mathematical model consisting of an. 


infinitely extended lattice of current sources. The potentials due 
to each current source can be superimposed to yield the solution to 
(2). The potential due to a current source of radius 7, located at the 
origin is easily found to be 

Ci 


V = —- —______., Pe 
Vite yA Me 

By the boundary condition of (6) 
Gy =>=— V we F (8) 
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Therefore 
V “ 
V= ae aay (9) 
A/ x2 a ye -- 72 
Let x2 + y2 4 22 = 72, Then V = (7-/r)Vc. Because | = — oVV, 
de = oV ¢r-/r?, (10) 


where /; is the current density in the radial direction. Let a total 
current of 27, emanate from the sphere. Then 


QWnaV x2 + yer + 262 
Substitution of (11) into (9) yields 
V= f 
QnoV x2 + y2 +. 22 


Ve 


(11) 


(12) 


From (12) it is clear that the potential at a given point in space 
due to a current source of strength 2/¢ is inversely proportional to 
the distance between the point and the current source. 

The physical model of fig. 1 can be replaced by the mathematical 
model of fig. 2. In fig. 2 an infinite number of current sources are 
distributed in xy planes at the points P4j(2%9, 27yo). These images 
satisfy the boundary conditions of (3). In order to satisfy the 
boundary conditions of (4) and (5) an infinite number of xy planes 
of the sort described above must be placed one above the other, 
but the polarity of the current sources must alternate from plane to 
plane. Therefore, all of space is filled with current images of strength 
2(—1)*I¢, fixed at the points Pijx(27x0, 2jyo, 2kz0) where 2, 7 and k 
are any positive or negative integers. For the sake of clarity fig. 2 
shows only a few of the images located in the first octant. The 
distance d between any point P(x, y, z) and any image is 


d = V(x — 2ixo)? + (y — yo)? + (2 — 2kz0)?. (13) 


The potential at the point P(x, y, z) is the sum of the potentials due 
to all images. The total potential at P(x, y, z) is given by 


V(x, y, 2) = 
n nN n Seema yiC 
Se eS Yo = 


(14) 
206 n-+00k=—n j=—n i=—n V/(x—2ixo)2+ (y—2jyo)2+ (2z—2kz0)2 
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If xo and yo are very large, (16) reduces to 


2n (= ies 
(4tcRpz0) =lim Dd (17) 


n>co k=0 \/( Xe ir ( Ve ' ; 
ji ,) 2 
220 220 r fc z 


Equation (17) has been reduced to a very simple form in 1). In the 
general case (16) is most useful and (4zoRpz0) can be calculated 
by a digital computer. The number of terms which must be in- 
cluded to approximate the infinite number of terms indicated by 
(16) depends upon the dimensions of the transistor under considera- 
tion. Because of the amount of numerical work involved only one 
value of the base resistance is calculated here. That value is comput- 
ed for a transistor die having the following dimensions: 2) = 0.05 cm, 
xo = Yo = 0.15 cmand %e = ye = 0.005 cm. The resistance obtained 
from (16) was 20% higher than that obtained from (17). 


§ 4. Conclusions. The formula derived here for the equivalent 
base resistance of point-contact transistors accounts for the geometry 
and position of the emitter. It is more exact than previous analyses 
and is limited by the same simplifying assumptions. Equation (16) 
should be used sparingly, for in many cases the standard formula 
resulting from (17) is adequate. However, in certain cases (16) is a 
useful tool for circuit analysis and for understanding the effect of 
transistor geometry upon base resistance. 


Received 6th August, 1958. 
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A NULL- COIL MAGNETOMETER 
by P. JONGENBURGER *) and C. W. BERGHOUT 


Philips Research Laboratories, N.V. Philips’ Gloeilampenfabrieken, 
Eindhoven, Netherlands 


Summary 


A magnetometer has been developed in which the saturation-magnetization 
of small samples of ferromagnetic materials can be measured. The sample, 
which is situated at the centre of a small coil, is placed in an inhomogeneous 
magnetic field. The current through the coil is adjusted to such a value that 
the forces on coil and sample balance each other. Then under certain condi- 
tions the magnetic moment of the sample equals the magnetic moment of 
the coil; these conditions are discussed. The method is suitable for use in 
ordinary laboratory magnets and in solenoids, also at low temperatures. 
With a second version of this magnetometer it is possible to measure para- 
and even diamagnetism. 


§ 1. Introduction. The method described was originally used by 
Domenicali!) for measurements at room temperature and in 
rather small magnetic fields (about 5000 oersted.) A similar 
instrument was also described by Bozorth e¢ al.2). We wanted to 
extend our measurements to low temperatures and fields up to 
25000 oersted, such as were available in our magnet. It appeared 
to be impossible, however, to obtain the proper field geometry as 
calculated by Domenicali at both low and high fields, because of 
the saturation of the pole-pieces. Therefore a more detailed analysis 
of the instrument was necessary. 

The adaptation of the apparatus for use at low temparatures 
consisted mainly in making it smaller, in order that measurements 
might be performed inside a Dewar vessel in an air gap not wider 
than about 4 cm. 


§ 2. Principle. We consider a magnetic dipole in an inhomogene- 


*) Now at Technological University, Delft. 
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ous magnetic field; the components of its magnetic moment are 
Mz, My and mz, while the components of the field-strength H are 
H,, Hy and H;. The x-component of the force exerted on the dipole 
by the field is given by 


oH ~ oH 0H 
Fr, = mz = + my a + Mz a (1) 


where 0H,/0x etc. should be taken at the position of the dipole. 
We assume, that for the dipole my and mz are zero; (1) then takes 
the simple form 
0H x 
Ox 


Fy = Mz (2) 
We now consider a sample, magnetized in the x-direction, placed 

with its centre on the x-axis; moreover, we assume the field to have 

cylindrical symmetry around the x-axis. In this case we have 


ee (=) (3) 
xz x ax ‘< ; 


where the subscripts c and s mean that the gradient should be 
taken at the magnetic centre of the sample. As a matter of fact, 
the position of this centre, or rather its x-coordinate, is defined by 
(3); in principle, therefore, it depends upon the geometry of the 
field and is not a fixed point of the sample. It will be shown in the 
next section, however, that in our practical cases the error arising 
from taking the gradient in (3) at the centre of mass instead of at 
the magnetic centre never exceeds 0.1°%. So within this accuracy 
the magnetic centre can be regarded as a fixed point, coinciding 
with the centre of mass. 

We next consider a cylindrical coil; its magnetic moment M, 
directed along its axis, is given by 


N 
1 


where 7 is the current through the coil, A» the cross-sectional area 
of the m-th turn and N the number of turns. 

This coil is situated in the magnetic field, its axis coinciding with 
the x-axis. If the coil is given the proper shape, as will be discussed 
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in the next section, the force exerted on it by the field is given by 
oH, 
FP, = M (=) (5) 
ce 


where the subscripts c and c mean that the gradient should be taken 
at the geometrical centre of the coil. 

We now place the sample inside the coil; the current through 
the coil is adjusted to such a value that the forces on coil and sample 
balance each other. Then, disregarding the sign, we have 


oH oH 
OX a ice Of ce 


In each of the two following cases: 

1. 0H/éx has the same value everywhere in the region of space 
considered, 

2. the centres of sample and coil coincide, 


we have 
oH oH 
Career a 
CX ins OK 1 Jee 


Man = M. (8) 


and consequently 


When the magnetic field is produced by means of a water- 
cooled solenoid, it is fairly easy to make a gradient which is reason- 
ably uniform in a sufficiently large volume by means of separate 
gradient-coils. When working with a large electromagnet as we did, 
it is not very difficult, following the method given by Fereday%), 
to construct polepieces giving a uniform gradient if only the field 
remains well below the saturation value of iron. If the polepieces 
become saturated, however, they cannot be regarded as equi- 
potential surfaces, and the calculation breaks down. It is possible, 
of course, to construct polepieces by trial and error which yield a 
uniform gradient at high fields; but they will not perform equally 
well at low fields. So we are left with the fact that in general the 
gradient will be a function of «. Therefore it is necessary that the 
centres of sample and coil coincide (case 2). This is not always easy 
to achieve, however, in particular when the sample has an irregular 
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shape; consequently we have in general the situation of fig. la. 
Let us call the balancing magnetic moment of the coil in this case 
Ma. Now we rotate the magnetic field through 180° around an 
axis AA which is perpendicular to the X-axis and passes through 


A lA 
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Fig. 1. Coil and sample in an inhomogeneous magnetic field with cylindrical 
symmetry around the axis of the coil. 

a: First position. 

b. Second position, generated from the first one by rotating only the 

field through 180° around AA. 

@ Centre of Coil. 

® Centre of sample. 

---- Lines of force 


it at (or near) the centre of the coil*) ; we then obtain the situation 
of fig. 1b and the balancing moment Mp». If the distances involved 
are sufficiently small, the gradient 0H,/0x can be considered as a 
linear function of x, and the mean value of Mg and My will equal 
the value M which we should have found with the sample in the 
correct position; so we have 


Mz = 4+(My + Mp). (8a) 


Mind, that this derivation only holds when the magnetic centre 
can be considered as a fixed point. 


*) AA should go through the centre of the sample to be sure that it is exposed to the 
same fieldstrength in both situations. Obviously this cannot be done; when measuring 
saturation moments, however, the magnetic moment is nearly independent of the field, 
so the error can be neglected in these cases. In other cases the centres of coil and sample 
should be made to coincide as well as possible. When rotating the field, care should also 
be taken with regard to hysteresis effects. ‘ 
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When working in the air-gap of a magnet, the main advantage 
of this method of measuring mz is that little or no trouble can be 
caused by image forces in the polepieces, because the net magnetic 
dipole moment of coil and sample together is zero.*) 

A disadvantage of the method, when working in the air gap of a 
magnet, is its low sensitivity at low fields because of the low 
gradient. (when working in a solenoid with separate gradient coils 
this difficulty does not exist, of course.) Moreover a correction 
which is a function of field and temperature has to be applied for 
the magnetic moment of the coil. 

Till now we assumed the sample to be magnetized in the x- 
direction only. Sometimes, however, this condition is not satisfied 
and the magnetic moment also has components my, and mz, for 
instance when measuring magnetically anisotropic samples. In 
this case a more careful analysis, starting from (1), is necessary. 
This is done in the last part of the next section, where it is shown 
that the y- and z-components of the magnetic moment only appear 
in the result with a very small factor, so that virtually only the 
x-component is measured in this case. 

P 


x x 
Fig. 2. Coordinate system for cylindrical geometry. 


§ 3. Calculations. Using the coordinates of fig. 2, the potential of 
a static magnetic field around an axis of cylindrical symmetry 
can be written as 


V = Vo + Av Pi (cos 6) + Agr2P2(cos 0) + Asr3Pa(cos 6) + 
+ Aar*Pa(cos 6) + .., (9) 


*) Of course the quadrupole or higher moments still can have a small influence which 
in most circumstances can be neglected, however. When the dipole moment is not 
compensated, the corrections for the image forces sometimes are very large, in particu- 
lar when working at high fields in narrow air gaps. In the wellknown ballistic work of 
Weiss and Forrer 4), for instance, the correction for images even was about 50% in the 
worst case! 


A NULL-COIL MAGNETOMETER 3/1 


where the P» (cos @) are the well-known Legendre polynomials. We 
assume that terms with 75, 76 etc. can be neglected. By introducing 
x and p this formula can be rewritten in the form 


V=Vo+ Aw + $A2(2x2 _- p?) -t. 4A 3(2x3 — 3xp?) + 
+ $Aa(8x4 — 24x22 + 3p4). (10) 
By differentiation with respect to one of the coordinates the 


component of the fieldstrength in the direction concerned is 
obtained. Disregarding the sign we find 


aqTr 


oV 
Hy = — = Ai + 2Aox + 3Agx?2 — 3A sp2 + 4A qx? — 6A gxp?, 


Ox 
= 2Aa(1 + 3 — 6 wp? 11 
a(1 + as % P % am p”) (11) 
and 
i, = —p(Ag + 3A3x + 6Agx? — 3A ap). (12) 


We now place a coil with its centre at O, its axis coinciding with 
the x-axis. Its length is 2/, its inner radius # and its outer radius 
ak; its number of turns is , the current 7. The x-component of 
the force exerted on the unit length of wire is given by H,7. By 
integration the total force on the coil is obtained: 


Ritgs 
es i Y 
3(a — 1 


Ho — I 
a 


I A 
. ) As E co he (Qe Re) |. (13) 


If the shape of the coil is chosen in such a way that 


5 
9 4 l 


2/2 ran Cee) alae R2 = O, (14) 
we find 
_ 1R2(a8 — 1) 
Fy, = mi ————— 2A. ie) 
2= mM 3(a 21) 2 (15) 


Keeping in mind that zR2(a3 — 1)/3(a — 1) is the mean cross- 
sectional area and 2A: is the gradient 0H ,/éz in O, we conclude that 


oH 
F,= ( Z ) (15) 
0x Jee 
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if condition (14) is satisfied, i.e. if the coil has the proper shape. 
Some solutions of (14) are given in table I. 


TABLE I 
a | 1/R 
1 | $3 = 0.866 Coil: length = 21 
1} 1.12 inner radius = R 
2 1.41 outer radius = aR 
24 1.73 
3 | 2.04 


Now we consider a sample placed on the x-axis, homogeneously 
magnetized in the x-direction. As stated before, the force on the 
dipole dm, is given by dFz = dm,0@H,/éx, and the total force is 
found by integration. When the sample is a sphere with its centre 
at O, all terms with As and A, vanish during integration because 
of certain symmetry properties of the Legendre polymomials, and 
we find Fy = mz. 2A. Comparing this result with (3) and keeping 
in mind that 2A2 is the gradient of the magnetic field at O, we see 
that in this case the magnetic centre indeed coincides with the 
geometrical one. 

When the sample is a cylinder of length 2/ and radius R, with its 
axis along the x-axis, the force exerted on it by the field is found 
to be 


A 
Fy = mz.2As| 1 + “tar — tr], (16) 
2 


When the shape of the cylinder is chosen in such a way that 
l/r = 34/3, we have Fy = mg. 2A2 as in the case of the sphere. 

When the cylinder has another shape or when the sample is very 
irregularly shaped, the relative error will certainly be smaller than 
2A 462/A2, where 6 is half the maximum dimension of the specimen. 
Now in our case, when the field is 25000 oersted, the gradient is 
about 500 oersted/cm, A3/Azg » 1/30 cm-1 and Aqg/Ag ye — 1/180 
cm~?. Consequently, if the sample is smaller then 0.6 cm, the error 
is smaller than 0.1%. Our samples always being much smaller than 
0.6 cm, the error can be neglected and we may consider the magnetic 
centre as a fixed point even in irregularly shaped specimens. 

We now suppose that the magnetic moment of the sample also 
has components other than in the x-direction. This will be the case, 
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for instance, when measuring magnetically anisotropic samples 
with one or more directions of easy magnetization not coinciding 
with the x-axis. To investigate this case, we start with (1), still 
assuming mz = 0, however: 


SE a Pig + My ——. (1a) 
Ox 0 


Using the coordinates of fig. 3, we can rewrite (10) in the form 
V = Vo-+ Aix + $Ao(2x2 — y?2 — 22) + 4A3(2x3 — Buy? — 3x22) + 
4A4(8x4 — 24x%y2 — 24x222 + Sy4t + 6y2z2 + 324), (10a) 


from which we derive 


oH a 
: = = 2A5+ 6Agx + 12A 4x? — 6Aay?— 6Ag2? (17) 
x 
and 
oH 
Sagas SA3sy — 12A4xy. (18) 
y 


Fig. 3. Coordinate system used for magnetically anisotropic samples. 


Introducing this into (1a) we obtain 


Ag 
= pS: Ole? 
7 re rte) 


i A A ) 
3 My 3 4 
4——x]}|. (19 
io art tae) 
We call the ratio of the forces fF, due to equal magnetic moments 


my and mz the discrimination factor /, which in the ideal case 
should be zero. In first approximation we have 


Ag 
pas BEE go 


Ag 
Ag 


(20) 
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If my is homogeneously distributed in the sample and if the sample 
is placed symmetricaly with respect to the XZ-plane, the integrated 
discrimination factor will be zero. Let us allow a maximum dis- 
placement y from the symmetry position of 0.2mm, then with our 
former value of A3/A2 we find f = 0.01, which is considered to 
be sufficiently small for our purpose. 


§ 4. The magnet. For the production of the magnetic field we use 
an Oerlikon magnet which enables us to obtain a fieldstrength up 
to 27k@ in an air-gap of 4cm between polepieces with a diameter 
of about 11 cm. For reasons indicated in the preceding section 
the shape of the polepieces was determined by trial and error in 
such a way, that the gradient on the axis of symmetry is an 
approximately linear function of x with a rather small slope and 
a very small quadratic term. The dimensions of our polepieces 
are indicated in fig. 4, but it should be emphasized that they depend 
strongly on the type of the magnet, the maximum fieldstrengths 
which can be reached and the range of fieldstrength in which the 
best accuracy is wanted. Our polepieces are designed to give the 
best results at high fields, because we are mainly interested in 
measurements of saturation magnetization. 


$5. The magnetometers. Till now, two magnetometers of this 
kind have been constructed. The first one (fig. 4) was primarily 
made for the determination of the saturation magnetization of 
small ferromagnetic samples at liquid nitrogen and hydrogen 
temperatures. C is the coil in which the sample is placed; its di- 
mensions are inner diameter 5mm, outer diameter 10 mm, length 
7mm, corresponding to the model listed in table I under a = 2. 
The maximum magnetic moment which can be measured without 
heating the coil too much is about 4c.g.s. units. By a glass rod 
G.R. the coil is connected to the moving platform B of a parallel 
spring movement with three phosphor-bronze springs S of dimen- 
sions 35 X 5 X 0.15mm. The net force F exerted on coil and 
sample by the magnetic field causes a deflection of the platform 
B, which can be measured by means of a small differential trans- 
former D.T. and the Philips measuring bridge PR 9300. The coils 
of the differential transformer have the following dimensions: 
inner diameter 5 mm, outer diameter 15 mm, length 5 mm, primary 
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coil 680, secondary coils 1450 turns each. The deflections are 
detected with a sensitivity of about 0.05 uw, corresponding to a force 
of about | dyne and a magnetic moment of about 0.002 c.g.s.-units 
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Fig. 4. Magnetometer for ferromagnetic samples. 
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when the gradient is 500 oersted/cm. When measuring, the force F’ 
is made equal to zero; consequently it is not necessary to make the 
glass rod G.R. very stiff. To prevent the condensation of moisture 
or, still worse, oxygen on the sample or the sample coil, the space 
around the measuring system is kept filled with a dry, oxygen-free 
gas of a pressure somewhat exceeding one atmosphere; of course a. 
gas should be chosen which does not condense at the measuring 
temperature. When the magnetic field is on, the aluminium housing 
of coil C provides sufficient damping; it also contains a carbon 
resistor thermometer. No special care was taken when making coil 
C and its housing; as a consequence its magnetic moment is rather 
high, of the order of 0.1 c.g.s. unit. It is dependent upon the field 
and the temperature; fortunately, however, it is very well repro- 
ducible and can be easily determined by experiments with the empty 
coil. The whole apparatus is rather sturdy and has performed very 
well during a couple of years. 

A second model with a sensitivity of about 10-2 dyne under 
normal working conditions and even a few times 10-3 dyne under 
very favourable conditions, enabling us to measure diamagnetic 
susceptibilities with good accuracy, was made by one of us (B.); 
its construction is shown in fig. 5. In so sensitive an apparatus the 
utmost care should be taken to keep the magnetic moment of the 
empty sample coil low. This is done by using carefully selected iron- 
free copper wire and a former of quartz. The temperature measure- 
ment is done by means of a platinum resistance thermometer Th 
inside the sample coil C. 

Of course the apparatus should be very insensitive against 
vibrations of the building (mainly 10-15 Hz). To achieve this, 
the moving part was made to pivot around its centre of gravity, 
its resonance frequency was made low (about 2 Hz) and its move- 
ment was nearly critically damped. This moving part is a pendulum 
suspended by means of a cross-spring system S of suitable stiffness 
and consists of a quartz rod QR, carrying the sample coil at its 
lower, the differential transformer D.T. and the damping device 
at its upper end. The latter consists of the small copper damping- 
rings D.R. connected to the pendulum and moving in the vicinity 
of the poles of a fixed bar magnet M. Due to the careful construction 
the zero of the apparatus is sufficiently stable and matches the 
sensitivity very well; even when measuring as a function of temper- 
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ature the position of the coil C is reproducible within 10-4 cm, 
corresponding to a force of 10-2 dyne. When measuring at constant 


magnified 
section 


Fig. 5. Magnetometer for susceptibility measurements, 


378 A NULL-COIL MAGNETOMETER 


temperature after a sufficiently long waiting time the reproducibility 
even corresponds to about 3 « 107-3 dyne. 

As in the preceding apparatus, the measuring system is surround- 
ed by a space which can be filled with a suitable, dry and clean 
protecting atmosphere. 


Received 9th October, 1958. 
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THE GASDISCHARGE MECHANISM FOR THE 
ARGON-ALCGHOL PROPORTIONAL COUNTER 


Dyeie vy eaUOREN *) “and G. J, SIZOO 


Natuurkundig Laboratorium der Vrije Universiteit Amsterdam, Netherlands 


Summary 

Accurate measurements of the gas multiplication factor A were done for 
a number of proportional counters with various wire diameters ranging 
from 0.003 to 0.1cm and for various gas pressures ranging from 67 to 
220mm Hg. From these results the ionization coefficient for the argon- 
alcohol gasmixture 9 : 1 could be deduced. It appeared that in a few cases 
the equilibrium between the mean electron energy and the electrical field 
was slightly disturbed and the conditions for the non-equilibrium situation 
could be established from the experiments. Rose’s and Korff’s calcula- 
tions of the gas multiplication factor in proportional counters were compared 
with our experimental results, whereby rather large discrepancies were 
found. Comparison of our experimental values of the ionization coefficient 
for argon-alcohol with the earlier published values for pure argon and alcohol 
gives an insight in the mechanism of the electron multiplication process in 
the argon-alcohol gasmixture 9 : 1. 


§ 1. Introduction. The mechanism of the proportional discharge 
in counters filled with a mixture of argon and alcohol is compara- 
tively simple as a consequence of the absence of secondary multi- 
plication effects 1). 

The ionization potential of alcohol is 10.8 eV 2); this value is 
lower than the excitation energy 11.5 eV corresponding to the 
lowest excited level of argon. By collisions with metastable argon 
atoms the alcohol molecules may be ionized. A small addition of 
alcohol will therefore have the same effect as the presence of argon 
in neon-argon mixtures 3), viz. an increase of the ionization at 
those values of F/p whereby excitation of argon atoms is a dominant 


*) At present at the Synchro-cyclotron of the Philips’ Research Laboratories, Amster- 
dam, Netherlands. 
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process ( = electrical field strength, # = pressure). However, in 
this region of ’/p a higher concentration of alcohol will cause a 
decrease of the ionization coefficient « due to the high value of 
the cross-section for inelastic impact at electron energies below 
10 eV 4). 

The cross-section of alcohol for ionization is not known, but 
measurements for other polyatomic gases as ethylene *) give a 
strong indication that it will be considerably higher than for argon. 
This effect makes it possible that at very high values of F/p the 
ionization coefficient for alcohol-argon mixtures is higher than for 
pure argon, even at high alcohol concentrations. 

With the exception of extremely high values of f/f the mean 
energy of the electrons moving in a homogeneous field will be in 
equilibrium with the electrical field ®). Under this condition a 
single-valued relation between «/fp and F/f will exist. In the 
highly inhomogeneous fields that occur in the central region of 
proportional counters no equilibrium may be reached by the 
electrons. In a convergent electrical field the mean electron energy 
will always be lower than in a homogeneous field at the same 
value of F’/p. This means that the ionization coefficient will gener- 
ally be lower in a convergent field. Only at very high values of 
F'/p, where the mean energy of the electrons is higher than the 
energy corresponding to the maximum of the ionization cross- 
section curve, the ionization coefficient could be higher for con- 
vergent fields than for homogeneous fields. In most of these cases 
no single-valued relation between «/p and F// will exist. 

The gas multiplication for a cylindrical counter is given by 


siete (— fa a) (1) 


with a = anode radius, b = cathode radius and r = distance from 
cylinder axis. The electrical field strength is 


P= Vi[r in (bfa)). 


By straightforward transformation of the variable (1) may be 
written 
(F'/p)max 


A = exp [ap(F [P)maxf («/p)(F/p)~* a(F/p)] (2) 


P)min 
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with (F'/))maz = value of F/p at the anode and (F'/D)nin = value 
of F/p at the cathode. For proportional counters in most cases 
the lower integration limit can be taken equal to zero. 

If a single-valued relation between «/p and F/p exists, the value 
of «/p can be deduced from the experimental value of A by differ- 
entiating the function 


4 In A In (0 
D{(F'/p) maz) == eee (3) 


with respect to (F'/)) maz. 

On the other hand it is possible to conclude from the measure- 
ments if really a single-valued relation between «/f and F/# exists. 
A series of curves ®[(F/f)maz| is plotted for a set of measurements 
taken for different tube parameters, i.c. a and 4. If all these curves 
coincide, it can be shown by elementary calculation that in the 
region of F/ under consideration a single-valued relation between 
a/b and F/p exists. 

A straightforward method for evaluation of «/f, which even 
may be used in the case that no single-valued relation between 
«/p and F/p exists, consists of differentiation of the function A(z). 
This function may be deduced from the experimental values of A 
in the following way: for a set of counters with the same cathode 
radius and gas filling, but with different values a, of the anode 
radii, 4 is measured as a function of V. For all counters the values 
of A corresponding to one given value of F’/p at the cathode surface 
are taken from the graphs A(V). In this way A is found as a function 
of the value of 7 = ag in the counter. This procedure may be 
repeated for various values of (F/P)¢atn. The value of « follows 
from the differentiation of A: 

ie tl 
Aa? sui : 

The aim of our research was to determine the ionization coeffi- 
cient « for the argon-alcohol mixture 9: 1 by measurements of 
the gas multiplication factor A and to investigate in how far 
equilibrium between the mean electron energy and the electrical 
field exists for the very inhomogeneous fields occurring in the 
vicinity of the anode wire of proportional counters. An additional 
aim of this research was to verify experimentally the calculations 
of the gas multiplication factor as they were given by Rose and 


C= 


(4) 
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Korff 7). The experimental results may also be of practical use 
with regard to the design of a proportional counter because the 
value of A for every given combination of counter parameters a, 
b and # can be determined from the graph ® versus (F'/p)maz. 


§ 2. Measurement of the gas multiplication factor A. For a given 
counter at the counter voltage V the value A may be determined 
as the ratio of the total amount of ionization charge or current and 
the amount of ionization charge or current for a voltage at which 
no gas multiplication occurs. Therefore no absolute measurements 
of charge or current are necessary... The method of measuring the 
current induced by a radioactive source “) as well as a method of 
measuring the charge liberated by individual particles were used 8) 
with our experiments. 


Guardring Mica window ~img/cm Glass 


\ Brass Nios 


Fig. 1. Schematic drawing, showing the construction of the proportional 
counters. 


The construction of the counters is shown in fig. 1. To minimize 
the adsorption of the filling gases to the wall a glass-metal con- 
struction was chosen. The insulators supporting the counter wire 
are provided with copper guard rings kept at the same voltage 
as the anode. By appropriate choice of the ratio of length and 
diameter of the cathode !?) 18) the occurrence of end effects was 
avoided. Extremely good care was paid to the purification of the 
alcohol used for the filling of the counter. Water vapour was 
eliminated by the process of Wislicenius and Kaufmann and 
oxygen by destillation in vacuo. 

The current was measured in a conventional way with the aid 
of an electrometer compensation circuit. The amount of charge 
was determined by a measurement of the height of the electrical 
pulse on the anode of the counter. 

The linear amplifier showed a very good gain stability (better 
than 1%, during the course of one measurement). As the ion transit 
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time may change by a factor of 15 from low to high values of V, 
the time constant of the amplifier has to be chosen very carefully. 
Extensive calculation 9) indicated that a time constant of about 
50 milliseconds would be sufficient to guarantee an accuracy of 
1% for the relative measurement of charge. 

A precision square pulse generator was built according to the 
principles of the model 100 pulser of Elmore 1°), The pulse ampli- 
tude was variable between 0.5 and 1000 millivolts and was measured 
with a comparator. 

The discriminator was built according to the circuit of Lewis 1). 
The threshold was adjustable for pulses between 20 and 120 V. 


Charge A Beam perpendicular. 
Log P Measurement | A Beam oblique aes 


A Beam perpendicular 

Current 
JBeam oblique -direction| mp egsurement 
J} Beam perpendicular 


AO 


12) 200 400 600 800 1000 V 


Fig. 2. Set of experimental curves for the various measurements done with 
one counter; the current J and the pulse height P are plotted in arbitrary 
units. 


The high voltage supply had a stabilization factor of 1/500, while 
the drift amounted to less than 1%, per hour. As the gas multipli- 
cation factor A changes very rapidly with counter voltage, it is 
very stringent to keep the fluctuations of this voltage within close 
limits. 
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The entire procedure for the measurement of A consisted of the 
following steps: 

1) Measurement of the current for narrow collimated beams of 
a«- and f-particles for counter voltages corresponding up to A equal 
to about 100; 

2) Relative measurements of pulse height for a narrow collimated 
a-beam perpendicular to the counter axis for values of A from 
about 5 up to about 1000; 

3) A check was carried out to verify that no space effects oc- 
curred. In this case the «beam was in an oblique direction with 
respect to the counter axis. 


a=0,001I52 


a= 0,00257 
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Fig. 3. Survey of the curves obtained from the current measurements in 
the ionization region for the counters of series B. The current IJ is expressed 
in arbitrary units. The wire radii are indicated along the curves in cm. 


A set of curves from this series of measurements for one counter 
is given in fig. 2. For the region of low voltage the current measure- 
ments were done at very small intervals and with high accuracy. 
In all cases an essentially horizontal section of the I versus V 
curve was found, see fig. 3. This showed that in the region under 
consideration neither recombination and diffusion losses nor gas 
multiplication occurred. Therefore the absolute value of the gas 
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multiplication factor could simply be determined as a ratio of 
two currents. The higher values of A were found by fitting the 
overlapping parts of the curves as obtained in step 2) and 3) with 
the curves as obtained in step 1). 


TABLE I 


The gas multiplication factor for argon-alcohol 9 : 1 measured with the various 
counters of series A 


a = 0.00509 a = 0.00509 a = 0.00517 a = 0.00509 

p = 67.4 p = 107.9 pb = 154.3 p = 219.2 

V Wlog A V log A V 10log A V 1log A 
100.0 0.047 120.0 0.055 130.0 0.038 138.3 0.043 
120.0 0.088 142.7 0.093 164.7 0.082 210.3 0.124 
165.0 0.250 190.0 0.227 eit8 0.186 242.7 0.173 
22512 0.457 213.4 0.285 258.4 0.300 277.1 0.231 
258.6 0.607 261.5 0.434 282.4 0.364 294.8 0.275 
281.5 0.705 307.7 0.602 328.9 0.515 336.7 0.368 
331.1 0.955 331.1 0.695 376.5 0.677 379.2 0.482 
365.0 1.119 355.1 0.792 400.2 0.774 414.7 0.586 
391.1 1.239 377.8 0.895 424.1 0.871 449.9 0.692 
417.7 1.410 403.9 1.010 470.5 1.068 484.4 0.811 
447.1 1.561 427.5 1.113 492.3 1.156 519.3 0.934 
476.5 1.723 4524 12227 538.5 1.363 553.3 1.059 
502.1 1.884 474.3 1.338 583.9 1.582 588.1 1.190 
533.0 2.051 495.8 1.442 607.2 1.694 631.5 1.361 
561.0 2.221 518.8 1.558 654.4 1.922 672.9 1.532 
587.3 2.389 539.9 1.664 677.9 2.041 689.2 1.610 
616.3 2.565 565.8 1.799 726.0 2.280 724.0 1.758 
643.0 2.751 588.3 1.915 747.9 2a77 791.8 2.067 
670.7 2.908 611.3 2.044 TI 27 2.516 839.7 2.275 
698.8 3.095 630.4 BAG 816.5 2.790 924.4 2.688 
740.3 3.492 735.9 2.778 863.9 3.035 966.5 2.894 


The gas multiplication factor was measured for two series of 
counters all filled with the argon-alcohol mixture 9 : 1. 

Series A: Four counters with the same value of wire radius, 
but with various pressures, varying between 67.4 and 219.2 mm Hg. 

Series B: Six counters with the same value of gas pressure, but 
with various wire radii, varying between 0.00152 and 0.04915 cm. 

The values of A are given in the tables I and IJ and are plotted 
graphically in fig. 4 and fig. 5. 

From the measurements of series B we evaluated the function 
A(r) from 7 = 0.00152 to 7 = 0.04915 cm for various values of 
(F/P)min- The results are plotted in fig. 6. It may be seen that 
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TABLE II 
The gas multiplication factor for argon-alcohol 9 ;: 1 measured with the various 
counters of series B 


= 107.8 pb = 107.6 pb = 107.8 = 108.0 = 107.5 
, = 0.00152 | a = 0.00257 ~| a = 0.01084 = 0.02298 = 0.0491 
log A;  V | MlogA| V_ | log A WogA}| V | log A 
104.0 | 0.133 | 85.0 | 0.047 | 208.5 | 0.137 0.097 | 342.4 | 0.066 
130.3 | 0.213 | 100.0 | 0.073 | 260.3 | 0.235 0.125 | 410.3 | 0.125 
156.3 | 0.307 | 110.0 | 0.095 | 311.9 | 0.380 0.184 | 445.1 | 0.176 
182.3 |~0:410 | 120.0 | 0.122 | 363.7-4. 0.533 0.244 | 479.2 | 0.229 
207.4 | 0.520 | 130.0 | 0.154-| 416.3 | 0.721 0.414 | 547.5 | 0.344 
232.5 | 0.680 | 138.4 | 0.174 | 468.3 | 0.921 0.614 |. 581.7 | 0.416 
258.7 | 0.750 | 173.5 | 0.282 | 519.1 | 1.125 0.726 | 616.1 | 0.498 
285.1 | 0.874 | 208.1 | 0.409 | 545.1 | 1.243 0.965 | 649.5 | 0.583 
309.9 | 1.001 | 242.7 | 0.546 | 571.0 | 1.355 1.099 | 682.7 | 0.673 
336.1-| 1.127 | 277.1 | 0.690 | 596.6 | 1.472 1.236 | 716.3 | 0.773 
363.9 | 1.265 | 311.4 | 0.850 | 622.7 | 1.603 1.377 | 750.5 | 0.874 
388.1 | 1.388 | 346.4 | 1.016 | 673.0 | 1.844 1.525 | 783.4 | 0.983 
415.7 | 1.543 | 380.7 | 1.182 | 699.3 | 1.979 1.678 | 791.9 | 0.997 
441.3 | 1.687 | 414.9 | 1.360 | 728.1 | 2.120 1.840 | 817.2 | 1.097 
469.2 | 1.836 | 449.9 | 1.542 | 754.2 | 2.258 2.003 | 827.6 | 1.125 
495.1 | 1.981 | 484.0 | 1.731 | 777.6 | 2.390 2.181 | 851.4 | 1.220 
519.1 | 2.100 | 518.8 | 1.921 | 804.1 | 2.548 2.369 | 884.0 | 1.334 
544.9 | 2.262 | 554.4 | 2.115 | 858.0 | 2.831 2.530 | 918.7 | 1.470 
595.8 | 2.579 _| 589.3 | 2.335 | 908.9 | 3.125 2.715 | 953.8 | 1.623 
652.1 | 2.914 | 657.4 | 2.743 | 935.2 | 3.268 3.131 | 987.9 | 1.756 
702.0 | 3.263 | 726.1 | 3.142 | 960.4 | 3.423 1020.5 | 1.887 
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Fig. 4. Set of graphs A(V) for the counters of series A. The dotted curves 

correspond to cases where space charge effects occur. The pressures are 
given along the curves in mm Hg. 
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Fig. 5. Set of graphs A(V) for the counters of series B. The dotted curves 
correspond to cases where space charge effects occur. The wire radii are 
given along the curves in cm. 
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Fig. 6. Graphs giving the relation between A and the radial position 7 for a 

counter with anode radius and cathode radius of 0.00152cm and 1.91 cm 

respectively. The corresponding counter voltages are indicated along the 
curves in volt. 
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gas multiplication by electron impact begins at radial distances as 
much as 10 to 30 times the wire diameter. 


§ 3. The ionization coefficient. The ionization coefficient may be 
deduced from the family of curves A(r) of fig. 6 with the aid of the 
relation 


dln A <a 
Bee * 
Differentiation of the function 
® = (F/p)“ maz (ap) 1 In A 


yields a second method for the evaluation of «/p: 


d®@ 
alp = Far ee (F'/P)?max- (6) 


(5) 


—— 
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a/p calculated from A (r) 


TABLE III 


a/p calculated from ® (F/p) max 


F/p ap Fi/p a/p F/p ap F'/p ap 
25 0.25 193 5.07 20 0.18 280 7.45 
30.5 0.35 218 5.67 40 O13 300 8.09 
37.5 Os Sis) 227 6.23 60 1.25 320 8.65 
42.5 0.76 273 7.01 80 2.12 340 9.06 
51 0.90 328 S230 100 2.70 360 9.41 
55 0.92 339 Broo 120 2.84 380 9.89 
64.5 1.18 432 10.2 140 S510) 400 10.2 
80 1.80 160 3.92 420 10.5 
90 ZAT 180 4.43 440 10.8 

107 2.67 200 5.05 460 10.9 

138 3.55 220 5.60 480 ine) 

164.5 4,24 240 6.13 500 TO 

4.54 6.85 


-as 


t 


l:Argon— Alcohol 9:1 


2:Hydrogen 


3:Air 


45 
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Olea (F/p ) max 


20 


2,25 


ae 
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Fig. 8. 1log (ap)-1.1%log A as a function of !log (F'/p)max for argon-alcohol, 


hydrogen and air. 


In fig. 8 the values of f = (ap)-! log A for all counters of both 
series A and B plotted versus (F/P)maa. For comparison the corre- 
sponding values for air and hydrogen obtained by Morton and 
Johnson 16) are plotted in the same graph. This graph is of 
practical value as it may in turn be used to calculate the gas 
multiplication factor for a proportional counter filled with argon- 
alcohol 9 : 1 with given values of a, b, p and V. 
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$4. Effect of field inhomogeneity. Although we found a single 
valued relation between «/p and I’/p before, a more careful and 
accurate analysis of the experimental data showed the existence 
of small systematic differences. This is demonstrated in fig. 9 
where (1/ap) In A is plotted on an enlarged scale for the counters 
no. 10, 3, 7 and 9 with anode radii 0.01085 cm, 0.00510 cm, 0.00257 
cm and 0.00152 cm respectively. The curves do not coincide and 
therefore it must be concluded that no single-valued relation 
between «/p and F/p exists. The differences are greatest for the 
counters with the smallest anode radius. For the series of counters 
with different pressures (series B) similar differences are found, 
in this case the differences being greatest for the smallest pressure. 
For both series the curves /(f'/f)maz are approaching monotonically 
the same limiting curve for the higher pressures and larger anode 
radii respectively. 


= NES 
cmmmHg 


30 40 50 60 790 80 90 100 lo 


————_> (F/p) nax 


Fig. 9. Enlarged plot of (ap)-1In A versus (F/p)maz for four counters of 
series B. The wire radii are given along the curves in cm. 


From the fact that the curves of fig. 9 are parallel it may be 
concluded that the relation between the gas multiplication factor A 
and the counter parameters a, 6, and V will have the form 


A = exp [ap -f{V/[ap In (b/a)] — (F/f)o}], (7) 


where (f/f)o may be a function of a, b and p but not of V. 
On quite general grounds it has been shown by Rossi and 
Staub 14) that for every geometry and gas pressure the gas multi- 
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plication factor for a proportional counter can be expressed as a 
function of only two quantities, viz. V/In (b/a) and ap. Thus, in 
view of the foregoing one must conclude that (F/f)o will only be 
dependent on the quantity af. We found the relation 


(F/p)o = 2.8/ap V/cm-mm Hg. 
Thus 
A = exp {ap:f[(F/p)maz — 2.8/ap)}. (8) 
From this the value «/f may be deduced everywhere in the counter. 
From (6) it follows that the number of electrons A(r) originating 


from one single primary electron that arrives at the surface of a 
cylinder with radius 7 amounts to 


A(r) = exp [rp -f(cu/rp — 2.8/rp)] (9) 


with c = half the value of the capacity of the counter per cm 
length. As « = dIn A/dr one finds 


u|p = Pee ap — eisrirees dima (F/p)rea?, (10) 
where 
(F/p)rea = F'/p — 2.8/rp (11) 
and 


In A In b/a 
Ce ae 


. (11a) 


From (9) it is evident that for small values of vp there is no equi- 
librium between the mean energy of the electrons of the avalanche 
and the electrical field. In our case this effect becomes perceptible 
below 7p = 2cm-mm Hg. 

The ionization process, however, may completely be described 
by the introduction of a new quantity (F/p)rea, whereby a/p is a 
single valued function of (F/p)rea. Due to the gradient of the 
electrical field the electrons are lagging behind the electrical field 
strength on the spot, and this lag may be described by an apparent 
reduction of the field strength amounting to 2.8/rp. The mean 
energy of the electrons is thus found to be a function of (F |) rea: 


e = &(F/p)rea, 
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which may be written as 


de de 
> = e(F/p) — ——— 2.8(rp)1 = e(F/ 2.8 — F-1, i2 
e = (FIP) — aia 28081 = oF /P) + 28 (12) 
The first member denotes the energy corresponding to the situation 
in which equilibrium exists between the mean electron energy 
and the electrical field, while the second gives the apparent energy 
deficit due to the field inhomogeneity and is evidently determined 


by the quotient 


increase of mean electron energy per cm path length 


amount of energy taken from the electrical field per cm path length’ 


° 50 


100 150 200 Won 
(F/p) red 


Fig. 10. «/p as a function of (F/p)rea. The dotted line represents the actual 
value of «/p as a function of (F’/p) for a counter with the following parameters: 
a = 0.00152; 6 = 1.91 cm; p= 107.8 mm Hg 

argon —alcohol 9: 1; V = 600 V. 


In fig. 10 and table IV «/ is given as a function of (F'/P),ea. The 
dotted curve represents the value of «/p as a function of the actual 
value of F/p for a counter with a = 0.00152cm; b = 1.91 cm; 
p = 107.8 mm Hg argon-alcohol 9 : 1; V = 600 V. The difference 
in «/p is relatively small, but as « enters in the exponent, the 
corresponding values of A may differ as much as 20%. 
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TABLE IV 


a/p as a function of (F/D)req 


(F/P)rea alp | (Fib)rea alp | (Fip)rea alp | (Fip)\rea | alp 
20 0.17 80 1.96 140 3.67 200 5.49 
30 0.39 90 2.29 150 3.89 210 5.71 
40 0.67 100 2.54 160 4.16 220 6.09 
50 1.01 110 2.81 170 4.54 230 6.24 
60 1.35 te | 3.086 180 4.89 240 6.51 
70 1.66 130 3.39 | 190 5.17 250 6.83 


A discussion of similar effects for cylindrical geometry has been 
given by Loeb 5) and by Morton 18) and Johnson 16), The first 
author supposes that the appearance of the phenomena of non- 
equilibrium depends on the magnitude of F/f, while the latter 
authors assume that the gradient of F over a free path is the 
actual quantity determining this effect. At first sight this seems to 
be contradictory, but actually the two theories pertain two different 
effects. 

A similar effect as cited by Loeb for the homogeneous field 
geometry occurs even for relatively low values of F/f. An effect 
of non-equilibrium of mean electron energy and of F'/p was indi- 
cated by Druyvestein and Penning !”), who found that the 
electrons liberated from a photocathode have to pass a certain 
potential drop V, before the energy distribution becomes steady. 
This potential V, is constant for low values of F/p and starts 
to increase at higher F/p values. At very high values, actually 
when the mean electron energy reaches the value corresponding 
to the maximum of the 7 — F/f curve, no equilibrium will be 
reached at any point of the discharge gap. This effect will therefore 
only be determined by the value of F/p and by the shape of the 
n — F/p curve; however, in itself it has nothing to do with the 
field inhomogeneity. In the case of the cylindrical geometry an 
additional effect may very well be caused by the inhomogeneity 
of the electrical field. 

Morton and Johnson assume the deviation of the equilibrium 
to be determined by the quantity 


dF 
= 
y = Ue) Es 


with J(e) = mean free path for collision and ¢ = mean energy. 
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As the first factor will be proportional to 1/p, one finds 


l 
= const. — F, 
Vv O yp 


being in contradiction to the a fore-mentioned experimental 
results, where (f/f), was found to be independent of the counter 
voltage V. However, if we modify the criterion of Morton and 
Johnson into 

dF 

dy 


y = k(e) 


with J;(e) = mean free path for ionization and if we assume that 
in the region of (f/f) under consideration «/p is proportional to 
(F/p) (compare fig. 10), we find 


y ~ 1/79, 


which is in complete agreement with our experimental results. 

Naturally one is inclined to believe that the value of «/p as a 
function of (F/p)req will be the same as «/f asa function of F/p 
for homogeneous fields, since for greater values of rp the geometry 
can be considered as a limiting case of the cylindrical case. Strictly 
speaking this need not be true. But as even for very small values 
of rp the differences in «/p are rather small, it is most likely that 
if any difference exists, its magnitude will be small. 


§5. Rose’s and Korff’s calculation of A. Rose and Korff 18) 
calculated the gas multiplication factor for proportional counters. 
They started from the fact that the mean free path for ionization 
is inversely proportional to (e — Ej): 

ii(e) = BNm(e — Ei) (18) 


with e = mean kinetic energy of the electrons in the avalanche, 
£; = ionization energy and N», = number of molecules per unit 
volume. By using a few simplifying assumptions they find 


a/b = 3(Nm/p)*(F/p)*, (14) 
and for the gas multiplication factor 


A = exp V2(BNmcaV)'[(V[V p)* — 1), (15) 
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where c = capacity of the counter tube per cm length and Vy = 
= threshold voltage for proportional multiplication. 

From the experimental data of the tables I and II we tried to 
obtain a verification of (15). For every individual counter values 
of B and Vy» could be found that yielded a reasonable fit of the 
gas multiplication factor A according to (15), with the experimental 
curve of A versus V. It appeared, however, that the values of 
found for the various counters differed very much, viz. from 0.05 
to 0.63 X 10-!%cm?/V, while according to the calculation of 
Rose and Korff this quantity should be 1.95 x 10-1? cm2/V. 

A second and also more direct test for the theory of Rose and 
Korff may be done by comparison of the calculated and experi- 
mental values of «/p. In table V the calculated values of «/p for 
argon-alcohol 9 : 1 and our experimental data are given. It appears 
that very large discrepancies exist, especially for low values of 
F'/p. Most probably this is due to the nature of their simplifying 
assumptions: 


TABLE V 


a/p as a function of F/p for argon-alcohol. 
Comparison of Korff’s theory and experiment. 


F/p | 20 | Boda Oo! Te" 200 


a/p calculated according to 
Korff’s formula 


3.7 5.7 8.1 1134 
0.18 2.70 


experimental values of «/p 


1) at the moment of their creation all electrons possess a kinetic 
energy just equal to the ionization energy; 

2) the energy loss due to inelastic impacts is negligible in the 
proportional discharge ; 

3) the energy spread of the electrons is entirely neglected. 

The error due to the incorrectness of these assumptions is to be 
expected to be most serious for low mean electron energies. This 
is completely in agreement with the observed differences between 
the calculated and experimental values of «/#. 


§ 6. The réle of the polyatomic gas in the proportional discharge. 
The function of the polyatomic molecules may most easily be seen 
from the comparison of the curves of the ionization coefficients 
of argon, argon-alcohol and alcohol. In fig. 11 the graphs are 
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plotted. For argon-alcohol two curves are given, viz. the value of 7 
obtained by simply taking the average of the experimental values 
of (ap)-11n A for all counters and 7 as a function of (F/p)rea. 
The last one will of course be more readily comparable with the 
data for argon and for alcohol given by Kruithof and Penning ?9) 
and by Raether and Costa 2°) respectively which were both 
measured for homogeneous fields. 

The ionization coefficient of argon-alcohol is considerably higher 
than for pure argon for low values of f/f. This indicates that in 
this region a considerable fraction of the ions is formed by collision 
with metastable atoms and by photoionization. 

For argon the maximum of 7 is reached at about 200 V/cm-mm 
Hg, while for argon-alcohol this maximum lies at higher F/p. 
This will be due to the higher total cross-section for inelastic 
impacts of the polyatomic mixture. Also for F/p = 250 and 
higher, «/p is greater for the mixture than for pure argon. As 
ionization by impact with metastable atoms and photoionization 
becomes less important for this region, the difference must be due 
to direct ionization of alcohol by electronic impact. The value of 
Sion for alcohol is not known. The maximum value of ojo, for 
CoH is found to be 17.5 cm-! per mm Hg at 0°C 21), this being 
already considerably higher than the corresponding value for 
argon, viz. 11.8 cm7! 22), Due to the more complex constitution 
of the ethyl-alcohol molecule the ojon will be greater still than for 
CeHe, and consequently probably more than twice the value of 
Sion for argon, and from the observed difference of argon-alcohol 
mixture 9 : 1 and argon we find an indication that for alcohol ojon 
should probably have a magnitude of about 30 cm-l. 

From all this we may conclude that in the region under consider- 
ation the lowering of the mean energy by inelastic impact with 
alcohol molecules does not play a dominant réle. With this concen- 
tration the main change caused by the mixture of alcohol and 
argon is an increase of the total cross-section for ionization. This 
result is quite in contradiction to the suggestion of Liebson 23) 
that the presence of the polyatomic constituent of the gas mixture 
primarily causes a decrease of electron energy due to the large 
cross-section for inelastic impacts. More detailed data about the 
result of the above-mentioned counteracting effects could be 
obtained from measurements with various alcohol percentages. 
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The curve representing «/p as a function of F/p for pure alcohol 
for values of F/p up to 100 V/cm-mm Hg is also plotted in the 
graph of fig. 11, and we clearly see that although the ionization 
energy of alcohol is about 5eV lower than for argon and the 
ionization cross-section is considerably higher, the ionization 
coefficient for alcohol is very much lower than for argon in this 


= frsen-alcohol of 


DOO eae 
cm mmHg 


Fig. 11. The ionization coefficient 7 as a function of (F/p) for argon-alcohol 

9: 1; pure argon and pure alcohol. The upper argon-alcohol curve gives 7 

as a function of (F/p)req. The lower curve for argon-alcohol 9 : 1 is obtained 

by simply averaging ® for all counters, neglecting the effect of field in- 
homogeneity. 


region. No measurements have been done beyond this region, 
but it is to be expected that for alcohol at very high f/f the value 
of 7 should be much greater than for argon; moreover the maximum 
of the 7 — F/p curve is expected to occur at much higher F/f 
values, implying that the non-equilibrium effect for plane-geometry 
will start at a much larger field strength than with argon. 


§ 7. The occurrence of space charge effects. In the case that the 
ionization current was being measured with a narrow beam of 
b-particles perpendicular or in an oblique direction with respect 
to the counter axis (see fig. 3), no indication for space charge 
effects was found. This behaviour was predicted with an elementary 
approximative calculation which indicated the absence of space 
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change effects as long as the total current per cm counter-length 
met with the condition 
Vengo 


—— A-cm (16) 
pa? (In b/a)? 


<< — 


in which Ky» = ion mobility constant. 

However, space charge effects for individual «-particles were found 
for most counters (see fig. 3). For the counter with a = 0.00509 cm, 

= 1.91 and p = 107.9, a decrease of A from 600 to 540 occurred 
at a counter voltage of 735 V. The air aequivalent of the gas along 
the path of the «-particles was 12 mm. The residual range of the 
a-particles at the point where they strike the cathode amounted to 
13mm. Using the ionization data of Stetter 24) we find a total 
charge density of 4 x 107 electrons per cm of the wire. This is about 
10% of the static electrical charge of the anode. Thus we see a 
decrease of A amounting to 10% as soon as the total ionization 
charge constitutes a fraction of 10% of the static electrical charge. 


The authors wish to thank J. G. van Santen and Joh. Blok 
for their assistance in the construction of the instruments used 
for the experiments; J. Hoogendorf for the considerable labour 
required to carry out the measurements and H. C. Hamers 
for the many helpful discussions during the experiments and the 
preparation of the manuscript. 
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A DIAGRAM FOR THE DESCRIPTION 
OF PHOTOCONDUCTIVITY 


by H. J. DIRKSEN 


Physical Laboratory of the National Defence Research Council T.N.O. 
the Hague, Netherlands 


Summary 


In a diagram, briefly called E-B diagram, a discrete electron level of a 
photoconductor is represented by a point of which the E-coordinate is a 
measure for the electron occupation in thermal equilibrium and of which 
the B-coordinate is a measure for the electron occupation under illumination. 
From the location of the different points in this E-B diagram the change 
of the electron distribution caused by illumination can be read for different 
temperatures. The two parts of the E-B diagram where this change is 
pronounced are called the inversion regions; a material, such as CdSe, that 
has its discrete levels in these regions will show a characteristic photo- 
conductivity 1). 


List of symbols 


Cte indices referring respectively to the conduction band, a discrete 
electron level and the valence band 

ve energy 

Ep Fermi energy 

N (effective) density of electron levels 

Na concentration of donors 

concentration of free electrons 

concentration of free electrons when thermal equilibrium prevails 

concentration of free holes 

concentration of free holes when thermal equilibrium prevails 

concentration of electrons bound in the discrete level of energy FE; 

absolute temperature 

Boltzmann’s constant 

thermal excitation coefficient 

recombination coefficient 

absorption coefficient of the radiation 

thickness of the crystal 

diffusion length of electrons and holes in the material 
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Jo excitation rate of free electrons (and holes) per s in a thin surface 
layer of 1 m2? area 

t time in seconds 

Tn time constant of photoelectrons 

Bi = In (Biv/Bei) 

By = In (n/p) 


wn-region part of the E-B diagram in which the electron concentration 1; 
depends on F;, and T 

%p-region part of the E—B diagram in which the electron concentration »; 
depends on £&;, # and T 

B-region part of the E-B diagram in which the electron concentration 7; 
depends on B; and By; 

Ln borderline between the e- and f-region of the E-B diagram 

Ly borderline between the a »- and f-region of the E—B diagram 


§ 1. Introduction. Consider a homogeneous photoconductor that 
is illuminated with radiation in the fundamental absorption band. 
The thickness d of the material is chosen such that 


lla<d <L. (1.1) 


Formula (1.1) means that nearly all the photoelectrons and holes 
are generated close to the surface and that in the crystal all the 
electron concentrations are practically independent of position. If 
therefore Jo electrons and holes per s are optically generated in a 
thin surface layer of 1 m? area, we may proceed as if Jo/d electrons 
and holes per m® per s are homogeneously generated in the crystal 
of thickness d. The different transition processes of the electrons 
in the crystal to and from a discrete electron level are shown in 
the well-known energy diagram of fig. 1. 

The number of transitions per m? per s as represented by one 
of the arrows in fig. 1 is given by the product of the transition 
coefficient (« or f), the concentration of available electrons and 
the concentration of available (unoccupied) levels. The difference 
between the transition rates to and from a given discrete level 7 
equals the increase per s of the concentration 7, or 


dny/dt = (Bein + ayiNy) (Ni — mi) — (Bivb + vieNe)mi. (1.2) 


The increase per second of the free electron concentration 7 equals 
the quasi-homogeneous excitation rate of Jo/d electrons per m3 
per s added to the total thermal excitation rate of electrons from 
the different discrete levels 7 minus the recombination rate of free 
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electrons to the unoccupied discrete levels 7 (we neglect the direct 
recombination of electrons and holes), or 


dn/dt = Jo/d + x aieniNe — Nn x Bei(Ni — 1). (1.3) 
The analogous equation for the free holes is 


If there is no net charge density in the crystal, the different con- 
centrations must satisfy the neutrality equation 


Nat+tp=n+ Um (1.5) 


with Ng = concentration of donors. 


Biy MiP Sy yer or 


Ey v Ny p 


Fig. 1. Energy diagram showing the electron transitions to and from a 
discrete electron level 7. The optical excitation of electrons from the valence 
band to the conduction band is not indicated. 


Even for the stationary state and a small number of electron 
energy levels the solution of the equations (1.2) to (1.5) becomes 
complex ?) 3). If the different concentrations 1; did not change with 
time, temperature and light intensity or if these changes could 
be neglected, the photoconductive behaviour would be simply 
described by the equation 


n = Ty[1 — exp(— tlrn) \(Jo/d + p> aieni NV ¢) (1.6) 


~ 
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where 
in — [x Bei(Ni Le) ae 


and a similar equation for the free holes . Complications are due 
to the fact that the concentrations m,; are functions of time, tempera- 
ture and illumination. For this reason we tried to deduce in a more 
direct way, without solving the equations, the general behaviour 
of a photoconductor from its set of constants FE, « and f. This is 
done in an E-B diagram in which the different discrete electron 
levels are represented as points. The coordinates of a point indicate 
respectively the concentration »; in thermal equilibrium without 
illumination and under illumination at the absolute zero of tempera- 
ture. From the location of the points in the E-B diagram the 
different concentrations ; can be considered as a function of 
temperature and lght intensity. 


§ 2. E-B diagram. Under stationary conditions (1.2) reduces to 
ni](Ni — Mi) = (Beit + aN) /(BioP + cic c). (2.1) 


If ayNy/Bean and aicN¢/Bivp <1 (low temperatures), (2.1) may be 
written as 


mil(Ni — mi) = Bein [Pin (2.2) 

If we define two quantities B; and By; such that 
By = In (Biv/Bic), (2.3) 
Bz = In (n/P), (2.4) 


we can write equation (2.2) in a form 
ni] (Ni = Ni) => exp[— (By = Byyol, (2.9) 


that is similar to the expression for thermal equilibrium in the 
absence of illumination 


m|(Ni — m4) = exp[— (Ei — Ep)/AT). (2.6) 


The index O in (Bj; — By)o of (2.5) refers to T = O°K. In what 
we call an E-B diagram with the two axes (E — Ep)/kT and 
(B — Bj), every discrete electron level 7 is represented by a point 
of which the (E; — Ep)/kT ordinate is a measure by (2.6) for the 
electron occupation in thermal equilibrium and of which the 
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(B; — Bz) ordinate is a measure for the stationary electron occu- 
pation under illumination. 

At higher. temperatures (2.5) is no longer correct. Formally 
there exists a number on the (B — B,)-axis that in (2.5) gives 
the correct answer. This number is indicated by the symbol 

(B; — Bz)r and can be found from the formal expression 


ni|(N; — m) = exp[— (Bi — Ba)r] ek) 
and equation (2.1). We find 
(B; se By)r —= (By ae By)o LS In (1 + ay »/ Bein) /(1 as acl ¢/Bivp). (2.8) 


In our E-B diagram we distinguish with the aid of (2.8) three 
regions 
1) Both a»~Ny/Ben and acNe/Piv~hb <1 and therefore 


This region of the E—B diagram we call the B-region ; only recombina- 
tion processes occur here. The concentration ; depends on the 
quantity B; and the quotient n/p. 

2) ayNy/Bain <1 <aieNe/Biyp and therefore 


(By — By)n ~ (Ei — Ep)/kT — In (n)n,). (2.10) 


nm, is the concentration of free electrons in thermal equilibrium. 
This region of the E-B diagram we call the «,-vegion; the con- 
centration ; depends on E£;, the temperature T and the concen- 
tration of free electrons n. 

3) aie ¢/Bivh <1 <ayNy/Bean and therefore 


(By —= By)r = (Ey = Ep)/kT — In (p/py)- (a 1) 


p,. is the concentration of free holes in thermal equilibrium. This 
region of the E—B diagram we call the «»-region; the concentration 
n;, depends on Ej, the temperature T and the concentration of free 
holes #. 

The case 1 <ayNy/Ben and 1 <ajeN¢/Bivp is physically 
non-existent. 

The statistical consideration of Rose 4) and of Broser-War- 
minsky ®) apply only to discrete electron levels that are repre- 
sented in the ay- or «p-region of the E-B diagram; for a level 7 
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in the a»-region 
ni](Ni — 1) ~ Bein/aieNe = (n/Ne) expl[(2,e — Ey)/kT]. (2.12) 
The three regions in the E—B diagram are separated by two straight 
lines in the direction + 1. The borderline between the w,»- and 
B-region is the line Ly. For the points of this line we have 
nicl ¢ — Bird, 
(B — By) = (E — Ep)/kT — In (n/n,). (2513) 
Similarly the equation for line Ly between the a - and f-region is 
(B — By) = (E — Ep)|AT + In (6/,). (2.14) 


From (2.10) and (2.13) it follows that every point in the a»- 
region with the same (E; — Ep)/kT value has the same (B; — By)r 
value and therefore the same electron occupation as the point 
on line Ly; the same applies to the «p-region. From this follows the 
construction of (6 — B,)r as indicated in fig. 2. 
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Fig. 2. E-B diagram. To the left of Ly lies the an-region, between Ly, and 

L, the f-region and to the right of Ly the «p-region. The two shaded parts 

are the inversion-regions. The constructions of the point (B; — By)r on 
the (B — B,)-axis is indicated by arrows. 


§ 3. Illumination- and temperature dependence of nj. We assume 
as a first approximation that Ey does not change with temperature 
and that p/n is constant for different intensities of illuminations. 
The values — In (n/n,) and In (p/f,), where Ly and Ly» cross the 
(B — By) axis, indicate the extension of the f-region. This region 
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expands with increasing light intensity and contracts for higher 
temperatures. From (2.12) it follows for points in the «»-region 
that 

(B; — Ba)n ~~ — (Ec — Ex)/kT + In (N-/n), (3.1) 


and similarly for points in the «,-region that 
(B, — Bg)r = (Ei — Ev)/kT + In (f/N>). (3.2) 


These two equations give the electron concentration in the corre- 
sponding levels as a function of temperature T and illumination- 
intensity (via 1 or #). The regions of the E-B diagram where the 
electron occupation after illumination changes from nearly filled 
to nearly empty or vice versa we call the inversion regions. At O°K 
the whole quadrants II and IV are inversion regions. At increasing 
temperature these inversion regions become smaller, the ordinates 
(E; — Ep)/kT of the points also becoming smaller. A point leaves 
the inversion region and the electron occupation of the corresponding 
level changes strongly as soon as 


(B; = By)r TAO: (3.3) 


At still higher temperature this expression changes in sign. This 
temperature depends on the intensity of illumination (via ” or #) 
and follows with (3.3) from (3.1) and (3.2): 


(Eo — E;)/kT =~ 1n (N-/n) (3.4) 
and 
(E; — Ey)/kT = In (N>/D). (3.5) 


§ 4. Classification of photoconductors. We believe that the E-B 
diagram is suitable for the classification of photoconductors and of 
different types of photoconductive behaviour. As examples we 
briefly mention three cases: 

1) the points lie somewhere along the line through the origin 
in the direction + 1; 

2) the points lie somewhere along the line through the origin 
in the direction — 1; 

3) all the points lie in the f-region and remain there. We dealt 
already with the first case; the different »; do not change, no 
redistribution of electrons occurs, and photoconductivity is described 
by (1.6). In the second case a strong redistribution occurs. All the 
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electron processes which are associated with this redistribution 
are slow. The temperature dependence of this redistribution is 
given by (3.4) and (3.5). A more than linear increase of is associated 
with the fact that the number of points in the f-region is a function 
of light intensity. 

We will show that an increase more strong than linear is not 
possible in the third case. The stationary equations are now 


ni|(Ni — ni) = Bein/Bivd, (4.1) 

1S Sold ; (4.2) 
X Bei(Ni — mi) 

(it hie Doma LE (4.3) 


respectively derived from (1.2), (1.3) and (1.5) for a = 0. Substi- 
tution of (4.1) into (4.2) and (3.4) gives the two equations 


us Jo/d 
7" p> BeiNi/(1 + Bein/BivP) 


n (4.4) 


and 


Na — X Ni/(1 + Bib /Bein) 


(4.5) 


1 — p/n 


fn) 


Fig. 3. Diagram of the equations (4.4) and (4.5) for two different values of Jo. 


These two expressions for » are represented in fig. 3 as a function 
of p/n for two different values of Jo. With the help of fig. 3 we see 
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that only the minorities can increase in a more than linear way 
in contrast to the majority carriers. 


Thanks are due to prof: dr. M. J. Druyvesteijn of the Techno- 
logical University Delft, for many helpful discussions. Acknowledg- 
ment is also due to the chairman of the National Defence Research 
Council T.N.O., for permission to publish this paper. 
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MEASUREMENTS ON HALOGEN-QUENCHED 
COUNTERS 


by DeEROLE'CROISSETTE:*) 


Electrical Engineering Department, Drexel Institute of Technology, 
Philadelphia, Pa., U.S.A. 


Summary 


Measurements have been made of the gas amplification factor ot a cylindri- 
cal counter filled with neon-bromine and argon-bromine mixtures. Information 
has been obtained as to the mechanism of gas multiplication when the gas 
amplification is less than 100. The transit time of electrons across a tube of 
average dimensions operated in the proportional region was found to be less 
then 0.2 microseconds. The duration and the mechanism of the discharge 
build-up was found to change with the amount of bromine present in the 
counter. 


§ 1. Introduction. A study of the discharge mechanism of G.M. 
counters involves a knowledge of the basic gas discharge phenomena 
which contribute secondary electrons to the initial avalanches. By 
observations of the pulses upon the passage of ionizing particles 
Colli and Facchini!) have indicated the elementary processes 
acting in counters filled with very pure argon and argon mixed with 
a small proportion of carbon dioxide. They were able to deduce the 
nature of the secondary mechanism acting in the proportional region 
and have made a great contribution to the understanding of these 
counters. In halogen-quenched counters the proportional region is 
only of small extent, but similar measurements of the gas amplifi- 
cation and observations of the discharge build-up time allow deduc- 
tions of the fundamental discharge process to be made. 


§ 2. Apparatus. As with previous measurements, observations 
have been made on the pulse which was produced when ionizing 


*) This work was performed at the Physics Department, Southampton University 
England. 
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particles were passed through the counter. The apparatus which 
was used in the production of the initial ionization has been previ- 
ously described?). It produced a pulse of electrons of energy about 
40 keV by sweeping a focussed electron beam across a small mica- 
covered aperture in the end face of a demountable evacuated tube. 
The system was arranged so that the electron beam was deflected in 
unison with the spot on the cathode ray tube of an oscillograph. 
Exact synchronisation between the time-base sweep and the pulse 
can be achieved and, since the pulse occurred after the time-base 
had been initiated, both the ionizing pulse and the pulse collected 
from the anode wire of the counter could be viewed at the same 
time on the same time-base sweep. 


-Ring 
Collecting 
| 
eee tHOae EVACUATED 
GAS FILLED ELECTRON 
CONTAINER TUBE 
I Electron 


¢—— 


Beam 
Metal disc 
Thin 
Mica 


Fig. 1. Exploded view of the seal between the electron tube and the gas-filled 
container. 


Cathode 


Ionization of the gas in the counter took place close to the cathode 
as shown in fig. 1. In this apparatus the cathode diameter was 1.95 
cm and provision was made for varying the diameter of the anode 
wire. The counter and container were machined from stainless steel 
and all the insulators inside the container were made of pyrex glass. 
The counter was filled with mixtures of argon, neon and bromide 
from a conventional filling system 3). 

The collecting electrode shown in fig. 1 intercepted a small 
proportion of the electron pulse and produced an indication on the 
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oscillograph screen at the time of the initial ionization. The charge 
in each pulse was made small to reduce the effects of space charge 
in the counter. When the counter was operated as an ionization 
chamber the charge collected by the anode wire was about 10-13 
coulomb. The charge intercepted by the collecting electrode was 
of about the same value. 

The oscillograph amplification was augmented by a pre-amplifier 
and the total gain of the system was 104 x with a rise time of 
less than 0.07 microseconds. The input stage of the pre-amplifier 
was a cathode follower of low input capacitance and the time con- 
stants throughout the system were made less than the rise time of 
the ionizing electron pulse. Thus the profile of the pulse from the 
collecting electrode as displayed on the oscillograph was a true 
representation of the ionizing pulse of electrons. Furthermore, the 
structure of the leading edge of the pulse collected from the anode 
wire gave an indication of the time of build-up of the discharge and 
the onset of delayed production of secondary electrons. By switching 
in additional capacitors in the cathode follower input stage of the 
pre-amplifier, the time constant of the circuit could be increased 
to be above the time of observation of one time base sweep (1 to 10 
microseconds). The heights of the pulse collected from the anode 
wire under these conditions was proportional to the total number 
of ion pairs produced in the counter. 

Operation of the counter was confined to the ionization and 
proportional regions. Bromine is very electronegative and negative 
ion formation is likely to occur when the field across the counter 
is small. However, in all the measurements reported here, saturation 
in the ionization region was achieved and the resulting output 
pulse from the anode wire was used as a measure of the initial 
ionization in the gas. The extra ionization occurring in the pro- 
portional region caused a proportionate increase in the height of 
the pulse recorded from the anode wire and the gas amplification 
factor is equal to the ratio of the heights of the pulses in pro- 
portional and the ionization chamber regions. 


§ 3. Measurements. The gas amplification factor was measured 
as a function of the voltage applied to the counter for gas filling 
mixtures of neon-bromine and argon-bromine. Fig. 2 and 3 show 
some measured curves for the above mixtures together with the | 
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calculated values of M for the rare gases alone. All the measurements 
were limited to the range where the gas amplification was below 
100 so that the processes active in the initial discharge could be 
studied. 

Neon-bromine mixtures. The metastable potentials of neon 
(16.53 and 16.62 V) are above the ionization potential of bromine 
and a metastable neon atom has a high probability of ionizing a 
bromine molecule. Consequently, ionization of the gas by this 
mechanism is likely to take place at a lower value of the electric 
field E than that required for direct ionization by collision. 

Druyvesteyn and Penning “) have given curves of the varia- 
tion in 7 (ionization produced by one electron in one cm in unit 
field) as the reduced electric field E/p is varied. The ionizing power 
of the electron may be calculated for any point in the counter by 
finding the value of 7 for the appropriate field. A curve of 7E 
(Townsend’s first coefficient «) may then be plotted against the 
radius 7. 

The gas amplification factor is given by 


M = exp/rE dr, 
b 


where a and 0 are the anode and cathode radii respectively and may 
be found by measuring the area under the curve of the above graph. 
This calculation assumes that the velocity of an electron is determin- 
ed by the value of the electric field at that point. Close to the anode 
wire the electric field is varying so rapidly that the electron velocity 
does not reach the terminal value appropriate to the value of the 
field. The calculated value of the gas amplification factor may be 
as much as 10% high because of this effect. 

The gas amplification factor has been calculated for pure neon, 
plus 0.1% argon and neon plus 6% argon as shown in fig. 2. In the 
case of the gas mixtures, allowance has been taken of the effect on 
the value of 7 of ionizing collisions of the second kind between 
metastable neon atoms and argon atoms as given by Druyvesteyn 
and Penning. Fig. 2 shows that neon plus 0.16% bromine is 
approximately equivalent to neon plus 6% argon. 

Argon-bromine mixtures. The values of the gas amplifi- 
cation factor for pure argon have also been calculated from the 
figures given by Druyvesteyn and Penning 4). The calculated 
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values are plotted in fig. 3 together with the measured values for 
argon plus various amounts of bromine. The gas amplification for 
the mixtures is considerably higher than for pure argon, indicating 
that the ionization potential of bromine is less than the metastable 
potentials of argon 5) and that ionizing collisions of the second 
kind are contributing electrons to the discharge. 
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Fig. 2. Measured and calculated curves of gas amplification factor vs 
applied voltage for neon-bromine mixtures. 


For mixtures of argon and bromine, the graph of gas amplification 
factor departs from a smooth curve at a certain critical value which 
depends on the amount of bromine present. At this voltage, the 
time of build-up of the discharge starts to increase. It is believed 
that resonance radiation in the gas mixture is responsible for the 
additional production of electrons and this phenomena is discussed 
later. . 

Discharge build-up times. Below the critical value of gas 
amplification factor, where the curve departs from its smooth form, 
the time taken for the discharge to develop was measured to be 
less than 0.2 microseconds for both neon-bromine and argon- 
bromine mixtures containing more than 0.08 mm Hg of bromine. 
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As the gas amplification factor was increased above this critical 
value, the discharge build-up time increased to about 0.5 micro- 
seconds. 

Transit times. Throughout the whole of the measurements, 
employing a counter of diameter 1.95 cm and an anode wire of 1.0mm 
diameter, the time of transit of the electrons across the counter 
in the proportional region was less than the resolving time of the 
apparatus (0.2 microseconds). The total pressure of neon-bromine 
or argon-bromine gas mixtures was either 50 or 100mm Hg 
throughout the experiments. 
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Fig. 3. Measured and calculated curves of gas amplification factor vs applied 
voltage for argon-bromine mixtures. 


§ 4. Discussion. a) Gas amplification factor low. The 
onset of the proportional region in neon-bromine and argon-bromine 
mixtures is the result of the production of electrons in the gas by 
collisions of the second kind between metastable rare gas atoms 
and bromine molecules. Since the time taken for the discharge to 
develop is less than 0.2 microseconds, the collision cross-section 
of bromine for this process must be considerably higher than that 
indicated by a previous measurement 3). A recalculation of the data 
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given in%) has shown that the cross-section of bromine for the 
destruction of the neon metastable state with ionization of the 
bromine molecule is at least twenty times that of argon. 

6) Gas amplification factor high. When the graph of gas 
amplification factor against applied voltage departs from the smooth 
curve at a critical value, another mechanism is creating ion pairs 
in the gas mixture. It is considered that collisions of the second 
kind are occurring between argon atoms which have been excited 
by resonance radiation and molecules of bromine, resulting in the 
ionization of the latter. Colli and Facchini1) have shown that 
photons of resonance radiation are emitted by argon atoms which 
have been excited in a discharge. Emitted photons which have an 
energy of 11.62 or 11.82eV are capable of exciting other argon 
atoms in the gas. These newly excited atoms, in turn, will emit pho- 
tons of the same energy after remaining in an excited state for about 
10-8 seconds and the process will continue. In very pure argon 
the radiation will be absorbed and re-emitted many hundred 
times, giving a time delay of a few microseconds between the 
initial avalanche and the production of an electron when the 
photon reaches the cathode surface. 

In argon-bromine mixtures, resonance radiation is unlikely to 
reach the cathode. The cross-section of the bromine molecule for 
de-excitation of a metastable or excited argon atom is sufficiently 
great (greater than 10-16 cm?) that only a few atoms take part in 
the chain of reasonance chain in the gas mixtures used here before 
a bromine molecule is finally ionized. Thus new avalanches will 
be formed about 10-7 seconds after the initial electrons reach the 
high field region near the anode. 

It is considered that the spreading of the discharge down the 
counter wire in the proportional region is a result of the above 
mechanism. Each secondary avalanche will introduce a time delay 
of about 10-7 seconds making the total time for the discharge spread 
considerably longer than for argon-alcohol counters. 

An increase in the proportion of bromine in an argon-bromine 
counter has three effects: 

1. The mean agitation energy of the electrons will be reduced. 

2. Metastable and excited atoms of argon will be de-excited 
more rapidly in the gas mixture. 

3. Photons which are produced in the discharge upon the de- 
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excitation of the rare gas atoms will be absorbed in a shorter 
distance. 

All three factors have the effect of decreasing the number of 
electrons produced’ by secondary processes but a full analysis is 
not possible since the cross-sections for the various processes are 
not known with sufficient accuracy. 

Applications to halogen-quenched counters 

1. Transit time of an electron across a tube of normal dimensions 
operating above the ionization chamber region is less than 0.2 
microseconds. 

2. The avalanche which is produced when the tube is operated 
with a gas amplification factor of less than 10 has a build-up time 
of less than 0.2 microseconds. 

3. When the gas amplification is above 10, the additional 
electrons are produced as a result of resonance radiation. A photon 
produced in the discharge excites a chain of rare gas atoms untill 
de-excitation of one of these atoms takes place with consequent 
ionization of a bromine molecule. This is a process involving time 
delays of between 0.1 and 1.0 microseconds and _ is responsible for 
the long build-up time of the discharge. 


Received 7th February, 1959. 
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SCATTERING OF A PLANE MONOCHROMATIC 
WAVE BY A SYSTEM OF STRIPS 


by K. SHERMARK 


Physics Department, Technical University of Denmark, Copenhagen, Denmark. 


Summary 


The diffraction of a plane wave by a general system of strips is treated by 
means of separation of variables. A new addition theorem for Mathieu 
functions is used to satisfy the boundary conditions on the strips. Numerical 
calculations are performed for the case of two strips lying in the same plane, 
the boundary conditions being grad, y = 0, while the angle of incidence of 
the plane wave is arbitrary. The transmission coefficient for a system of 
two slits in a plane, perfectly conducting screen is calculated for a range of 
values of the parameters. An approximate expression relating the trans- 
mission coefficient for the system of two slits to the transmission coefficient 
for a system of a single slit is given. As the distance between the two slits is 
increased, the transmission coefficient for the system of two slits very rapidly 
becomes nearly identical with the transmission coefficient for a single slit. 


§ 1. Introduction. The theory of the diffraction of plane, mono- 
chromatic waves by obstacles of different kinds has in the later 
years been the subject of numerous papers, and many elegant 
mathematical methods have been taken into use !). Among these 
we may mention the differential-integral equations of Bouwkamp?), 
the Wiener-Hopf technique as used for instance by Baldwin and 
Heins 8), the Fourier-method used by H6n1] 4) and the variational 
principles of Schwinger 5). The more straightforward technique 
of separation of variables is often discarded as being too tedious 
and unsuited to the handling of scattering of waves by obstacles 
of a complicated geometrical shape. However, it seems that also 
the more refined mathematical methods of attack are well-suited 
only in the case of simple geometrical shapes of the scattering 
objects (e.g. the two-dimensional problem of the diffraction of 
a plane wave by an infinitely long slit in a thin, plane screen or by 
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an infinite, periodic array of such slits). Furthermore, in case the 
variational principles are used, it may be difficult to estimate the 
degree of accuracy obtained. 

In this paper we will treat the two-dimensional scattering of a 
plane monochromatic wave by a system of strips using the technique 
of separation of variables. In the derivation of the equations we 
will restrict ourselves to the consideration of only two strips, the 
configuration of which will be almost arbitrary. We assume that 
their axes are parallel and that the strips do not overlap in a sense 
to be specified in § 2. The treatment may readily (at least formally) 
be extended to three or more strips. 


§ 2. Formulation of the problem. We consider two strips A and B 
of infinite length with their axes parallel to the z-axis and make the 
non-essential assumption that they are of equal width 2b. The one, 
A, will be placed in the x —z plane extending from x = — 3d to 
x = +0. The other, B, will be placed with its axis at the point 
with the polar coordinates (/, w) (see fig. 1) and the angle between 
the two strips will be called ¢. We further assume that the strips 
do not overlap in the sense that a circle with centre at one strip- 
axis and radius 6 will not cut the other strip. 


=---—---- ~< 


Fig. 1. The geometrical arrangement of the strips A and B, 
k is the wave vector of the incoming plane wave. 


Suppressing the time factor exp(—iwt), the incoming plane 
monochromatic wave will be taken as 


yi = exp ik(x cosv + ysinv), k = 2n/A. (1) 


Here the wave-vector k lies in the x—y plane and nae an. arbi- 
trary angle v with the x-axis. 
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The problem to be discussed can now be formulated in the follow- 
ing way. We look for a solution 
Y= pit vs, (2) 


consisting of a sum of the incoming plane wave and a scattered 
wave ys, to the Helmholtz equation 


Ay + ky = 0 (3) 


and require that it satisfies Sommerfeld’s radiation condition 


etkr 
os ls eae (4) 


together with some boundary conditions on the strips. In the 
following, the last named conditions will be that the normal 
gradient of y shall vanish on both the strips: 


grad, y = 0 on AandB. (5) 


We might of course have chosen other boundary conditions on A 
and B, as for instance y = 0 on A and B or wy = 0 on A and grad, 
y = 0 on B, but, as the calculations will be almost identical, we 
will consider only the boundary conditions (5). The equations 
(1) through (5) define the problem uniquely. 


§ 3. Calculation of the scattered wave. The problem formulated 
in § 2 is not directly separable in any coordinate system. However, 
it is well-known (e.g. Eyges®)) that a modified separation technique 
may be brought into use. This will lead to an infinite system of 
linear equations for the determination of certain expansion coef- 
ficients. Convergence provided, this infinite system of equations, 
and thereby the diffraction problem, may be solved. The procedure 
will be as follows. 

In the case strip A is present alone, it is well-known that the 
diffraction problem is separable in elliptical cylinder coordinates 
defined by 

x = bcoshucose«, y = bsinh w sin a. (6) 


Using the notation of 7)8) the solution to the wave equation with 
boundary conditions (4), (5) is in this case given by 


pouty, a) 
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Y= / 8x os KemSem(s,«) J em(S,!4) + 1/82 KomS0m(S,«) J Om(S,4), (7b) 


m=0 m=1 


es Kom : 
y = — /8s — —.— + S0m(s,0)Hom(s,u), (7c) 
m=] 1 + ifojm 
with 
. d€m(S,2) . S0m(S, v) 
Kea eet WHEL ai ay On ny M,,o _ (8) 


The parameter s is defined by s = (kb)? and the functions Sem(s, «), 
Som(s, «) are, respectively, the periodic even and odd Mathieu- 
functions, while Jém(s, “), Jom(s,u) and Hom(s,u) are corresponding 
solutions to the modified Mathieu differential equation. Hom(s, 1) 
behaves asymptotically like (1/4/Ar) exp [kr — }a(m + 4$)] and 
will thus secure the fulfillment of the radiation condition (4). 
Further the normalization factors Mm’ and M,,° are defined 
Qn 


Mw? == f (Sem)? da 
0 


and the analogous expression for M»°. Finally (1 + 7fo,m) is the 
ratio between the derivatives with respect to uw of Hom and Jom, 
evaluated for ~ = 0. The quantities /o,m are tabulated in 14). 

When both strip A and strip B are present, we introduce a further 
Cartesian coordinate system x’, y’, 2’ with the z’-axis parallel to the 
z-axis and let the x’ — 2’ plane coincide with the plane of strip B 
(see fig. 1). In terms of x’, y’ we may define a new elliptical cylinder 
coordinate system by the equations: 


x’ = bcosh pcos f, y’ = b sinh p sin £. (9) 
We now assume that (2) may be written in the form 


y=ywt va + ve, (10) 


where y; is given by (1) and where py, and pg, are given by the 
following expressions: 


ya = 82 ¥ AmSOm(s, «)Hom,(s,u), (11a) 
m=1 


wB = 1/8 ¥ BnSon(s b)Hom/(s, p). (11d) 
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In these expressions only the odd Mathieu functions appear. The 
correctness of this assumption will be shown in the following. 
Further A», and Bm are expansion coefficients to be determined 
by the boundary conditions (5). These now read 


grad, (yi + ya + ys) = 0 on A and B. (12) 


However, by means of an addition theorem for the Mathieu- 
functions ®) it is possible to express the function p4 on B in terms 
of the coordinates f, p, and the function wp on A in terms of the 
coordinates «, 4. Denoting the functions produced in this way by 
ya.p and wg_.a4, respectively, (12) becomes 


Ou (yi + ya + yaa) = 0 for w= 0, 
| (13) 


rs) 
apt ANP Bones Biv o: 


Here we have supposed y; to be expanded in the elliptical cylinder 
coordinate systems (6) and (9), respectively. 

As shown in the appendix, the addition theorem to be used 
states 


SOm(s,8)Hom(s, p) = 


= DT -n-a $04(8, 2) Foals) +B Pm, ta Seals, 9) Foals) (140) 


q=1 


SOm(S, «)H0m/(s, “) = 
== HIG Soq(s, B) Joq(s, p) + ET m.+4 Seq(s, B) Jeq(s, p). (146) 
qf q= 


The first of these expressions will be valid inside a circle with radius 
l and centre at x = y = O, but outside a circle with centre at x’ = 
= y’ = Oand radius 6, while the region of validity of (140) is given 
by interchanging the two circles. Explicit expressions for the 
coefficients /’ and I” are given in the appendix. They depend on s 
and the geometrical arrangement of the strips. 

The correctness of the expressions (11) now follows from the 
boundary conditions (13) and the fact that the derivative of the 
function Jeém(s, ~) (appearing in (7b), (14a, 6) and the analogous 
expressions for the even Mathieu functions) is zero for ~=0. In 
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case the boundary conditions had been y = 0 on A and B, the odd 
Mathieu functions should have been replaced by the even Mathieu 
functions. For the mixed boundary conditions, y = 0 on A and 
erad, y = 0 on B both types of Mathieu functions will appear in (11). 

We now use the expansion of the plane wave (1) in the two 
elliptical cylinder coordinate systems, viz. (7b) and the analogous 
expansion in the other coordinate system together with (11) and 
(14). In view of the definition of (1 + 7fo,m) given in connection 
with (7) we get from (13) 


co 


[Kog + Ag(! + tfo,q) +X Br lm,—a)50a\s; a) J0q'(s, 0) =9, 
=1 m= 


qd 


a = (15) 
% Kog®+ Ball 40,9) 2 Amd” —m,—a)50als; B) oq (s, 0) = 0. 
q= m= 


Here Kog® denotes the ‘“‘odd” expansion coefficients in the ex- 
pansion of (1) in the coordinate system (9). They are connected 
with Kog by the relation 

Kog® = Kog¢(s, v — t) exp[tkl cos (u — v)]. (16) 


As (15) is to be satisfied identically in « and #, the following 
equations result: 


Piel Kog(si2 
Ag+ & Bny-m,-q = — als “a 
m=1 1 + tfo,q (17) 
se ; Kog(s,v — 2) Fe 
Bot 1 Amy’-n,-¢ = — ——>— exp [shI cos (4 —2)] g=1,2, ... 
m=1 1 tfo.g 
where we have put 
Paina _ 


Slay, 3 = Y-m,—4a (18) 
and analogously for y’—m,—g. 

If (17) has a unique solution for Ag and Bg, we may, by insertion 
of this solution into (11), find y4 and pg and therefore also Ws, and 
the diffraction problem is formally solved. It is of course difficult 
to show rigorously that (17) has a unique solution and we shall not 
attempt to do so. It is, however, immediately clear that in the 
limit / + co equation (17) will give the usual expressions for the 
expansion coefficients in the expansion of the wave scattered by two 
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isolated strips (see (7c)). This follows because Y—m,-q and ’_m,—¢ Zo 
to zero for / + oo. 

For the other boundary conditions mentioned earlier in this paper 
one may derive equations of the same general type as (17). These 
equations will involve also Keg and all of the Pxn,4¢, but present 
no other new features. 


§4. A special system of strips. The equations (17) simplify 
considerably if the two strips are placed in the same plane. In the 
following we will therefore consider the geometrical arrangement 
shown in fig. 2. With this arrangement of the strips it follows from 


he 


4 
| 
{ 
i 
| 
| 
| 
| 
| 
! 
| 
| 
! 


Fig. 2. Arrangement of strips A and B in the same plane. 


the expressions for /’and J” given in the appendix that the following 
relation is valid: 
Dim,-q = (—1)™*41" sin, -a (19) 


and, furthermore, the angle ¢ is zero. For the incoming wave we will 
still use the expression (1); but now the origin of the x — y coor- 
dinate system will be placed midway between the two strip axes. 
Equations (17) therefore become 


Kog(s, v) —hikleosv 


SB Sime Se 2 
Hi ate year 1 + tfo,q (20) 


as BOs v) et tikloosv q= ae 

1 + tfo,q 
A further simplification results if we consider the special case of 
normal incidence, i.e. v = 4a. In this case, the scattered wave is 


symmetric about the y-axis. However, this does not imply that 
Am = Bm, but only 


Bg + YAm(—1)™*4y-0,-¢ = 
m=1 


Anzai Glee (21) 
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This follows from the symmetry properties of the Mathieu functions 
together with the fact (see (6) and (9)) that both of the coordinate 
lines « = 0 and f = 0 point in the positive direction of the x-axis. 
For v = 4a the right hand sides of (20) are identical and different 
from zero only if g is an odd integer. This implies that (20) for 
v = 40 is invariant against Am @ (—1)™*1B,, in accordance with 
(21). For normal incidence the equations (20) may therefore be 
written in the form 
Ko¢(s, 2/2) 


_ PT ae Ries ERE ee Ns 
oma + ( ) yv—m,—q|Am pues q (22) 


Joge ee (— 1)m+1A m. 


Here the calculation of ys accordingly simplifies considerably. 

As mentioned in § 3, a rigorous verification of the convergence 
of the whole scheme is very difficult. With the special configuration 
of the strips considered in this section, however, a possibility for 
a practical check of the method turns up. In the limit / ~ 20, the 
wave ws calculated by means of (20) and (11) should approach the 
scattered wave calculated for a single strip of width 4b, and the 
same will be true for quantities like the total cross-section, etc. 
However, the fundamental point in the derivation of the equations 
mentioned above was the existence of the addition theorem given 
in the appendix, and this theorem is not valid for / = 26, but only 
for 1 > 2b. It may therefore happen that the convergence will fail 
for / = 2b and be rather slow for values of / immediately above 20. 
Actually, numerical calculations seem to show that the calculated 
wave ws does approach the scattered wave calculated for a single 
strip of width 4b as / > 2b. At the same time, an interesting difference 
between the case of the boundary condition (5), treated here, and 
the case of the boundary condition y = 0 on A and B appears. The 
latter case has been treated by E. B. Hansen!®), If the boundary 
conditions are given by (5), the interaction between the strips 
vanishes much more rapidly with increasing values of J than if 
the boundary conditions are y = 0 on A and B. We shall return to 
this in connection with the numerical calculations. 


§5. Approximate solution of (20). As mentioned in the preceding 
paragraph the interaction between the two strips will vanish, 
rapidly with increasing /. Further it is known that for the wave y’, 
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(7c), scattered by a single strip, it is a good approximation (at least 
with regard to the calculation of the total scattering cross-section) 
to neglect values of m greater than 1 when the parameter s — (kb)? 
is smaller than 4-5. We may therefore reasonably expect that, for 
values of s below this limit and for values of / somewhat larger than 
2b, the scattered wave ys = wa + pg may be rather well approxi- 
mated by retaining only A, and B, in (11) and (20). For A; and B, 
one then gets 


Ay=— ee Peg cose = yei 3 eee) Koi (s, v) 
beac: 1 = tfo1” 
a! ; (23) 
By L [—y A Le tkloosy ae et tklcos oy Koi(s, v) 
= 2 ms 


1+ toa | 
Here, for sufficiently large values of /, we may further neglect y2_1,-4. 


In this approximation one can get a rather simple expression for 
y-i,_1. As shown in the appendix, J_1,-1 is given by the expression 


l ay pe vee 


Pai >, Cott ae Fos (Rl) = & ap(s) ae (Rl). (24) 
p=0 


N,p=+co 


Using the asymptotic expression 


eae 
HY, (Rl) ~ = exp 1[kl — in (b —n + 3)] 
ane kl 


for the Hankel functions in the first of the expressions (24), together 
with the fact that both and # are odd integers and the property 
C5, = — C_j,, of the Fourier coefficients of the Mathieu functions 
(see appendix), one gets [1,1 = 0. However, using the Stokes 
type asymptotic expansions of the Hankel functions 1) 


HG) (et) ~ |) 4 (U — iV) exp i{kt — dal2p + 4) 
U = 1— f(a), 
1 — 4-(2p)2 
8 kl 
one gets from the second expression in (24) the following result for 
Heat 


Vie — O[(Al)~?], 


(25) 
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with « given by 
? co 


«= K(9) = 3B (— DP halo) (26) 
eee 
Finally y-1,-1 is by (18) 
y eikl 
oy bre 27 
PHA GE MAN re fhe 


For the special case of normal incidence, v = $m, (23) becomes 
(y?-1,-1 * 0) 
Kox(s, v) 
Ay = bys ; l J=1,- (28) 
1 + tfo,1 


with y_1,-1 given by (27). 

It is interesting to notice that essentially the same approximate 
solution to (20) may be obtained in another way. This may be 
seen as follows. In (11) we retain again only A; and 51; but instead 
of using the addition theorem, we replace the Hankel-like function 
Ho, by its asymptotic expression and evaluate ya together with 
épa/ey at the axis of strip B. In the same way, we evaluate wg 
‘together with @yp/oy’ at the axis of strip A. The boundary condition 
(5) may now be satisfied at the two strip axes only, yielding two 
equations for the determination of A; and B,. The solutions of 
these equations are again given by (23) if we here neglect y?_1 -1 
and replace y_1,-1 by 


> al ure etkl 
Bas Pore «cy pm shia (Il -4- 3 k= (29) 
with 
» 2 1 Be 
tore a/x Dox(s, 1). ’ (50) 


where Doj(s, 1) is the first Fourier coefficient of Soi(s, «) as tabulated 
in 14). The numerical value of «’ will, of course, differ slightly from 
that of «. In deriving these formulae we have used well-known 
relations between the functions Som(s,«) and Jom(s, u) (see for 
instance *),13)), 

In spite of the many approximations made, numerical calculations 
given in the following paragraphs show a rather good agreement 
with more exact calculations. 
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§ 6. Calculation of transmission coefficients. By means of the 
expressions derived in the preceding paragraphs it is now possible 
to calculate various quantities of interest in connection with the 
diffraction problem. We again restrict ourselves to a consideration 
of the simple geometrical arrangement shown in fig. 2. 

The incoming plane wave (1) may be regarded either as an acou- 
stical wave or an electromagnetic wave. In the first case p is to be 
interpreted as the velocity potential and the strips are supposed 
to be absolutely rigid. In the second case y is to be interpreted as 
H;, while the E-vector is polarized perpendicular to the z-axis and 
the strips are supposed to be perfectly conducting. However, using 
Babinet’s principle, we may also interpret the diffraction problem 
as the diffraction of a plane monochromatic electromagnetic wave, 
polarized along the z-axis, through two infinitely long slits, congruent 
with the strips used hitherto, in a plane thin perfectly conducting 
screen occupying the x — z plane. In this case —y; is to be inter- 
preted as E%, in the region y > O. In the rest of this paper, we will 
adopt the latter point of view and calculate the transmission 
coefficient as a function of the various parameters kb, kl, and v. 
In a later paper12) we wiil adopt the acoustical interpretation and 
calculate the forces and torques acting on the system and its 
separate parts. 

The quantity we want to calculate in this paragraph is the 
transmission coefficient T per unit length in the z-direction, defined 


by 


Ps + fino, v)|2 dd. (31) 
0 


Here o = 46 is the total width of the two slits, while /(#,v) is the 
amplitude of the scattered wave ys in the far field region: 


eikr 

ae 
y and #@ are the polar coordinates in a coordinate system with the 
x-axis as the polar axis and x = y = 0 as origin. However, using 
the connection T = Q/o between the total transmission cross- 


section and the transmission coefficient on the one hand, and the 
well-known relation!)15) between the total cross-section and the 


(32) 


ps(v > 00) = (8, 2) 
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amplitude of the scattered wave in the forward direction } = v on 
the other hand, we get 


Reta = Re [e!* (v,v)]. (33) 


Here the minus sign appears on account of the use of Babinet’s 
principle. 

The amplitude /(#, v) of the scattered wave in the far field region 
may be found from (11) by insertion of the asymptotic expression 
for Hom(s, u). This gives the following expression: 


{(8, v») = 


8 co 
== 7 6 thy: — i)™Som(s, 0) (Am Siraotecadis = Sig 2 eee (34) 


where we have put a = 3/. The dependence of /(#, v) on v enters 
through the coefficients Am and By. Equation (33) then gives the 
following transmission coefficient: 


T= —% 5 (—1)mSom(s, 2) Re [im(Am e™2" + By e- H#°)), (35) 
=i 


For normal incidence of the plane wave, v = 42, (35) simplifies 
greatly. Firstly, for v4 only odd values of m will contribute 
to (35) as Soa¢(s, $x) = 0. Secondly, from (22) and (8) we get 


Koeg 1\S, 57 
Aom+1 = — Bom+i = ae > E2m+1, 2q+1 Sick se EA ck , (36) 
g=0 1 + tfo,2q+1 
where the ¢m41,2¢+1 are determined as the elements of the reciprocal 
of the coefficient matrix in (22). Introducing (36) together with the 


explicit expression (8) for Kogq+1(s, $2) in (35) then gives 


T(v==) = 


_ 2 s (—1)m+a Sooem+1(S, 2) So2q+1(S, $2) Pe eS 
ROm=0 M 2q+1 -1 + tfo,2q+1 


q=0 


yan 


Although the expressions (35) and (37) are quite complicated, they 
are not unmanageable. As an example we have used (35) and (37) 
to calculate T as a function of the angle v for fixed values of s and 
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Al, viz. s = 1 and kl = 2.1. This corresponds to a distance d between 
the two innermost strip edges which is very small compared to the 
wavelength 4, viz. d < 4/60. In this calculation we have included 
the values m <3 and q S3 in the equations (20). The results are 
shown in fig. 3 together with curves of the transmission coefficient 
for the two limiting cases: 1) a single slit af width 40, corresponding 
to the limit 7 = 20, and 2) a single slit of width 28, corresponding 
to the limit / + oo. The last mentioned two curves may be taken 
for instance from the formulae and curves in 8). 


AO® O20 Tee BOM AORISOMs F600 F870 60" E90 


Fig. 3. The transmission coefficient T for a system of two slits in an infinite 

plane screen plotted as a function of the angle v. The parameters are 

s = (kb)? = 1 and kl = 2.1. The electric field vector is parallel to the slit axes. 

The two curves / = 2b and / ~oo correspond, respectively, to a single slit 
of width 4b and a single slit of width 2b. 


It is rather surprising that, in spite of the fact d <A, the trans- 
mission coefficient for the system of two slits lies much closer to 
the limit 7 + co than to the limit / = 20. In fact, for angles v < 45° 
it is almost identical with the values of T in the limit / — oo. 

The above-mentioned property of the transmission coefficient 
for the two slits may be illustrated in other ways. In fig. 4a we have 
plotted the angular distribution of the scattered wave calculated 
for v = 4 and, as above, s = 1 and Al = 2.1. The quantity plotted 
is (2b)-3|(0, 4)| and the values of m included are m <3. For 
comparison we again show the curves corresponding to the two 
limiting values of /. The same tendency as in fig. 3 is visible in fig. 4a. 
For further comparison we have in fig. 4b plotted the angular 
dependence of the scattered wave corresponding to the values s = | 
and ki = 5. 
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In a still more striking fashion this behaviour of the transmission 
coefficient is shown in fig. 5. Here we have, for v = $a and s = 1, 
plotted T as a function of kl. The curve | is calculated by means 
of (22) and (37), but except for the point at kl = 2.1 we have only 
included the values m < 2. The two limiting cases/ = 2b andl — co 


\120° /o0" 


<150° A 340° 


Fig. 4a. The angular variation of the amplitude of the scattered wave in the 

far field region for normal incidence of the plane wave. The curves show the 

ratio between the numerical value of the amplitude and the square root of 

half the total slit width. / = 2b and J + oo correspond, respectively, to 
a single slit of width 4b and a single slit of width 2b. s = 1 in all cases. 


150° 


Fig. 4b. The angular variation of the scattered wave for s = 1 and kl = 5. 


are again shown. We have further, somewhat artificially, extended 
curve | below the value Al = 2 in the following way. As mentioned 
above, kl = 2 corresponds to the situation that the strips touch 
each other, while kl < 2 corresponds to overlapping of the strips. 
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This case cannot be treated by the methods used in this paper. 
However, we may regard the overlapping strips as a single strip 
of total width 2b’ = 2b + / and plot the transmission coefficient, 
for the complementary problem, as a function of &/. This has been 
done as a broken curve in fig. 5. 


Fig. 5. The transmission coefficient for a system of two slits as a function of 
kl. The parameters are v = 3m and s = (kb)? = 1. The electric fieldvector 
is parallel to the slit axes. See the text for further explanation. 


The behaviour of the transmission coefficient, as shown by fig. 5, 
curve 1, is quite distinct from the behaviour of the transmission 
coefficient found in the case that the incoming plane wave is 
polarized perpendicular to the slit-axis. E. B. Hansen?!°) has 
treated the latter case by means of methods analogous to those 
of Bouwkamp2). On the basis of the results in!) we have in fig. 6 
plotted a curve analogous to curve 1 in fig. 5. However, fig. 6 
corresponds to s = } while fig. 5 corresponds to s = 1. In spite of | 
this difference in the value of s the different behaviour of T in the 
two cases is of significance. In fact, for s = 4, the different behaviour 
in the two cases would be even more marked (see fig. 10). 

The behaviour of 7, shown by the figs. 3-5, makes it plausible 
that the approximate solution of (20), derived in the preceding 
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Fig. 6. The transmission coefficient for a system of two slits as function of 
kl. The parameters are v = $a and s = }. The electric field vector is perpen- 
dicular to the slit axes. The curve is based on the results of 10). 


paragraph, may be used to find a simple, approximate and yet 

rather accurate expression for 7. Thus, introducing (23), with 

neglect of y2_y,-1, and (27) in (35) with Am = Bm =O for m > 2, 

one gets 

k1 cos kl — xe sin Rl 
(Al)*!2 t 


fot Ey E — cos(Ri cos v) (38) 
where 
T= 2x [Sox(s, v)]? 1 
mee M,° 1 + f%o,1 
is the first approximation to the transmission coefficient for a 
single slit of width 26, and 


= 2fo,1 oe {70,1 


ky . 
1 2 
+ fo,1 (39) 
ised hss 1 — 2fo1 — f%o,1 
L 7*o,i 


We may, of course, use (29) instead of (27), ice. replace k by x’ 
in (39). Fig. 5, curve 2, shows the result of using the expressions 
(38) and (39) in the calculation of T, while the crosses show the 
effect of replacing « by x’. It will be seen that this, over most of the 
range of kl, is a rather good approximation to the more exact 
calculations. In fig. 7, «, «1, «2 and x’ are plotted as functions of s. 

Concerning the region of validity of (38) with respect to s, the 
following may be said. The upper limit of s is determined by the 
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requirement that the transmission coefficient for a single slit shall 
be well approximated by 7); i.e. s << 4 — 5. Regarding the lower 
limit where s < 1, (38) will be a good approximation only when &/ 
is large. One might attempt, for kl < 1, to use the series expansions 
of the Hankel functions occurring in (24) and, by means of (23), (24) 
and (33), derive an approximate expression for the transmission 
coefficient T valid in the region 1/s < kl < 1. However, this turns 
out to be a very impractical procedure and will accordingly be 
omitted here. In this connection it may be mentioned that for 
s <1 the quantities ap(s) occurring in (24) may be expanded in 
powers of s. Combining this with the above-mentioned expansions 
of the Hankel functions, one may find an expansion of T in terms 
of s and Al. This expansion will, if at all, be very slowly convergent. 
This result is in accordance with the conclusion reached by E. B. 
Hansen by other means!%), 


1 2 3 4 


Fig. 7. «, «1, «2 and x’, occurring in (38) and (39), as function of s. 


In fig. 5 we have further (curve 3) shown the results found by 
using for ys the “‘zero order” approximation, viz. ys° = wa’ + yp’, 
where wa’ and yg’ are the waves scattered by two isolated strips 
(i.e. pa’ and pp’ are given by (7c) and the analogous expression 
in the coordinates f, p). In this case, however, it is necessary to 
calculate the transmission coefficient by means of the definition 
(31). This approximation is not as good as the one given above. 

Concerning the accuracy of the calculations leading to curve 1 


434 K. SASRMARK 


in fig. 5 we may say the following. For values of / immediately above 
2b the quantities yn»,-q occurring in (20) converge very slowly. 
With increasing values of J the convergence rapidly becomes better. 
In table I we show some calculated values of T, the accuracy being 
indicated by the number of decimal places used. Also shown are the 
results of using (38) and (39) with « given by (27). 


TABLE I 


The transmission coefficient for a system of two slits calculated by means of (22) 
and (33). Also shown are the values obtained by using the approximation (38). 
Shs gam doy 


kb | m=1 m = 2 m= 3 (38) 
2.0 0.739 
2.1 0.779 0.801 0.808 0.709 
2.5 0.626 0.629 0.610 
3.0 0.5380 0.5374 0.527 
3.5 0.4913 0.4900 
4.0 0.4697 0.4687 0.464 
4.5 0.4684 0.4681 
5.0 0.4838 0.4840 0.491 
6.0 0.5401 0.545 


Fig. 8. The transmission coefficient for a system of two slits as a function 
of ki for s = 1 and v = 40°, 60° and 80°, respectively. The electric field 
vector is parallel to the slit axes. 


In fig. 8 we have, for various values of the angle v, plotted T as 
a function of &/ for the fixed value s = 1. However, in view of the 
agreement between (38) and the more exact calculations, we have 
here, except for the point Al = 2.1, used the approximate expression . 
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(38) for the calculations. In fig. 9 we have shown the variation of T 
with kd for the fixed ratio J/b = 3 and normal incidence. Also shown 
are the two limiting cases //b = 2 and 1 -+ co. The calculations are 
again based on (38). 
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Fig. 9. The transmission coefficient for a system of two slits as a function 

kb. The parameters are v = 4 and //b = 3. The electric field vector is parallel 

to the slit axes. The curves //b = 2 and / — oo correspond, respectively, to 
a single slit of width 4b and a single slit of width 20. 


Finally in fig. 10 we have plotted T as a function of i, again 
for normal incidence, but different values of s. The calculations 
leading to the curves shown are based upon the approximation 
(38) in connection with the known values of T in the two limiting 
cases/ = 2b and/ ~ oo. Some points, however, have been calculated 
more accurately by means of (22) and (33). From the curves shown 
we conclude that in the upper part of the region of validity with 
respect to s the approximation (38) represents a good approximation 
to T for all values of k/. Furthermore, for increasing values of s 
there is a marked increase in the oscillations of the curves. Extra- 
polating this behaviour to smaller values of s, we conclude that for 
s <1 the transmission coefficient will behave in the following way. 
From the initial value, assumed for / = 2b and shown in fig. 10 
by the dotted curve, there will be a very sharp drop followed by a 
practically constant value of T equal to the value of the trans- 
mission coefficient for a single slit of width 20. This is in full accord 
with the failure, mentioned above, of a series expansion in terms 
of s and i. 
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Fig. 10. The transmission coefficient for a system of two slits as a function 

of kl, for varying values of s = (kb)? and v = 4a. With the exception of the 

curve s = 1 and the points explicitly shown on the other curves, the calcula- 

tions have been based upon the approximate formula (38). For s = 0.5 and 

s = 2 the crosses give the values found by using (38). The broken curve 

shows the value of T in the limiting case / = 2b. The electric field vector is 
parallel to the slit axes. 


§ 7. Concluding remarks. In the preceding paragraphs we have 
formally solved the problem of the diffraction of a plane mono- 
chromatic wave by a system of two strips in an almost arbitrary 
configuration, subject to the boundary condition grad, y =O on 
the strips. Further we have, for a range of values of the parameters 
s = (kb)?, ki and v, given some numerical calculations concerning 
a system of two slits in a thin plane perfectly conducting screen. As 
mentioned earlier, the calculations may readily be extended to 
more general systems of strips or slits. We might mention, for 
instance, the case of three or more parallel slits in a plane screen as 
being of interest. No restriction in the form of ‘‘equal width of the 
slits”, ‘‘equal distances between the slit axes”’ etc. need be fulfilled, 
although such restrictions, of course, will simplify the numerical 
calculations. 

The important thing to be noted from the foregoing calculations 
is the sharp variation of T, occurring at least for smaller values 
of s, when 7 increases from the initial value of 2b. We should like 
to mention that an analogous situation also may be found in other 
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cases. Interpret for instance, fig. 2 as a single strip, extending from 
%*=—tl—b to x =+ 41+ 5), that is, of total width /’ =] + 26, 
containing a slit of width d = / — 20, and consider the following 
problem of hydrodynamical fluid flow. Let the velocity of the fluid 
flow at great distances from the strip be directed along the positive 
y-direction and of magnitude w and calculate, for instance by means 
of the theory of conformal mapping, the quantity T’ = Q/l'u. 
Here Q is the amount of fluid transported through the slit per unit 
time and unit length of the slit. If we plot T’ as a function of d/4d, 
we get a curve showing the same rapid variation for d --0. Thus, if 
we choose the values / = 2.1 and 6 = 1, corresponding to the values 
kl = 2.1 and kb = 1 considered in fig. 5, we find d/4b = 0.025 and 
IT’ = 0.31, i.e. T’ has, already for this small width of the slit, risen 
to ~ 4 of the final value 7” = 1, obtained for d + oo, 

Finally we should like to mention that, although in this paper we 
have adopted the electromagnetic interpretation of y, the quantity 
T calculated in § 6. may also be interpreted as the total acoustical 
radiation force on the strips, provided this force is measured in 
units of 8p uo2b, where po is the mean density of the surrounding 


medium and w,2 is the mean square of the particle velocity in the 
incoming plane acoustical wave. 


Acknowledgement. It is a pleasure to thank professor H. 
Hgjgaard Jensen and Mr. V. Frank, M.Sc. for many interesting 
discussions on diffraction problems. Finally Mr. Algreen-Ussing 
has helped with numerical calculations. 


Appendix. 

Meixner and Schafke}!3) have given an addition theorem for 
Mathieu functions. Referring to fig. 1, this theorem will be valid ina 
region of the x—y plane mot including the two strips A and B, and 
will, accordingly, be of no use with regard to the problem of satisfy- 
ing the boundary condition (5). However, it may be shown ®) that, 
in another region of the x—y plane including the 7m casu interesting 
part, another addition theorem may be found. In 9) this was given 
in the notation of Meixner and Schafke. However, in order to 
use the most important table of Mathieu functions14), it was felt 
necessary in this paper to use the notation of‘). In this appendix 
we summarize the relevant transcription. 
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The two-dimensional wave equation separates in the elliptical 
cylinder coordinates (6), the separated equations being the Mathieu 
differential equation, the «-equation, and the associated Mathieu 
differential equation, the w-equation. The «-equation defines, for 
all values of the parameter s = (kb)?, a complete set of eigen- 
functions which in the notation of!4) are 


odd functions Som(s, «) = } Don(s, m) sin na, 
nv 
(A 1) 
even functions Sém(s, «) = >) Den(s, m) cos na, 
n 
where the Fourier coefficients are tabulated in14). Here » and m 
are both even or both odd integers. The normalization of the 
functions are given by S0m’(s, 0) = 1 and Sém(s, 0) = 1, where the 
differentiation is with respect to «. Further one has 


Mises Sok @ at das rue Af Sexes ayaa ey 
0 0 


The functions J0m(s, “) and Hom(s, ) are solutions’ of the “-equation 
corresponding to the same eigenvalue as Som/(s, «). They behave 
asymptotically like (kr) sin (ky — $x(m + 3)) and (kr) exp 
i{kr — 4(m + 4)] respectively. 

The appropriate addition theorem now states that, in the region 
given by the inside of the circle with centre at x = y =O and 
radius /, but outszde the circle with centre at x’ = y’ = 0 (see 
fig. 1) and radius 0, the following relation will hold: 


M{) (p, h)mem(B, h®) = Y BY, MY? (wu, h) meq(x, h®) 
q=-—oo 


7 = 1, 2, 3, 45 m= integer SO," (A 3) 


where 


BE, = DEP (oh) to (HP) ZP, (R)} elm 9 oH, 


n,p=—oo 


(q — p) and (n — m) both even integers. (A 4) 


Here the angles w and ¢ are shown in fig. 1, while h2 = (4kb)? = 
= fs, and Z(kl) are the usual cylinderfunctions, 7 = 1, 2, 3, 4 
corresponding to, respectively, Bessel-, Neumann- and Hankel- 
functions of the first and second kind. With respect to the rest of 
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the symbols occurring in (A 3) and (A 4) a comparison of the 
notation in1%) with that of1!4) or 7) gives the following results: 


\/ ys, 
Me q(a, h?) —— Me Séq(s, a), gq > O, 
— a ; 27 
Mu, h) =\/2 CgiSep) MOrig =—1.1s > 0, 
2 
= ie MENS 1}. 1OT 4 == 5, g=>0, 
Tt 


ee 
e} 
ME (u, h) = (—1)¢ = Fouls mw), forg=1, ¢g>1, 
4 


[2 
@ |/ — Ho,(s, »), for 7=3,. ¢ > 1. 
It 


mae d 
_ 
Seat 


With the boundary condition (5) used in the text we may in (A 3) 
and (A 4) restrict ourselves to the values m < — 1, and (A 3) may 
therefore be written in the form 


Som(S, B)Hom(s, p) = 


= =3I-m, —g50q(s, x) Joq(s, “) + I Pin, +gSq(s, %) Seals, u) (A 6) 
if — 

which is (14a) of the text. Equation (140) may be found similarly. 
The general expression for [°,+q (and analogously I’4m,+¢) may 
be deduced from (A 3), (A 4) and (A 5) together with the definitions 
of the quantities c?_, and c;’_,, occurring in (A 4). We will con- 
fine ourselves to the simple geometry of fig. 2. As the functions 
Som(s, «) are antisymmetric and the functions Sem(s, «) are symme- 
tric with respect to reflections about the x-axis, it follows that 


I’_m,+q in (A 6) is zero. For Im,—q we get (m, g > 0) 


(A 7) 
= {a-™) >3. j—P) Ce (h2) c es (h?) Hye se) 


n,p=~co 


B®) 


—g,—m 
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where H),, (kl) is the Hankel function of the first kind. Analogously 
the quantities ”,,,-¢ occurring in (146) may be found by replacing 
the angle « in (A 7) and (A 4) by w+ a. As (g — p) and (m — m) 
are even integers, the following equation will be true: 

DY m,-g = (—1)™ 4D n,-0- (A 8) 


Finally it follows from1%) and14) that the Fourier coefficients 
c,@, may be found from 


p+a 
hig =— Sha = Var Dools.g), (hg >9- (AY) 


As an example we give the expression for J_;,-1. After insertion of 
(A 9) in (A 7) and rearrangement of the terms one finds 


Pana =—— & 1”) Dog(s, 1)Don(s, 1)[Hy (#2) + HE, (Ad) 
1 n,p>0 
== ¥-a,(s} HY Ud), 
p=0 


The last expression, which is the same as (24) in the text, follows 
because both # and m are odd numbers in this case. 
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NEW CALCULATIONS 
ON THE FARADAY EFFECT IN WAVE GUIDES 


A. P. VAN GELDER, A. M. DE GRAAF and R. KRONIG 


Laboratorium voor Technische Physica der Technische Hogeschool, Delft, Netherlands 


Summary 


The propagation of electromagnetic waves is investigated theoretically 
for a round wave guide, containing a gyroelectric-gyromagnetic medium 
with gyroaxis parallel to the guide in the form of a cylindrical shell of 
thickness 6, adjacent to the wall of the guide. An equation is set up, permit- 
ting tocompute the change in the propagation constant y due to the presence 
of the shell, including terms proportional to 62. Assuming only the presence 
of gyromagnetism, the change Ajy of first order in 6 for TE-waves is deter- 
mined and is found to be the same for right- and left-circular polarization. 
The second order difference 42+y — Ae-y for the two senses of polarization, 
however, appears to have a non-vanishing value which, just like Aiy can be 
expressed in terms of the radius of the guide, the frequency, the dielectric 
constant and the elements of the gyromagnetic permeability tensor which 
characterize the medium of the shell. 


§ 1. Introduction. The propagation of electromagnetic waves in 
wave guides containing non-conducting ferromagnetic materials 
magnetized in the longitudinal direction has first been discussed by 
van Trier!). He considered both the case that a round wave guide 
is completely filled with this material and the case that the material 
is present in the form of a concentric round rod of radius p1, small 
compared with that of the guide. For the last-mentioned problem 
the change in the propagation constant due to the introduction 
of the rod was explicitly computed by him up to terms proportional 
to p12 for TEj1-waves, special attention being given to the Faraday 
rotation which these waves will suffer. The results of van Trier 
were subsequently rederived by Suhl and Walker?) with the aid 
of a perturbation method. 

Van Trier himself carried out measurements with rods of ferrox- 


phe 


” 
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cube of different composition, using a standing wave technique in a 
cylindrical cavity with the rod along the axis, rather than travelling 
waves in an extended guide. He confined his measurements to static 
magnetizing fields so small as to be far outside the region of ferro- 
magnetic resonance. Some years later Snieder *) performed ex- 
periments on travelling waves right through resonance with round 
wave guides containing concentric rods of the same materials as 
used by van Trier. Near resonance the absorption becomes 
important and can be taken into account by considering the elements 
of the gyromagnetic permeability tensor as complex quantities. 
In the measurements of Snieder the influence of the temperature 
of the rod on the wave propagation was investigated, the rod being 
heated or cooled by an air current blown through the wave guide. 

The purpose of the present note is to discuss an arrangement, 
different from that of van Trier and Snieder, which in several 
respects may offer advantages. We shall assume the ferromagnetic 
material to be introduced, not in the form of a concentric rod, but 
in the form of a thin cylindrical shell, adjacent to the cylindrical 
metallic boundary of the wave guide or cavity. In this arrangement 
the difficulty of having to support and to center the rod with 
respect to the guide is avoided. In addition, in experiments where 
the influence of temperature is to be studied, the heating or cooling 
of the ferromagnetic material is directly brought about by the ther- 
mal contact with the walls of the guide, immersed for instance in a 
suitable temperature bath. Particularly at a very low temperature 
such as that of liquid helium this greatly simplifies matters. Also 
the measurement of the temperature is now much easier and more 
precise since no thermocouples need be introduced into the interior 
of the guide where they would have a perturbing influence on the 
electromagnetic field. Finally we shall see that from those quantities, 
characterizing the wave propagation which can easily be measured, 
more can be learned about the magnetic permeability tensor than 
in the arrangement employing concentric rods. 


§ 2. The equation determining the propagation constant. Let the 
internal radius of the wave guide be po, equal to the external 
radius of the shell of material. Let the internal radius of the shell be 
p1= po — 9, So that dis the thickness of the shell. As dielectric constant 
and permeability of the air we shall use the vacuum values ¢9 and Ho, 
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the difference being negligible in experiments of the kind considered. 
Choosing the z-axis in the direction of the guide, we shall characterize 
the medium of the shell by a dielectric tensor and a permeability 
tensor, given respectively by 


real —Jé&2 0 1 —j U2 O 
el] =|} fea er OF, lll =|} gue a, (1) 
€3 | @) 0) M3 l 


just as was done by van Trier. Later we can easily specialize for 
the case of ferrites by putting «1 = ¢3 = ¢, eg = 0. 

As shown by van Trier, the transversal components of the 
electric and magnetic field for a wave in the guide, depending on the 
time and z through the factor exp(j@¢ — yz), can be expressed in 
terms of the longitudinal components EF, and Hz by means of the 
following relations referred to cylindrical coordinates p, 0, z (see 
eq. (2.16) of van Trier’s paper, applied to this case) : 


F 0E, q OE, ¢ OH, oe 6) we 

= ‘f ) 

P p dp a p ob op p ob 

aon op p od op p oO (2) 

0E, u OE, oH, q 0H, 
oF t dE oH oH 

Hy = —u—* + ——* — hee ie 
op p oo dp p ob 


Here (see v. Tr. eq. (2.11) and (2.10)) the abbreviations 4, g, 7, s, t, u 
are defined by 


p= — yly? + wer + egp2)|4-4, 


q = — jyw*(erme + e2p1)A, 

y = wlmey? — w?2(ui2 — u22)eg]4-1, 

s = — jolmry? + w?(u1? — me?)e1]4-4, (3) 
t = — olegy? — w2(e12 — €2?)u2|4-1, 


u = jolery? + w2(e12 — €9?) ui JA}, 
A = [y2 + w?(e1 + e2)(u1 + Ma) |[y? + @7(e1 — £2) (41 — H2)]. 
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In the air-filled region we must put ¢1 = €3 = £0, 2 = 0, 41 = 


= p3 = Mo, Me = 0. 
The longitudinal components themselves must obey the differen- 
tial equations (see v: Tr. eq. (2.14)) 


V2E, + aE, + bdH,=0, V2H,+cH,+dE,=0, (A) 
with V;2 the transversal Laplace operator given by 
02 ro 1 2 
op? p op ; p? 60? 


V2 = 


and the abbreviations (see v. Tr. eq. (2.15)) 


a = — joegs(q? — su), b = — jousg(g? — su), 


(5) 


Considering first the electromagnetic field in the air-filled core of 
the wave guide, we have from (4), (5) and (3) by putting e; = 
= €3 = £0, &€2 = 0, #1 = Ws = Mo, p2 = O 

V2E, + o2F, = 0, Vi2Hz + 02H, = 0 (6) 


Cc = Jwp3u(q? — su), d = joegq(q2 — su). 


with 
o2 = y2 = Wego. (7) 
The solutions of (6), finite for p = 0 and with the variables separated, 
are 
Ez, = AiJn(op) ei”, Hz = AJ n(op) ef”, (8) 
Jn being the Bessel functions of integral order and A, and Ag 
arbitrary constants. 
In the medium of the shell the longitudinal electromagnetic field 


can be represented in the form (see v. Tr. eq. (2.19), (2.23), (2.28), 
(2.21)) 


E,=91+ 92, Hz= gigi + gogo, (9) 
where 1 and ge obey the differential equations 
V 2q;4 + o72Q; = 0, PR ee (10) 
with 
012 


i) = 2ly*(e3/e1 + ua/q1) + w%e3(u1? — pe?) /u1 + w2u3(e1? — €2?)/e1] 
+ 3{ly?(ea/e1 — w/u1) + @%e3 (ua? — 2?) |w1 — w2g(e12 — e22)/e1]? 
— 4y?we3u3(e2/€1 + 211) oy, (11) 

&i = (072 — a)/b = adf(oy2—c), += 1,2. (12) 
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The solutions of (10) take the form 
pi = (BJ alo) + CiNn(ow)]e™®, i = 1,2, (13) 


with 6; and C; arbitrary constants, the Neumann functions N, 
occurring next to the Bessel functions J, since p = 0 does not 
belong to the region in question. 

For a given we have available in (8) and (13) six arbitrary 
constants Aj, de, By, Bz, Ci, C2. They must be so chosen as to 
fulfil the boundary conditions at the wave guide and at the interface 
between the air and the medium of the shell. At the interface, i.e. 
for p = pi, the tangential components Ey, Ez, Hs, H; must be 
continuous; at the wave guide, i.e. for p = po, the two tangential 
components Ey, and Ez must vanish. Making use of (9), (12), (13) 
and (2), we thus get six homogeneous linear equations for the six 
arbitrary constants, leading to the requirement that the deter- 
minant of their coefficients must vanish. From this determinantial 
equation the propagation constant y can be found as a function of 
the angular frequency ow. 

In the determinant there occur the functions Jn(op1), Jn(oip1), 
Nn(cip1), Jn(cipo), Nn(cipo) with 7 = 1, 2, as well as their first 
derivatives with respect to the argument. All the functions in- 
volving oj or og appear in the form of factors of the type 


J n(cipo) Nn’ (oipo) — Jn’ (oipo) Nn(oipo), 


) 

Jn(oip1) Nn’ (oip1) — Jn’ (oip1) Nn(o%pi), 
J n(oip1) Na(oipo) — Jn(oipo) Nn(o%ipi), 
J n(oip1) Nn’ (oipo) — Jn’ (oip0) Nn(o%ips); 
J n'(oip1) Nn(oipo) — Jn(oipo) Nn‘ (ops); 

(ipo) 


Jn’ (cip1) Nn’ (ipo) — I n' (apo) Nn’ (o%p1). 


These can be eliminated by developing the functions with arguments 
o;p1 in powers of 6 around the values for ojpo and by making use of 
the well-known relation 


Tn(oipo) Nn'(o%po) — Jn’ (ipo) Nn(oipo) = D/oipo, 


with D a constant, together with the relations resulting from it by 
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differentiation. Thus up to terms quadratic in 6 we have 


I n(oip1) Nn(oipo) — J n(o%ipo) Nn(oip1) = D(S/po + 36?/po"), 
J n(oip1) Nn’ (oip0) — Jn’ (ipo) Nn(oip1) = 
= (D/oipo)[1 — $(a02p0? — n*) 6?/po”], 
Jn’ (oip1) Nn(oipo) — Jn(oipo) Nn’ (oip1) = 
= — (D/oipo)[1 + 6/p0 — $(%p0% — 2? — 2) 6?/po”], 
Jn’ (oip1) Nn’ (oipo) — Jn’ (Gipo) Nn’ (opi) = 
= (D/0%i?p0?) [(o%2p0? — n*)6/po + 2(o%2p0? — 3n?) 6?/p0”). 


After dividing out common factors the determinantal equation 
finally becomes 


P + Q6/po + R6?/po? = 0 (14) 
with 
P= (q? — su)(j@po/opo) Jn(op1) Jn'(op1); (15) 
Q = {(g? — su) (qb + sc) — (n?/po?)[(g? — su)s + 
+ (py — ru)r — (ps — qr) (p + 2y/o?) — sy?/o4]}]n?(op1) — 
— n(ru— st) (cm0/op0) J n(op1) J n'(ap1) +-8(@?e0H0/0?) J n'?(op1), (16) 
R = {3(q? — su) (qb + sc) + jn(pq — st + gy/o)(gb + sc) — 
— 3(n?/po)[(g2 — su)s + (bq — ru)r — (ps — gr) (pb + 2y/02) — 
— sy®/o4] + (jn3/po?)[(q? + rt)r — (bg — st)s — 
— (br + 98) (p + 2y/0®) — ry?/o4]} Jn?(op1) — {[s(qd + sc) po? — 
—n®(r? + s®)|(j@e0/op0) — [4u(gb + sc)po? + 38(gd + ua)po? + 
+ 3jn(ru — st) — n®(rt + su) ](jo"0/op0)} J n(op1) Jn’ (op1) — 
— ($8 + 701) (@?eoH0/07) Jn'*(op1). (17) 


§ 3. Determination of the propagation constant. In order to find 
the propagation constant from (14) we write 


y=yot Ary + Ay, o = 09 + A106 + Ago, (18) 


where Ayy and Ajo are considered to be of the first degree in 6, 
Azy and Ago of the second degree. It must also be remembered that 
y according to (3) occurs in some of the quantities p, g, etc. The 
zeroth approximation is then obtained by putting 6 = 0 in (14) 
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and replacing o by 90, pi by po in the expression (15) for P. This leads 
to the condition 


J n(Copo) J n'(opo) =='0, 


which can be fulfilled either by Jn(oopo) = 0, corresponding to 
TM-waves, or by Jn’(copo) = 0, corresponding to TE-waves, 
propagated in the empty guide. From the values oo satisfying one 
of these conditions we obtain by means of (7) the appropriate values 
of the propagation constant yo. 

Let us now further consider the case of TE-waves and let us put 
€] = €3 = €, €g = O as ferrites show no gyroelectric behaviour. 
Going to the next approximation we must on account of (18) write 
the argument of J »(op1) and J »’(op1) in Pas opi = (00 + A109) (po — 8) 
and develop up to terms linear in 6, while in Q as given by (16) we 
can everywhere replace y and o by yo and oo. We then obtain an 
equation for 4jo in the evaluation of which the following relations 
resulting from (3) are convenient to remember: 


gq? — Su = —w?eyu14—1, J + 7 = —wregu2A—1, 
pg — st = Jweip2A-1, pg — ru = jwequ, 4-1, 
ps — gr = jyous4, pr + 9s = —yop2d, 


rt + su = w(eqp1 — egu2)4-1, ru — st = Jw(equg — egu1)4-1, 
72 + 52 = —@?(uy2—p2)A-1, = gb +sc=—jop3, gd@+ua=]wEs. 


Making use of (7) we have A1y = (00/yo) 410 and get thus finally 


l { l Ls [12 —p2? 
Aes PEE id sxe Hye ig Soa bs 
ze v0(o02p02 — n?) le uae Ho Hola 


+ we oo Ene wl 7) ee m(— 3 alle po 


Here oopo is a root of the equation Jn'(copo) = 0. In particular for 
TE11-waves it is the first root while ” = 1. 

From (19) it is seen that the first order change in the propagation 
constant is quadratic in n, signifying that no difference for the 
values +” and —n and hence no Faraday effect occurs in this 
approximation. To get a non-vanishing Faraday rotation it hence 
is necessary to pass on to terms quadratic in 6. We shall confine 
ourselves to computing the expression Agy+ — Agy~ for right- and 
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left-circular waves of given . To this difference only terms in (14) 
that are odd in » contribute. In the term P as given by (15) we must 
on account of (18) now use as argument op; of the Bessel functions 
the expression (o9 + 410+ A2o)(po — 4), developing again around 
the values for the argument oppo. For the reason mentioned only 
the last but one term of the expression (16) for Q contributes, it 
being sufficient here to use as argument of the Bessel functions the 
expression (a9 + 410)(p9 — 6) with 410 as previously determined. 
In R as given by (17) the quantities y and o may again everywhere 
be replaced by yo and oo. We find thus 4g0+ — Ago~, from which by 
(7) we ultimately get 


Aayt— Agy” = 
2n 2— wo? \ 62 
=—, Se ; ws (co%po? Shh Man lal i ae ) =» 2> 0. (20) 
COCR Os ee 1h ET. Ho Hor po 


The equations (19) and (20) can serve to determine the quantities e, 
1, 42, “3 from experiments. It is noteworthy that wg occurs in these 
expressions. When using concentric rods this is not the case in the 
approximation considered by van Trier; only in higher approxi- 
mations, which, however, give rise to very involved formulae, y3 
makes its appearance. 


Received 11th March, 1959. 
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CALCULATED PATTERNS OF SLOTTED 
ELLIPTIC-CYLINDER ANTENNAE 


by JAMES R. WAIT and WALTER E. MIENTKA 


National Bureau of Standards, Boulder, Colorado, U.S.A. 


Summary 


The model assumed is a perfectly conducting elliptic cylinder of infinite 
length which has a narrow axial slot of finite length. Patterns are presented 
for various ratios of the major to minor axis. It is indicated that for reasonably 
large elliptic cylinders the patterns are dependent mainly on the surface 
curvature in the neighborhood of the slot. 


The slot antenna in various forms is now used extensively in 
microwave radiating systems. To predict the radiation pattern of 
such an antenna in a given situation is often very difficult because 
it is a function of the shape of the metallic object in which the 
slot is cut. To a crude first approximation, the metal surface is 
represented as an infinite conducting plane which is tangent to 
the slot. Thus the radiation diffracted around the edges is neglected. 
The next approach is to seek a solution of Maxwell’s equation 
which satisfy the appropriate boundary conditions on the surface. 
For actual shapes this task is usually impossible because of the 
non-separability of Maxwell’s equations except in certain co- 
ordinate systems. However, if the object can be approximated 
by spheres, cylinders or spheroids, a solution can be obtained 
which provides valuable information to the designer. For example, 
if the surface is an aircraft wing, a reasonable representation is 
an elliptic cylinder. A missile might be represented by a circular 
cylinder which is a special case of an elliptic cylinder with zero 
eccentricity. Other plate-like structures could be approximated 
by a ribbon or an elliptic cylinder of vanishing minor axis. 

It is the purpose of this paper to present radiation patterns of 
slot antennas on elliptic cylinders of various sizes and eccentricities. 


Pay 0 Khan 
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The elliptic cylinder is assumed to be of perfect conductivity and 
infinite length. For metallic surfaces the first of these assumptions 
is quite reasonable unless the surface is modified by a dielectric 
coating or corrugated in some fashion. The second assumption would 
seem to be rather restrictive. However, if the slot or slots are cut 
on the cylindrical structure in such a way that the radiation is 
directed broadside, the end effects would be minimized. An alterna- 
tive way of looking at this is to consider the nature of the induced 
currents. For example, in the case of narrow axial slots cut on a 
circular cylinder, the currents flow mainly in the azimuthal direction 
so that the truncation of the cylinder will not seriously impair the 
behaviour of the induced currents. On the other hand, a circum- 
ferential slot on a circular cylinder tends to drive currents in an 
axial direction towards the ends of the cylinder and truncation 
would profoundly modify the induced current distribution. For the 
above reasons, only the axial slotted elliptic cylinder is considered 
here. 

In a previous paper!) a derivation was given for the electro- 
magnetic field produced by an arbitrary slot cut in the surface 
of an elliptic cylinder of perfect conductivity and infinite length. 
The electric field tangential to the slot was assumed to be a pre- 
scribed function. When the results were specialized to the far zone 
region and to axial or transverse slots, agreement was obtained 
with the earlier results of Wong 2) who employs a different method. 
In the present paper calculated radiation patterns are presented 
for narrow axial slots on thin elliptic cylinders. 

The perfectly conducting cylinder is taken to be of infinite length 
with minor axis 2a and major axis 2b. If the cylinder axis is co- 
incident with the z axis of a rectangular coordinate system (x, y, 2) 
the surface of the cylinder is specified by 


tales le a fel = (1) 


as indicated in fig. 1. As in the previous paper, it is convenient now 
to introduce elliptic cylinder coordinates (w, v, z) which are defined 
by the following transformation: 


’ 


x =dsinhusinv, y = dcoshucosv, z = 2, (2) 


where 2d is the distance between the foci of the ellipse. The foci are 


located at the points (x = + d, y = 0). The surfaces « = constant 
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represent a family of confocal cylinders of elliptic cross-section. 
The semi-major and semi-minor axes of the ellipse “ = uo are 
given by b = dcosh uw, a = d sinh uo. 


Z axis 


P(R,6,?) 


v=$=90° 


Fig. 1. Narrow axial slot on an elliptic cylinder. 


A narrow rectangular slot is located on the cylinder at v= vo, 
extending from z = —/ to z = + / in the axial direction. As a 
result of the assumed small width of the slot, only the transverse 
voltage V(z) along the slot contributes to the radiated fields. 
From previous analysis 4) it then follows that, in terms of spherical 
coordinates (&, 6, d), the electric field at large distances from the 
cylinder has only a significant ¢ component and is given by 


Ey = (2/x)* exp(— tkR + 10t)R4S(6)P(, 4), (3) 

where 
S(6) = kk sin 6 ft) V(z’) exp(ik cos 62’) de’ (4) 
with k = 2z/wavelength and S(9) the pattern of the slot if it were 
cut in an infinite plane conducting sheet. The factor P(6, 4), 


which accounts for diffraction by the elliptic cylinder in the far 
zone (i.e. RR > 1), is given by the rather cumbersome expression 


oo im Se, Om(S, Vo) Se, Om/(S, ?) (5) 


PE 0) = 2 Nm?2(0)LoHe, on'5, to) 20] 


where 4/s = kd sin 9. The functions Se, om, He, Om'?), and Nm®° are 
the angular, radial, and normalization constants, respectively, of 
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the Mathieu functions of order m. The double suffix e, o indicates 
that the summation takes place over both even and odd Mathieu 
functions. 

It should be noted. that the function P(¢, vo) is independent of 
the voltage distribution V(z) along the narrow axial slot. This 
function can be called the ‘‘elliptic-cylinder space factor’’ as it 
fully describes the effect of the finite width of the conducting 
surface on which the slot is located. 

The function P(¢, vo) when plotted as a function of ¢ characterizes 
the azimuthal radiation pattern for a fixed value of 4/s = kd sin 0. 
Since, as mentioned above, in certain systems slots are cut in 
surfaces which can be approximated by elliptic cylinders, it is 
worth while to carry out computation of P(vo, ¢) for various values 
of s. In the case of the strip, that is if a <b, the quantity uo in 
(5) can be replaced by zero. The infinite series solution can now 
be simplified by making use of the following identities 3) : 


[(QHem'?)(s, u)/Ou]u-0 = — t/Jem(s, 0), (6) 


s 7m Sem(s, Vo) Sem(s, >) Jem(s, 0)/Nm*s) = 


m=0 

= (82)? exp(7s? cos vp.cos ¢). (7) 
The space factor for the thin elliptic cylinder is then written in the 
form 


P(s, ¢) = 1(82)—* exp(ts? cos vg.cos ¢) + 


2 = 4M Som(s, Vo) SOm(S, 
fi AE POnls, 0) Som(8. Pyeng 
where 
Hoyp'2)(s, 0) = [0 Hom'?)(s, 1) /Ou] u=0. 


The amplitude and phase of the function P(d, v9) has been 
calculated from the series expressions given above. Various values 
of the ratio a/b and the parameter x (= kb sin 6). The results of 
these rather laborious computations are shown in tables I, II and III. 
The azimuthal patterns are characterized by plotting |P(4, vo)| as 
a function of ¢ and these are shown in fig. 2 for a slot at the centre 
of the broad face and in fig. 3 for a slot at the edge. In these plots, 
the ratio of major to minor axis is 2 with the addition of one 
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TABLE Ia 


Amplitude for P(d, 4); a/b 


kb = 1.15 


kb = 2 


0.185 
0.180 
0.168 
0.150 
0.133 
0.125 
0.131 
0.153 
0.184 


0.218 
0.253 
0.287 
0.318 
0.347 
0.371 
0.390 
0.405 
0.413 
0.416 


0.132 


0.106 
0.0769 
0.0761 
0.110 
0.154 
0.194 


0.285 
0.309 
0.332 
0.355 
0.376 
0.392 
0.404 
0.410 


0.0178 
0.0740 
0.0552 
0.0872 
0.114 
0.120 
0.175 


0.311 
0.356 
0.378 
0.389 
0.390 
0.392 
0.402 
0.400 


TABLE Ib 
Phase in degrees for P(¢, 37), a/b = $ 
$ kb =1.15| kb =2 ko=4 |ko=6.11, kb = 8 
degrees 

—90 340.4 PEAS) 123.7 329.8 190.3 
— 80 342.1 275.2 131.7 349.0 258.1 
—70 347.2 287.1 206.4 128.4 4.43 
—60 356.8 316.0 277.0 155.6 64.2 
—50 12.1 4.15 299.5 205.9 167.8 
— 40 33.1 39.0 324.2 232.2 223.2 
—30 56.3 58.9 359.6 329.5 295.8 
—20 76.3 73.2 41.1 ple 357.9 
—10 91.4 85.5 73.2 56.4 45.4 


102.8 
111.5 
118.5 
124.2 
128.8 
132.4 
135.1 
137.0 
138.1 
139.5 


971 
108.3 
118.8 
128.4 
136.6 
143.2 
148.1 
151.4 
153.3 
153.9 


98.4 
119.6 
139.2 
155.4 
170.3 


183.0 
193.3 
201.3 
206.0 
207.8 


96.5 
12972 
157.5 
183.5 
207.2 
227.8 
244.7 
207.1 
264.6 
267.2 
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TABLE Ila 


Amplitude for P(d, 0), a/b = $ 


—_—— eee 


: a = 1.18| kb = 2 wad [ar—ou| m8 
degrees ‘ . 

O0-| 0.279 0.298 0.327 0.354 0.361 

10 0.279 0.297 0.327 0.352 
0.278 0.292 0.327 0.345 
0.277. | 0.285 0.326 0.337 
0.275 0.276 | 0.318 0.333 
0.270 0.268 0.301 0.327 
0.263 0.263 0.284 0.309 > 
0.252 0.263 0.279 0.292 
0.236 0.263 0.279 0.286 
0.218 0.259 0.259 | 0.257 

See 0.199 0.245 0.224 0.239 

0.181 0.219 0.210 0.230 
0.168 | 0.186 0.215 0.186 “ 
0.163 0.155 0.200 0.174 4 
0.165 0.140 0.153 0.175 E 
0.171 0.143 0.103 0.127 | 
Oia We O56 0.104 0.0732 
0.182 | 0.168 | 0.134 0.103 


0.184 0.173 0.149. | 0.127. 


haat 
TABLE IIb _ 
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TABLE III 
Amplitude for P(¢, 42) Amplitude for P(d¢, 0) 
kb = 4; vo = 4a, a/b = } kb = 4, vp = 90°, a/b = } 
¢ ¢ ¢ ¢ 
degrees degrees degrees degrees 
6) oi (0) -270 100 PAS 
10 .273 —10 eZ 10 -270 110 .221 
20 326 — 20 .136 20 e277 it 120 a Ue) 
30 .377 — 30 kee, 30 .268 130 .196 
40 -420 — 40 .142 40 i209 140 166 
50 -441 — 50 .136 50 .248 150 149 
60 .435 — 60 .087 60 .247 160 loz 
70 -405 —70 .026 70 .252 170 163 
80 371 — 80 -090 80 .243 180 .169 
90 .357 — 90 .124 90 .221 
Phase for P(¢, $2) Phase for P(¢, 0) 
kb = 4; vo = 42, alJb =} kb = 4, v9 = 0, a/b = } 
6 ¢ ¢ ¢ 
degrees degrees degrees degrees 

0 98.0 0 330.5 100 52.6 
10 List — 10 LOE 10 326.9 110 11.6 
20 121.8 — 20 51.9 20 316.4 120 337.7 
30 130.6 — 30 ‘pes 30 299.6 130 306.2 
40 137.5 — 40 350.4 40 276.6 140 Zeek 
50 142.3 — 50 333.5 50 246.4 150 237.2 
60 144.7 — 60 318.0 60 210.9 160 207.3 
70 144.9 —70 235.3 70 174.8 170 189.4 
80 143.6 — 60 164.5 80 138.6 180 183.6 
90 142.7 — 90 159.0 90 98.0 


pattern in fig. 3 where it is 4. The corresponding patterns are 
shown in figs. 4 and 5 for a strip (i.e. a/b + 0) where the slot is 
at the centre. Also for comparison purposes, the patterns for an 
axial slot on a circular cylinder are shown in fig. 5 (i.e. a = 0). 
The numerical data for figs. 4 and 5 were taken from earlier 
work 4) 5), 

For the patterns shown in figs. 2 to 5, an effort was made to 
chose the maximum transverse dimension of the objects to be the 
same. That is the major axis of the elliptic cylinder, the width of 
the strip and the diameter of the cylinder all have approximately 
the same set of values (i.e. x = 1, 2, 4,6 and 8). As might be ex- 
pected, the patterns are similar in appearance. In all cases, the field 
diffracted to the rear diminishes with increasing x, but the lobes 
become more numerous. In a crude sense the elliptic cylinder 
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_ Fig. 2. Radiation patterns of axial slot on elliptic eylinder/ivp = 90°. | 
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Fig. 4. Radiation patterns of axial slot on strip, vo = 90°. 
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patterns for the case a/b = 1/2 in fig. 2 are intermediate to the strip 
patterns in fig. 4 and the circular cylinder. patterns in fig. 5. It 
would thus seem possible to employ these patterns to provide 
rough estimates for elliptic cylinders of other eccentricities. Certain 
features of the strip patterns such as the splitting of the main lobe 
must be attributed to the fields scattered by the sharp edges which 
are not present with the elliptic cylinder of finite minor axis. 
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Fig. 6. Comparison of radiation patterns of slotted elliptic cylinder and 
circular cylinder |P(¢, $2)| vs ¢, matching curvature at ¢ = 90°. 
% = 2 elliptic cylinder: a/b = }, 
------ x = 4 circular cylinder. 


It is of interest to note that the patterns in fig. 3 for a slot at 
the narrow edge of an elliptic cylinder are less directional than the 
patterns in fig. 2 for the slot in the broad face. In the limiting case 
for a slot at the edge of a strip, the pattern would be omni-directional 
so that patterns in fig. 3 are therefore quite reasonable. The tran- 
sition to a circular pattern is quite evident on examining the case 
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for a/b = 1/4 for x = 4 in fig. 3 which is almost omni-directional. 

The patterns shown above are generally applicable to any 
narrow axial slot on the elliptic cylinder. To completely describe 
the three-dimensional pattern, of course it is also necessary to 
specify S(@) which depends on the functional form of V(z). For 
convenience it is usually assumed that the voltage along the slot 
is sinusoidal such that 


sin k(t — |z|) 
sin kl 


Saaz _ ey 


where V9 is the voltage at the center of the slot, and consequently 
for 21 = $A 


De eS) | (10) 


sin 0 


‘ a ee pry! (ae 
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It has. been conjectured by Fock ®) and others that currents 
excited by a plane wave on a convex surface are only determined 
by the local radius of curvature. As pointed out in an earlier paper *), 
such an assumption is equivalent to stating that the pattern of a 
slot is only a function of the local curvature of the surface. As far as 
the authors are aware, this local field principle has never been well 
established. An important check on this concept is to compare the 
pattern of the slot at the centre of the broad face of the elliptic 


|P(, 77/2)| 


eC ES SS Ey a SC a te Pa 2 
90° 60° Ey = “eo cay 


Fig. 8. As fig. 6, |P(¢, $2)| vs ¢. 
* = 6.11 elliptic cylinder: a/b = 3, 
------ * = 12 circular cylinder. 


cylinder with the pattern of an axial slot on a circular cylinder. 
Such a comparison is illustrated in figs. 6, 7, 8 and 9, where P(¢, v9) 
for vo = 42 is plotted as a function of ¢ from 90° to — 90° for an 
elliptic cylinder with a/b = } and a circular cylinder whose radius 
is taken to be 2b. The radius of the circular cylinder considered 
is thus twice the semi-major axis of the elliptic cylinder. 


} 
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ON THE PLANE-WAVE EXTINCTION 
CROSS-SECTION OF AN OBSTACLE 


by Api. DE HOOP 


Laboratorium voor Theoretische Elektrotechniek en Elektromagnetische Straling der 
Technische Hogeschool, Delft, Netherlands 


Summary 


A time-harmonic plane electromagnetic wave is incident upon an obstacle 
of finite dimensions. The properties of the obstacle are such that electro- 
magnetic power is both absorbed and scattered. A close relation exists 
between the extinction cross-section of the obstacle and the amplitude 
and phase of the scattered wave in the direction of propagation of the 
incident wave. The exact form of this relation, the “‘cross-section theorem’’, 
is proved by making use of an explicit representation of the scattered field. 
The result is valid for a plane wave with arbitrary elliptic polarization. 
Finally, a similar relation for the scattering of sound waves is given. 


§ 1. Introduction. In the study of the scattering and diffraction 
of a time-harmonic plane electromagnetic wave by an obstacle 
of finite dimensions, one of the major problems is the evaluation 
of the average power absorbed and the average power scattered 
by the obstacle. It has been argued by Van de Hulst 1) 2) that, 
on physical grounds, the sum of absorbed and scattered power is 
expected to be closely related to the amplitude and phase of the 
scattered wave in the direction in which the incident wave prop- 
agates. When expressed in terms of the extinction cross-section 
(for its definition, see §3), the indicated relation is called the 
“cross-section theorem’’. 

The special case of perfectly conducting obstacles has been 
investigated by Levine and Schwinger 8) (scattering by plane 
obstacles of vanishing thickness) and by Storer and Sevick 4) 
(scattering by obstacles of arbitrary shape). The proof given by 
these authors is based on the integral equation to be satisfied by 
the surface-current density at the boundary of the obstacle. The 
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generalization to the case of an obstacle with arbitrary electro- 
magnetic properties is due to Jones ®) who, in order to prove the 
theorem, employed the method of stationary phase for two- 
dimensional integrals. However, in studying Jones’ paper, the 
present author observed that this complicated method can be 
avoided by using an explicit representation of the far-zone scattered 
field. The latter method leads to the proof given in § 3, where the 
general case of an elliptically polarized incident plane wave is 
considered. 

At this point *) it may be remarked that cross-section theorems 
similar to the ones given in § 3 and § 4 hold in any type of scattering 
problem °). In the field of scattering by atomic systems a relation 
of this kind has been known at least since 19327). For details 
the reader is referred to the literature on the subject ®) 7) 8). 


§ 2. The far-zone scattered field. A time-harmonic, elliptically 
polarized, plane electromagnetic wave is incident upon an obstacle 
of finite dimensions. The boundary of the obstacle is a sufficiently 
regular closed surface S. The electric and magnetic properties 
of the obstacle are assumed to be such that electromagnetic power 
is both absorbed and scattered. The medium in the domain outside 
S is assumed to be homogeneous, isotropic and non-conducting 
(which includes the case of free space), with inductive capacities 
€9 and mo. In the exterior domain, the electric field vector E and 
the magnetic field vector H are written as the sum of the incident 
field E;, H; and the scattered field Es, Hs: 


E=E,;+ Es, (2.1) 
H =H, + H,. (2.2) 


Both the incident and the scattered field satisfy Maxwell’s 
equations 


curl H = — tweoE, (2.3) 
curl E = twpoH, (2.4) 
where is the angular frequency of the exponential time dependence 


of the form exp(— it). This factor, which has been omitted 
throughout, is common to all field components. 


*) For this remark the author is indebted to Professor R. Kronig, Technische Hoge- 
school, Delft, Netherlands. 
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Let r be the radius vector drawn from a fixed origin located 
somewhere in the domain occupied by the obstacle. The incident 
field-is then given by 


E,(r) = A exp(— tha-r), (2.5) 
Hi(r) = (e0/uo)*(A X a) exp(— thor), (2.6) 


where A specifies the polarization of the incident wave (in general, 
elliptic) and @ is the unit vector pointing toward the source at 
infinity. Further, 

k = w(Eouo)? = 22/2, (2.7) 


4 being the wave length. 

The next problem is to obtain an expression for the scattered 
field. It has been stated already that Es and Hs satisfy Maxwell’s 
equations (2.3) and (2.4). In addition, the field vectors shall satisfy 
the radiation condition 9) *) 


J \Es — (uo/eo)?(Hs X iz)|? dS = o(1) (Roo), (2.8) 
S, 
where Sp is a sphere of radius R around some point of observation 
and ir is the unit vector in the direction of the outward normal 
to Sr. Under these conditions the following representation holds 1°) 


eikR 
4nE,(r) = curl | [n x E,(e)] —— ds — 
S 


eikR 
curl curl { tn x Hs(e)] are adS,ec(2.9) 


1WEQ 


eikR 7 
4nH,(r) = curl | [n x H,(e)] 4S + 
S 


eikR 
+ curl curl | n x Es(e)] ae (2.10) 
Ss 


1@ Lo 


In (2.9) and (2.10) n is the unit vector in the direction of the 
outward normal to S and R = |r — g| is the distance from the 
point of observation r = (x,y,z) to the point of integration 
e = (£,7, 6). Although S in (2.9) and (2.10) could be any suffi- 


*) For a vector A whose components are complex numbers, we have |A|? = A:A*, 
where A* denotes the complex conjugate to A. 
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ciently regular bounded closed surface completely surrounding 
the obstacle, we take, for the sake of simplicity, S to be the surface 
of the obstacle. 

Let ® denote the unit vector in the direction of observation; 
then, r = 7B. At large distances from the obstacle we have 


R-1 exp(ikR) = 1-1 exp(tkr — tkB-p) + O(r-?) (r+ 09). (2.11) 
Using this type of expansion we obtain from (2.9) and (2.10) 


E,(r) = F(8) om O(r-2) (ry 00), (2.12) 
ikr 
(uo/eo)'He(r) = [8 x FB] ——+ O-*) (r+ oo), (2.13) 
where the (complex) factor F(8) is given by 
4nB(B) = — 28 x f[m x Es(p)] exp (— éhB-p) dS + 
S 


+ (uo/e0)?k?B Xx {8 oo x Hs(p)] exp (— 7kB-e) dS}. (2.14) 


The first term of the right-hand side of (2.12) and (2.13) is called 
the “‘far-zone approximation’”’. The special case of forward 
scattering is obtained by taking B = — a. 

In obtaining (2.12), (2.13) and (2.14) we have used the fact 
that each Cartesian component of the integrals on the right-hand 
side of (2.9) and (2.10) admits a representation of the form 

eikr oo an( ) 

ot dene ee (2.15) 
where u(r) denotes any of these Cartesian components. This 
expansion converges absolutely and uniformly in the domain 
y =% + 06> 7, where r = 79 is the smallest sphere around the 
origin, completely surrounding the obstacle. The series (2.15) can 
be differentiated term by term with respect to the coordinates any 
number of times and the resulting series is absolutely and uniform- 
ly convergent in r=7)-+6> 7%. Performing the necessary 
differentiations we then obtain for each Cartesian component of 
E,(r) and H,(r) a representation of the form (2.15). In fact, the 
first term of the right-hand side of (2.12) and (2.13) is the first 
term of the relevant series expansion. Further, it can be shown 
that all coefficients of this expansion are determined by F(§). 


/ 
4 f rs = 
a re 
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_ Finally, the result satisfies the radiation condition (2.8) Horta 
proof of these statements we refer to a paper by Wilcox 9). 


§ 3. Proof of the cross-section theorem. From the complex form 
of Poynting’s theorem 1!) it follows that the average power 
absorbed by the obstacle is given by 


Pa = —}Re/(E x H*)-nds. (3.1) 
S 


The average scattered power is defined as 


P, =}Re/(E; xX H,*)-n dS. (3.2) 
S 


Substituting (2.1) and (2.2) in the right-hand side of (3.1) and 
taking into account that 


ake sy (iH, x H,*)-n ds —,0, (3.3) 
S 
we get 
Pa + Ps = — $ Re/ (E,* x Hs + E, x H,*)-n dS. (3.4) 
Ss 


When (2.5) and (2.6) are used in the integral on the right-hand 
side of (3.4), the result is closely related to the expression for 
F(— a) following from (2.14). By inspection we have 


/(Eix* < Hy + Ey x Hj*):n dS = 4th-2(eo/10)#A*-F(— a). (3.5) 
S 


Substitution of (3.5) in (3.4) yields an expression that relates 
P, + Ps to the far-zone scattered field in the forward direction. 

Finally, the absorption cross-section oq and the scattering 
cross-section os of the obstacle are introduced. These quantities 
are defined as follows: the absorption (scattering) cross-section 
is the ratio of the mean power absorbed (scattered) by the obstacle 
to the mean intensity of power flow in the incident field. The 
latter quantity is given by 


P,)) = — 4 Re [(E, xX H,*)-4], 
which reduces to 
P;'D = 4(¢0/q0)* |Al?. (3.6) 
Equations (3.4), (3.5) and (3.6) lead to the result 


Gm tRe [At F(— all 
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Equation (3.7) is known.as the “cross-section theorem”. The sum 
of the absorption cross-section and the scattering cross-section 
is often called the extinction cross-section 12). 


§ 4. The extinction cross-section for scattering of sound waves. In 
concluding this paper we want to remark that a similar cross- 
section theorem holds for the scattering of a plane sound wave 
by an obstacle of finite dimensions. The corresponding problem 
can be formulated in terms of a scalar function, viz. the velocity 
potential. Since the proof of the theorem is analogous to the 
one outlined in the preceding sections, we confine ourselves to 
stating the result. Again, the complex time factor exp(— tut) 
is omitted. 

If v is the (irrotational) particle velocity, a velocity potential ® 
is introduced such that 


v = — grad @. (4.1) 
The excess pressure # is related to the velocity potential through 

p = — twpo®, (4.2) 
where po is the density of the medium. 

Let ®(r) and @,(r) be the velocity potential of the incident 
and the scattered sound field, respectively; then, = ©; + Qs. 
Further, let ®,(r) be given by 

@,(r) = A exp(— thar), (4.3) 
in which k = o/c, c being the velocity of sound. At large distances 
from the obstacle, ®;(r) is written’ in the form 13) 
eikr 
tkr 


®,(r) = F(@) ——+ 00-2) (r+ 09). (4.4) 


The average power absorbed by the obstacle is given by 
Pa = —4Re/fpn-v* dS, (4.5) 
: 


or, expressed in terms of the velocity potential, 


Pa = —4Re ea PP (n-grad ®*) dS}, (4.6) 


where n is the unit vector in the direction of the outward normal 
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to the boundary S of the obstacle. The average scattered power 
is defined as 


Ps = } Re {inpo f Ps(n-grad ®,*) dS}. ed 
S 


The mean intensity of power flow in the incident wave is 
Pi = tapok |A|?. (4.8) 


When the expression for Pg + Ps is compared with the repre- 
sentation of F(®) it follows by inspection that P, + Ps; can be 
expressed in terms of F(— a«). Introduction of the absorption 
cross-section dq = P,/P;)) and the scattering cross-section 
os = P;/P;™ then yields 


4a Re[A*F(—a)]  —-4a F(— a) 
Ke: Al? eines 22 Re| A ii S) 


Oa + os = 


Equation (4.9) is known as the cross-section theorem for sound 
waves. The special case of scattering by a plane obstacle of vanishing 
thickness has been investigated by Levine and Schwinger 14), 
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